PAiET ONE

EEASONS POE THE ADVOCACY CP MULTIPLE DIVISION

The 1dea of using more than twelve tonss in ths
octave, although many centuries old in the West, and a
matter of sveryday practice in certaln sections of ths
uﬂ-ht.l novartheless appesrs radical to most Western musi-
c¢lens. In spite of the trezendous changes in musical taste
and style which have taken place in recent years, very fow
musicians appear to ses any goneral departure from the
linit of twelvs tones per octave as likely in the foreses-
able ruturi.z ai believers in a cause recognized, thare-
fore, as radical, the idvocates of eultiple division, bhow-
aver disps~ate their viaws, share a feeling of dinenntinf
with the prevailing system, 12-tone equal temperament. The
9bjections these writers have raised to 12-tone temperasent
€80 be grouped into one or more of the following three
categories:

—

1lrih1|n Eusle i8 geoerally considered to be based
:: & 8cale of 17-tones to the octave, waile & 22-tore systam
o Sttributed to the Hindus. Neitber Eyotem involves esgual
Eperamsnt,

2
favores .. 0" Practics for the past five busdred years has
o almont exclusively systess with only twelve piteches
Brace: PCtave. There seems no imsediate nrospect of that
diys 1" Being digcarded in faver of sy system of sultiple
1s ‘;dﬂn. Barbour, op. eilt., p. 132. Cartalanly this view
*ly neld. ——




1.

2.

-

Acoustic: wherein 1t 18 alleged that the inter-
vals created in duodecimal squal division are
deficient, ususlly because of thair lack of agree-
ment with szall rational-pumber ratics. The thirds
and sixths of our present tuning system are parti-
culerly subject to such allegations, but some
writers also atteck the sevenths, and & few svan
question the fifths.

Bistorical: wherein it iz alleged ﬁh-t aarlier
musical aysteas based op other € possessed
foaturss which would be desirabla t l;r 'llut which
bave been lost through the sdoptionm of iE—tnnt e
tezperazent. In geoeral, tke development of musical
rescurces reguired carlitr systezs to sxpand (Ll.e.,
encORpESS & greater number of tones to the nﬂm
or parish. They perished. But many writsrs

bring the= back, expanded through multiple division.

Evolutional: wherein it is alleged that while

uore 1: Lot Decessarily ao lpnherent defect or in-
adegquacy iz l12-tone egual tezperazeant, changes in
susicel style are working to reoder 1t inappropriate
for further musical growth. Such & view leads an
evoluticnally oriented ndvocate of multiple diviasion
t0 examingé bistoricel precedents and scoustic bases
for a gpev syctem. The ecphasis remains on evolutlon,
howsver, and the third group of writers takes & much
lean hostile view tow l2-tons tezperament than do
the other two groups.

A chapter will be devotsd to amch of the three cate-

~gories listed above.



CHAPTER 1
THE ACOUSTIC BASIS ME MULTIFLE DIVISION

Joseph Sauveur, the great deaf-aute mathematician
and music theorist amctive around 1700, proposed that tha
bast tempersd system is that ip which ths octave i{s not
divided in too many parts an! in whieh the pure diatonie
intervals are altered as little as pnllihll.l Iz this short
statement Sauveur posed several of the questiona which have
bothersd suaical theorists throughout the ages. How many
tones are "too many™7 How szall an alteration may be cono=
s#ideced "asm little am ponmible”™? It mppears avident on
face value that the more tooes coe uses in a tempered
division of the octave, the zore likely oce is to find
cleser and closer sguivalents to the pure diateoalc Llater-~
vals. Acceptlzog Sauveur's basic presise for the moment,
all temperazents can be sesn s Tepresenting a balance
tetween econoxy in the oumber of tones oo the ¢oe hand and
€Xcctness of correspondence to “pure diatooic™ intervals om
the other.

Given Sauveur's "pure distonic" scale as a basis,

Bowsver, it s self-evidect that some tezperassnts ars far

—

1‘L¢ :rrtﬁnt tr:pir‘ le plus parfait est celuy }ui
&Tant sop octave divisde = peu de parties, & des dirffer-
®Ccas les moindres et les moizs iczégales.” Sauveur, Table

{.’;'_:__tﬁ des Sist¥®=es Tec-Eces de Nusique, Elstoire da

~t8lt=ie rojale des ouieccel, 1711, avec lss Maczolres de

Fathfsstique et de Fhysique, pege 315, The expression "pure

@latooic” is taken from the article oo Sauveur in Scherchen,
Beture of Muslc, page 42.




superior to others. l2-tone equal tezperament is far
superior to ll=- or lj-tone temperament in the =mccurate ;
represeutation of this scale., If one wishes to use as one's
tasis a syste= other than that whiech Sauwveur called thes
“pure dintonie,” it is possible that 1l- or 13-tons tempera-
llntE might serve his purposes better than 12-. Cnce ons
atandons a single premice such as Sauveur's the possibili=
ties becoge infinite. It is therefore necessary to begin

by examining the building blocks of musical syatema, the
intervals, sround which theories of comsopcance and disso-
nance, of scales, of tonalities, and, finally, of tuning

aystezs, are deviased.

THECRIES CF CCONSOUARCE AND DISSCHANCE

Although the terss “consonance™ and “diasonance"®
tend to suggest specific understood phenczena to musiclians,
and nl*hough they Are essential slements in almost all
theories of music, they huve been interpreted in warrying
ways by different authorities. There are those who definpe
tonsonance apd disscnscce in primerily ezotional terz=s, the
On&# as a source of plessurable sensaticz, the other as a
Source of s disquieting sensation. Otkers prefer to define
coneonance and dissonance in the context of the dyoamica of

{ “irast Krenek has used 13-tose esusal tezperement for
B Bpeiial gusical effect in an electronic susical interlude
in Big Spiritus Intellicectime Sanctus. Fusical Juarterly,
dpril, 1555, page <15,
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a musical phrase, consonance representing & state of "raat"
at the end of & phrase, dissomance a atate of urgency and a
search for "rest.® Still others have defined conzonance by
the relative position of two tones withio & scale without
regard to specific barsomic considerations.” BEowever, the
most frequently used, and probably the moat univeraally
sccepted, definitions of consooance Lnd dimsonance rest on
ons of two essuzptions. The first of these is thst conson=-
ancea is produced by agreement betwean at least some of the
cozponent perts of two or more simultaneous musical sounds;
this egreement is the result of their fundementals creating
& szall-pumber ratio, such as 2:1, 3:2, ttc.t The secozd is
that, while indeed certain cocbinsticons of mound are con-
sooent and others dissozent regardless of their musical
context, it is the conditicning of the ear rather than the
inherent yualities of the mathematicel ratic that makea them

5Ju5eph Tazser molintalns that the interval bLetween
the first and third =ezbers of any functicnslly uzed scale
is & consonance, rezerdless of the nuzber of toces in the
8cale. A Theory of Evolving Tomality, page 197.

“It need not be dwalt upon that vurlious acounsticians
explain the mgreesble or allegedly agreeable effects of
Snall-number retics in verious ways. Whether it is because
of the sbsence of beats (Helsholte), the zeltinz tosether
(Verschzelruns) of the individusl sounds (Stumpff), or the
forsiticon of sgreeable and comprehensible rhythsic patteros
by the combined sound waves (Cpelt), @ simple ratio between
the concopitant parts is found by all these writers to be
the phenorenns which ceuses & cozbinstion of sounés to be
tonsopent. This alons is what zatters in copsideriog the
izplicetions of the doctrine of natural consonance on

S¥atems of tuning.



'ﬁ..s The writers who edhsars to the first view might be
called mezbers of ths “"Nautural Consonmnce™ school, whils
those who sdopt the second might be considersd as belleviag
in "Conditioned Consonance."

Coocerning the supporters of eonditiocnsd consonance
who sdvocate aultiple division, they can bardly bases any
prefersnce for change on acoustle grounds, since ths com~
sopances the¥ recognize are the "cénscnances™ in current
uss, the PO0-gcent fifth end the 300- and 400-cemt thirds.
Ballisvers in conditionmed consonance cma, of course, support
sultiple division on the grounds that the ear will eventu-
ally becomes conditiconed to the “consonances™ of a naw
Bystem. Eowever, sany opponents of proposed systeas of
sultiple division have msed, in saffect, the argument that
the eiar has been ccnditioned to prefer "consonances™ am
they iﬂ.a It has besen reslistically cbserved that if in-
deed prefersnce 1s p matter of conditioning, progress from
Ooe tuning syste= to ancther must overcome alaost insupar-
able cbstacles, The scoustical basis for =multiple divisiom

'r’ler]r Partch attributes to Arlistoxenos of Tarent the
first direct statezent of the doctrine thet the egr, and not
the smell pusber ratios, is the datcominant of consonance.
Farteh argues, however, that "the results by ear and by
Bzallecusber ratios are of course identical." Geczesis of a
*_-‘,*E-Lg. Foge 239, Eelmholtz is probably the most renowned
81 Ze zany theorists and scous“i~isos who have advocated
Ratural consonance.

N EI\r. Eas been the thirds i{n particular where bellevers
Conditionsd consonscce bave argusd agaizst systems which
©losely approximate the just ratioc 5:4, GSee below, page zé.




is therefore cited almost exclusively by sdvocates of
patural consORAncCe.

Further cozplicating the pleturs is the faet that
many writers accept limited portions of a theory of natural
consonance while rejecting others. As Partch rightly
points out, even those wto would discount the ides of the
patural walidity of the ssall-puaber ratios use the most
basiec s=all nuamber ratlec, 2:1, as the baais for their
eusical n:ltlun.? There have been many theorists who hawve
ghared the basic view of Fythagoras that octaves and fifths
ghould be represented by szall-pumber ratics but that thirds
should pot be. The particuler gualities of lZ-tone tezpera-
zant have tended to reinforce such a view. There bave been
22py theorists who have meainteined that comsonance is only
posginls whers the numbers in the ratio uers 6 or nnllllr.'
Others have accepted as consonant such ratics as 10:9 while
refusing to coosider the prise pumber 7 as a factor in
Busical copsonance &t all.

It 48 evident that for many writers who mccept small-
Busber ratios in principle, the gusstion "whsn does a small

Busber becomse a lerge oumber?™ must be answered. The

-

7op. cit., page 239.

Bzarllnn was, of course, a most famous exponent of
the theory of the sensrio as the basis for conscoance. From
Hemsigsance to the 19th century, the view of the senario
85 the basis for cocsopance seems t0 have prevailed over=
¥ielmin=1y over both those who would reduce to & and those
who would expand to 7 or more the ouaber of natural partialas
Used ig generating a musical system.



subsequent parts of this chspter, working upwards from the
octeve, exasios the answers which have been given to thess
guestions.

Cne other sspect of the general relationship of con-
sopance and dissonance needs to be considered. Thers has
besn inereasingly strong controversy in recent decades over
whether gconsonance and dissonance should be considersd as
opposed polar forcem at all. The traditional view,
enuncinted emphatiemlly by Zarlinoe and maintaiced for smeveral
centuries, accepts the polarity of conscnapce and dlssonancs
68 fundamontal to music. Many modern theorists have apposed
this view. Arnold Schénberg asserts that so=called dise
sonant latervals are nothing sore than the less simple con=
-nnlncti.g The practice of 20th century composears seems to
indicate support for Schéoberg's wiew, _

Azong diseiples of muitiple division, cpinions on
the polarity of consonsnes and dissonance are alxed. COne
°f the major proponents of 19-tone tesperament, writing
Under the peeudcnym Ariel, espouses multiple divislon on the
grounds that it is necessary for the restoration of polar=
1ty betwsen consonance and dissonance which has become
corrodeq.l0 On the other hard, Ivan Wyschnegradsky, a

—

P L?-ninlonnu:un sind die flraurlliggnﬂ;n Iﬂﬂlﬂnlg:in¢'
& Tasser, & letter from irnold Schénberg, AMS Jeurnal,
B}rh:,‘. 1955. P: F}TG e _.J'l
10

Arisl, Das Belstivit8tsprineip der Musikalischen
Sole, p. la8.



lesding advocate of Z4-tone temperament, considers thae
abolition of consopance and dissopance as polar opposites

to be & basic starting point for his .l,r:tl:l..ll It is under-
standable thut a system of multiple division seeking to
exploit a "twilight area® between corascnarce and dissonance
or to abolioh consonance and disscpance altogethsr, will
differ from & aystem attsapting to reinforce the polarity

of the two slemente.

Intervalag
THE OCTAVE

*It is universally agreed that the cctaves should be
exuct,” wrote the Englishsan R.H.Y. Bosanquet in 1876 ia
bis Elezentary Trestise cm Musical Intervals and Tempera=-

3555.12 There was much justification for kis remark when

it wes made, and it is quite imaginable that ti- sazs state-
Bant might be made today, although ths word "uaiversally®
would have to be changed. The octave is alone anong the
Emall=-nusber ratios in retaining its apecial charscteristics
iz the zusical hierarchy io the sesathetics of dodecaphony,
8nd it remains the basis for elmonot every proposed musical
E¥stean. The uniqueness of the octave has been described
Bany times, but wiy it should have such & uniques affsct

—

11‘..‘Jr¢¢h,n.e5r-4¢q, Cuartertopal Musie, its Fossibilities
Sz Crgenic Sources, Fro Fualces wunrteriy, Octs 1927 FAG® JUs

e 24
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appears &s unsnswerable as why green sbould look gtrin-li

In this century, a few musicians heve begunm to build
systexs which do not recogrnize this hitherto concedsd
begémony of the octave. 4 typical and poteworthy case is
Stockhausen's Studie II, where the imterval 5:1 is chosen
in preference to 2:1 =& the basls for an egual tezpera-
sent.}® The interval 5:1 is divided into 25 equal parts.
Other Stockhausen works have inwolved other syste=s im
which the octmve 18 not to be found. In soce works of the
Cologne school the contiouum of pitch plays a role second=
ary to the continuum of saturation (at one snd of which is
the sine-wave, &t the other end, nolse) in which no
phenozmeanon similar tc the octave is discernable. BSuch
experiments having been otarted, it 18 conceivable that the
geteve EAY begin to plsy a diainishieg role in the forsula-
tion of susical syatems,

Ivan Wyschoegradsky, who used zusical eysteas based

on the pctave, has proposed scales in which pltches do not

131n copparing the audible sound continuum with the
Visible spectruz one is struck by the fect that while the
latter proceeds directly from red to indigo without at any
Point in the loterie susgesting red Bgain, the piteh
qualities eppear to rejent thezselves every octave. C re=
fumms, likewise &, G, #tc. Hed sever returns, Thers are
= all sbout 10 recurrences of each pitch class withis the
lisits of the mudible racge of frequencies.

It £s possible toat the ratic 2:1 would bave the
;“' effect visually that it hes surally. WwWe do not know
'“r Sure because the buzan sye perceives only a coler o
sorending from about A0U0 to about 7700 asgatros usics. t
“%® tesdgncy of red ead blue to unite in violet susgests a
:?l-:hln visual guality to the 2:1 ratio not unlike the

fact of the octave.

l‘hle Heihe, Bd. 1, footnmote to page 50.

h-__



repeat themselves at the octave but rather at the second
or third octave.!® Nicolas Slonimsky includes in his

Thessurus of Scales many which ipvolve repetition at the
gecond or third octave only, or even at & still wider inter=
val. Joseph Yasser at oo time sugzested an incursion on
the bhegemony of the occtave by treating the perfect fourth
or the perfect fifth as a complete identity capable of en-
closing a musical IJItll-lE Such & fourth and fifth he
proposed to call a "guartave" and a "guintave" respesctivaly.
The tetrachord relationships of the Greek Lesser Perfact
Systex might be considered based cm such & guartave prin-
eiple, and it is possible to view parallel orgona and some
. 20th century fourth doublioss as & partial maoifestation of
a similar prizciple.

Io addition to proposals to eliminate the octave or
to replace it as the primary "identity" in music, there have
been a few suzzestions of recent origzin that the octave
should not be tuced precisely.

A pumbter of studies have shown that at the highest
884 lowest reoges of bearing the iaterval 2:1 must be
Stretched a substaatial amount to produce the psychological
#ffect associsted with the octave. The suggestion has
Focently been made that 2:1 be slightly snlarged throughout

—

IEHLnueI d'Earzonie i quarts de Ton, page 15.

1&
The Elzhwarys snd s of Topal Evolution, AMS
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the pitech contiouus to produce its most agreeable -fx;nt.17
It bhas Bleo been proposed that the octave bes mads
szaller. Adrisan Fokker, one of the great contemporary
figures io the field of multiple division, has asserted
that the octave should not be regarded as the invioclats
tasis for a susical systez but rather as one of several
prcessery consonances each of which is equally important.
The unit in kis temperament represents a mesn betwsen
ratioznal fractions of the cctave, the parfect Sth, parfect
4th, =ajor Ird, =inor 6th, natursl 7th, and "super® 2pd.
Every one of these intervals is altered so that a minimal

18

total slteration shell be necesaary. Exazple 2 shows

the factors in Fokker's deterzinpation of the proper size

for a unit in 5l-tone temperament.

Example 2: Factors in Determining the Unit for 3l1-Tonme System

39.0 cents im 1/18 of 3:2

38.2 cents is 1/13 of &;

58.6 cents is 1/10 of 53

58.8 centa ia 1/21 of 815

%8.8 cents is 1/25 of 7:8

%8.5 cents is 1/6 of B8:7

IE,7 cents 18 1/31 of 2:

c.0> cents ls the welghted mean,

I?Euli.nslq has propossd thet every octave bae snlarged
"{J’ Dearly two centa. AMS Jourmal, 1951. Udccording to
#ilhelz Dupont, & survey bty Stuzmpff and Hc{ur reported im
the Ceitnchrift fur Psychologie &nd Fhysiclogzie der Sinces-
Srgace, 5. \vill, hn.’% T L o, GiBCOVeItd TOEGT 7ow Of COoBe
Bs=iled pro.erred occtaves larger than the pure 2:1.
d8fchichty der Mueikslisches Tezperatur.

i &
- Fegktoy [0 Zamee, La Musigue, et ls Tempérament
g1, o351, ;-n..-_: ;:?_._._1 &8 LuBlgue, 2V A%

| R e el
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Ia calculating his meen valus for a unit of the
gystes, Fokker gives the octave spproximstely double the
weight of each of the other units, and he gives the smaller
of the ressiniog iotervals greater weight than the larger
ooes on the grounds that a slighter change produces more
promounced effects whers the interval is smaller. Fokker's
petave 18 1198.2 cents, just ebout as shortensd as
Lolinsky's L8 lengthened. "Ferhsps it might be batter to
choose that valus for the basic interval ,"™ suggests
rolkcr.lg in & statezsnt which certainly falls short of
militancy.

Iz Eis charts be also represents the octave as one
dimensizn of a four-dizensioral schese, with unity represent-
ing the sum of the squares of the mezber dizensions.?

Despite occasional suggestions to disregard ths
octeve, to enlurge the occtave, or t0 shorten the octave,
its role in music remains so assured that it appears to be
in little danger of going into eclipse. lmnns the many
froposed changes 1o musical mozenclature brought ioto exist-
eoce by propoments of multiple division and by others, tharas
dees ot appesr to be & slpgle recomzendation to relettar
the cotes so &8 to deny the existence of an octave ideatity.

Even the vigorous ssrlsl zovezent, which trsats all

19‘Plut-itrt veudrait=-11 sleux cholsir cette valesur=
'H pour l'intervalle elemsataire du teajSrssent.” Ibid.

Enruzzir. Las ! lthi:atiguil et la husigue, p. 28,
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iptervals within thke octave as squal, recognizes in the
octave its trediticoal walue as replica or identity. The
recent debate within the ranks of dodecaphonists over
whethar to permit cctave doubling within the "row" sugcests
that to some, at lesst, the existence of the octave as an
ipterval outside of the scope of serial treatzect, is an
enigma, its special treatment creating possibly some dis-
comfort. But the total freedozm of melodic cctave-displace~
sent within dodecapbory descnstrates further that the
octave is not subject to the laws of the other interwals
within the aystea.

Io lighkt of the above it appesars reasonDable to anti=
e',*%r the contirusne~ of the coctave apd to stipulate 1ts
wie In Toe BYEESi® 4 F.itiple divislicn which will be ex-
plorai Telow. [+ ir eplsc a practical mecessity to assume
«bst Lre addicion o> subitrection ¢f an octave does not
thezze the egsext’.] cheracter of an irnterval. Otherviss
it would be mecessary to copsider the octave-and-a=fifth
(the twelfth) separately from the fiftk, etec.

THE Jrd PARTIAL: THE FERPECT FIFTH AND FCURTEH

"The stropgest consonance io susic pext to the 2:l,"
18 how Earry Partch charscterizes the 3:2 or perfect
21rth.®l g gratement bty ome of the most ealment oppo—
Bente of present-day tuning procedures accords with the

———

2
lop. eit., pp. 308-5,
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pricciples set forth by ome of the leading protagonistes of
s tuning spprosching 12-tone egual tezperazment when it was
pew &nd controversial., BSaid Werckselster, "The pesrer &
ratio i to unity, the more perfect iz its ¢gn.an.ﬂ¢._-22
The perfect fifth is, after the octave, the Dsarsst posaibla
{nterval to unity. All of the krown tuning systems of the
Western world have taken the perfect fifth into considera=
tion and have rendered it with a degree of accuracy which,
if questioped by some authorities, bas been higher than the
sccuracy consistently attained by any other interval axcapt
foar the autnrt-ei

As to whether the interval 3:2 is ccamon to all of
the world's susical systezs, as bap occesionally besn
claized, Fritz KEuttner asserts that the "fifth" in Chiness

24

music is 20 to 30 cents flat. It ie apparently nesarly

es flat in Siazese zusic if, as is generslly sgreed, Siamese

Ez"Jt cfher eins Zahl der Unitdt, Jje vollkoazensr

disselbs i8t,"” cited by Dupont, o3. cit., page 76. Many
bistorimns includins Dupont ascerlice To wearckmeister an
important rele in the establishment of 12-tene equal temper=
fz#0t. Barbour doubts, however, thut Werckzeister was, inm
fF=t. a1 advocate of egual tezperazent, claizsing instead
that he sdvocated only & "well-tezpered™ systez in wkich
Bodulstion to any key was possible while the keys retained
their individual characteristice.

2

E';n toe zeaotone tunlng syaste= the third is tuned
Perfectly at the expeose of the fifths. This tuning systea
¥as, bowsver, of short dursticn and ite adcption was zever
UEiversal, Its positiocn of favor wies probedbly less influ=-
8oced by @ preferecce for the third over the fifth as such
than By the sizple fuct that only a quarter as much discre=
Pancy in the fifths wes necessary for a perfect third as the
Other way around.

E‘Cﬁl:unlﬁnttd by discussion, Decesber 1960.
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gusic approximates 7-tone tezpersment with its &85.7-cent
rifth. HNevertheless, the inoterval 3:2 has been an essantial
part of Chinese musical theory for many ceaturies, end the
interval is & strongly felt pert of all highly devaloped
gystezs of the West, Hear East, and India. 4Alein Darcielou,
a comparative :dnicolugllt. bes eallsd the 3rd partial the
"eyelic® eslement in musie, by which he presumably meana that
the domain of =usical systems 1s generally defined by cyclas
of fifths,??
To PBosanquet, the fifth ia the baaslc interval of any

susical system, and "regular systezs are such that all

tkeir potes can be arranged in a conticucus sercies of egual
fifths, "20

Hecognition of the primscy of the [ifths aszong in-

tervals within the octave extends to those who would temper
it considerably (mnd even,; paradoxically,; to ome who would
abandon 1t}; Hobtert Szith, an 18th century Eaglish theorist,
in giving tuning imstructions, indicates that choosing a
tedperazent for the fifth is a zost essential ltlp-z?
Joseph Yasser, a conteaporary advocate of 19-tone tempera-

Bent, comsiders the cycle of parfect filths to be & “"common

& ®5panitlou, Introduction to the Study of Musical
2Cales, 19-&. pnse- el

EE- ¢1=i| ps 60,
27,
Szith, Hobert, Esrmonics or the TFhilase of
EEE%E%L bnundl: 1759. Ee would alte. the TITER E: more than
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depozipator® for sll susical systezs. He first produces

nis 19=toce scale as & series of rifths with a cozma of

134 cantl.al This he does, despite a4 remarkable decisiocn

got to accept 3:2 eas the basis for a conschance in the 19-
tope eystez at a11,%9 )

With the exception of this suggestion from Yasser,
surprising in light of his use of the perfect fifth in
deariving his syatea, and with siailar exception of a faw
unique tenpermments, generally proposed cnly for single

20 the fifth rezaips an iotegral part of intonaticnal

places,
systezs. From the rise of medieval codes through the end
of the l%th century tils interval hus unguestionably played
wiat is correctly called the "dozinant® role, barzenically
ind structurally, io our zusic. The dozipsting interval

in the "rule of the octave™ which 2o concerned Rameau and
bis coztezporaries, the fifth defines both the authentic
and plagel cadences, and its primscy smong ictervals other
than the octave appears to be fundscental to functional
harmozy,

Becauss of the mathezatical-acoustic basis for the

Use of the perfect fifth as dominating interval, apoloziats

Ly

11 fﬂfanﬂur. A Theory of Evolviog Tonslity, 1913, page

9tum.. répes 176 and 285. For further discussion

fes Coapter 71, below.

are }GSunh £s5 those works of Krensk and Stockhausen which
elted &bove, pages four aci ten respectively.
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far the warlous schools of 20th century compesitica whieh
have chosen pot to use the fifth above other intervals as
a source for bhermony or tonal progression heve been hard
put to justify this aspect of their case. Allen Forte,
ip the iatroduction to his book, Contesporary Tons

Structures, satates, "Much of contemporary Eusié is rendered
invalid froz that point of view (that the pre-szinsnce of
the fifth is oaturally ordained),” and he asserts that the
overtone series as a oatural basis for the domipant-toniec
relationship is open to guention on several pulntl.jl

That oature may, however, play & role im the long-
manifested husen preference for the [fifth is evidenced by
the simplicity of its ratio and attested by the continuing
body of writers who select that interval as an izportant
basis for their zmusical systems. It would appear that any
Eystez of zultiple diviaion based on the principle of the
congcnance of the scall-pusber ratios would bave elther to
include thae perfect fifth or to offer a sutisfactory ex-
Planation for its abssnce.

The Pifth: Puce ar é}tered? It rezaics to be deter-

—_—

Bioed whether the pecfect fifth shall be pure or altered,
S84 1 altered, to woat extent. Frobacly the tuniang system
With the loogest history in the West is the so-called

Frthazoresn Systes based oo absolutely pure fiftha. This
e

}13ﬂrtr, Contezporary Tone Structures, pp. 10-1l.
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syste=, in gezeral use during the FMiddle Ages, probably
ecployed extensively ino antiquity, and used by the majority

of atring players toia:,ja

can mever be closed perfactly
since no nusber of exact fifths can ever saqual ap exact
puzber of ncttttl.55 Here lies cne of the primary defacts
of Fythagorsan tuning, the imperfect relaticaship betwessn
fifth and octave., Iz the other direction lies its other
izperfection, the imperfect relationship between the fifth
and other possibly desirable ezall-puater ratics. Just as
po power of * can ever egqual & power of 2, neither of them
can aver egual a power of 5, or of 7 etc.

When operative in a l2-tone systexm, Fythagorsan
intenation leaves & discrepancy of 23.5 cents, repressnt-
ing the ratio 531841:524788, which is koown as the
Pythagorean cozma. As mentioned above; when applied to &
1%-tone systes, FPrthagorean tunicy lesves a discrepancy of
about 128 cents, & figure equal to more them 2 unite of the
tezpered 1%9-tone system. HMuch less im the discrepancy in
8 17=tone syatea and many theorists Selleve ths Arabic 17-

b4

tons aystez toc be Pythazorean. Tasser hes offered an

52?@: a8 strong statement of its importesce by a
dlfﬂlplt of its role ses Earbour, The Fersistance of the
ifthagorean Systes.

a
‘}Th:a is obvious in the fact that 2ll powers of two

BUSt be even numbers, while all powers of thres must be odd
Dunbers,

N 5‘1::urding to Partch, esrly Arobian musiclans such
S8 Zalzal used pon-Pythascrean systezs but l4th cectury
Orists sizplified tc Prthegorean tuning which has rezsinsd




icteresting postulate which decives support from the

gepparent preference of much of antigjuity for Fythagorean

tuning. He susgests that it 1s in ths pature of all penta-
topic music to sschew the use of the just third, making
Fythagorean tuning the "just intonation® for the S~tons
1:111.55
Among the thporiltl who have advocated temparazents
for the fifth, soze have dons 8o reluctantly acd sparingly,
but others bave claimed to prefer the sound of the tempered
fifth to that of the pure fifth. JAizong the tespsrazsntse
adopted or proposed, our present system invelves relatively
slight altering of the fifth. Nevertheless, thers have beesn
those who heve btased thelr search for a better egual temper-
&sént oo the postulate that the fifth must te eaven better
tien the one found in l2-tone equal t!lFirlltﬂt-}E i far

greater pumler of advocates of multiple division have been

8ince. Helzholtz however prefers to regerd the Acablec system
&8 compriged of 9 fifths with & tooes added a third above all
but ome of the iuitial 9, Owing to the close agreement
between the =ajor third and the irterval co=prised of 8 per-
fect fifths, an agreezent shich Eelzkolt: records in tha
theorex bearing btis nazme, the differesce between Helmbolts'
#Xplenation snd the more usual ome involves only & ainute
Efadation in piteh.

*50p. cit., page 131,

55:unia. a planist and theorist who is best known for
Bis sttezzt to popularize a refors ic keyboard desiga, con-
Biders the guestiocn of =ultiple division, and makes ths
1§1tial stipulstion that the fifttis zust be beatter than
those of 12-tone tezperament, lesdizz him to a cholce bet-
':nn 9=, 41~ and Si-tone tecperazents, of which he chooses
the second, 12er cehr als zwilfetufice Zezperatur, Beitrige
Arustik uhf NuSlEWiSEenSCOalt, DElL 3, D= Ds
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willing %o see the fifth sltered more than in 12-tons
tezperazent in order to lzprove other intervals in the
tecperazent. By & shortening of the fifth by 54 cents, a
tezperamsnt containing the Just =ajor third is achieved,
whils & fifth which is 7 cents too small produces a system
with & just minor third. The apecific aystems which are
created by the wvarious alterations in the size of tha
fifth will be discussed in later chapters. BEelevant to the
present discussion is the evaluation of the alterations in
the fifth itself, as offered by the warlous writers.

On the one band there is Farteh who elai=s that even
2 cents is sn excessive alteration.’’ Cn the other hand
there are nuserous sadvocates of zultiple division who judge
deficiencies of about 7 cects to be within the range of
tﬂlﬂranti.ﬁa hoene of the syatems of multiple divielon which
beve obtained broad support possesses [ifths with a greater
diserepancy than this, suggesting sbout 7% cects as an
ieplied 1imit for the fifth. This is & far smaller figure
then that of the discrepancy of other supposed zatural coo=
S0oences in l2-tone tezperament.

There are theorists who meintsin thet the perfect

L 3?'1 heard Z=-cents discrepancy is a secsible differ=
$Sce in simultaneous soundipzs.” Cp. ¢it., p. 310. Por
+ *225 reason, Fartch opposes all eguasl Tespersacnts.

tis Eahriel g+ ~arta thst the P-cent deficiancy of the
'h:tb in 19-tone tezperement 18 well withic ioe limit beyood
by Sh comsopance is iestroyed. "Sie bedevtet sber coch lange
tic0t die Grenze ff: die Trobuos des wohlkiss:es.® Zas Zela-
=—Titltspeinzip 4s dor Musik, p. 13a.
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f£ifth as the prinmcipel interval withizn the cctave requires
a purer tuninz than other ¢comscoences. Agsinst this is
raised the counterclaim that the more complex and subtle
consonAnCes Are more easily destroyed thap the fifth by
slight alteraticns ip tuning. Fifths io prectice as well as
theory have been the least distorted intervals after the

octave .

It should be noted, however, that there have been
gccasional theoriats who have preferred altersd to unaltered
fifths. RHRobert Smith, in the 18th century, defending mean-
tone pricciples against the inecreasing teadency toward 12
tons ejual temperament, enuncimted the principle that if
izdeed the conscoances of a musical system cust be tempered,
it 1s best that they all be tespered zoderately rather thanm
that coe or two should have to be tempered & great amount
iz order that other consonances might be almost purs.
Evalusting all intervals from this standpoint, which he
talled squsl hermony, Szith attacks the fiftha of 12-tone
temperament as being "finer than they ought to h-.'jg The
1deal fifth, secording to S=itk, would be 5718 of a comza
82aller than 3:2. This is almost examctly six cents. M. W.
Drobisch, a 19th century theorist, uses methods similar to

Enith's ip findicg & value for the fifth that will work best

e

S 593=ith. Earzcoics, p. 166, Sauveur bad been con=
1;;tid witk tke ejuslization of the discrepencies of the
eIV

r 4l6 as well,ns con be seen from the guotation in
JOtnote 1 on page 3, but he wes content with an alteration
%aly sbout & cents in the fifth.
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with the other consonsnces of the diatonic systen and also
galects a flat fifth, 697.2 cents.

In the 20th century, the Danish mathemeticien end
scousticlen Thorvald Eorperup has proposed & Devw systea of
gcoustie wvaluation aized at interrelating all of the con-
sonant iotervals in a single Emathematical progression. As
part of his over-all plan, the "ideal"™ fifth is to be £96.21
cents, nearly & cents sasuller than %:2. To support his
judgment favoring the smaller fiftha, Kormerup relates the
3rd partial to each of the higher partiels through oumber
'EE. Exnmple 3, below, shows bow sany fifths oust be super-

izposed to produce eech of the partisle from 9 to 16, and

the size of each of the fifths in order that the partial

preduced should be purt.“o

Exsmple 3: EKornerup's Belatioaships of Fifths to Fartials

FUMEER OF PIPTHS SIZE CF EACH PIFTH PARTIAL FACDUCED
TEZREBY

2 701.95 cents 9

4 £596.58 cents 10 {(or 5)

1/15" 696.05 cents 11

1 701.95 cents 12 (or 6 or 3)

15 596.03 13

10 606,88 1 (or 7)

5 697.65 15

12 200 .00 15 {(or 3 or & or
H 2 or l)

* thirtesn fourths rathar than fifthe: the exact inversion.

b

‘Oxaru-rup. Acoustic Valustion of Igtervals, 1938,
Phge 1%, pop & more datailed exasication of Eornerup's
#eries sea Chapter 9.




A8 can be seen, the fifths are al' eithsr 701.95, |

the slze of the parfect [ifth, or s=sller, with most of

ttem io the reglon €96-697, wiere Eornerup's "ideal” fifth
lies. Tha table appears to give support to the view that
in se equal te=pered susical systexz attesptiog to give close
ep, “xipation to the upper partismls, the fifth will have to

be reduced in size, perhaps substantially. However, Kornerup's
sethods in arriving at his figures are not above eriticism,

Be appears to have excluded fifths larger than 701.95 gquite
arbitrarily, even in cases where a shorter cycle of fifths
closer to 701.95 would have produced tke same partisl. For
exsnple, in the cose of the 13th partial, Eornerup requires

2o less than 15 fifths, each of w2ich is pearly € cents too
s=all. Eowever, if he had substituted a fifth only three cents
too large, 705.0 cents, he would have been able to produce

the 13th partiel with a series of but 8 fifths (705 x 8 » 5640,
Binus 4800 = B840 cents = 13:8). Zorperup's table remains
inforsstive in showing the various szounts of alterationm
Oecessary to relate the shorteced fifth to other meabers of

the hurzcaic series, but its validity ss a justification

for his theory of the foreshortered fifth is seversly

Weakensd by the a priori exclusion of the lengthened fifth.

How to svaluate theoriles giviog actual acoustical
Preference to the foresborteced fifth? Sisce they all in-
Yolve relaticnships between the retic 3:2 and other nusbers
°Ge 1s tespted to disregard theories of a szall fifth
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sltogetber as externally ordained and to question strongly
whethar any of the suthors, given Just a fifth, really prefer
the foreahortened wversion. Kevertheless, io view of the
unjuestionable preference of many contesporary writers for

ealarged major thirds over pure 5:8%a, the genulfe preference

of soms musicians for an altered fifth ls gquite possible.
In Smith's case, recalling the prevalence in hias day,
especially in England, of mean-tone tuning involving o
istinctly [lattened fifth, it is quite Jossible that
conditionsd ears or locate conservatisa quite convinced
him of the scoustical superlority of the szall fifth., Car-
talnly Iif we are to accord & measure of acoustical walldity
to the treatrant of tLe enlarged =ajer third as & consonancs,
it would appesr only rezsopDable to accord gizilar regard to
the praference for the foreshortened fifth, sspeclally ans
the extsnt of tespering io the latter cass is such the
szaller, not exceeding the 7.21 ceats called for in 19-tone

teaperament. For the purposes of this paper, all intervals
withie this rance of 3:2 will .a trested as Tepresentatives
of tha parfect fifth, and the parfect fifth will be regarded
88 an essentlal part of any systex of zultiple diwvision,

with F0L.95 cects regarded aa the ideal size.




THE 5th PARTIAL: THIRDS AND SIXTHS

With the addition of the 5th partial, four intervals
are added to the fleld of basle consonances: 5:&, the
gajor third; its inversion, B:5, the miror sixth; 6:5, the
ainor third, representing the difference betweea the perfect
rifth end the major third; snd 5:3, the major sixth, which
is the inversiom of the minor third. These four intervals,
represented in cents, are approxizstely 386, 815, 316, and
854, respectively. Becausze avery ooe of these intervals
deviates froz its eguivelent in 12-tone tecperazment by well
over half s syntonie commae, it is on the subject of the
fifth partial that the edvocates of lZ-tone tecperament have
bteen historically moat on the defensive. EHEather than offer
the argusent that a discrepeccy of 13 to 15 cents is
peglizitle, deflenders of l2-tone tecperazent bave often
tontended that a large major third is preferable to a Just
third. Many string players snd singersa are taught to
fxagcerate the sige of even the major thirds of 1l2-tone
tezperament. As the argument over the proper size of thae
thirds, and whether they should im fact bte considered as
Feprecentatives of a consonent S5th partisl, is basic to
Deurly all gquactions related to zultiple division, the
Polnte mede by both aides will be exasined in soze detall.

Dani®lou, who considers the third partial to be
"eyelic,” calls the fifth partial "sodal,” describing it
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further as the "husanizer® of luaic.‘l

But just as
gastbosticliacs disegree on how extensive o role the Sth
partiel should pley in todey's music, historians and
musicologlats differ on the role of the just third in other
eges and cilvilizations. Hetlos cootaining the number 5
exist in the theoreticeal writings of Ptolemy oear the and
of the Greek era. It is geénerally agreesd that throughout
thke sarly ziddle ages the fifth partisl was not ussd. How-
sver, there 15 disagreezent about the time szod extent of ita
re=introduction into musical theory and practice, and this
disagreement closely perallels the disagreszent concerning
its mesthetic walldity.

Je« FHurray Barbour, a leasding expert on tuning systeams
and a strong partisan for l2-tone tezperazernt, has claimsd ‘

on several occeasions that the first re-introduction of the
Sth partial to musicael tuning systezs oceurs iz the wri.tlngt
of Bartolomec Hacos de Fareja in 1452. Thorwald Kornerup
end pther theorists who have valusd the Sth partisl more
higkly thaz Barbour sscribe to wWalter Cdiogton, an English
theorist actiwe eround 1300, the re-introduction of this

Pirtial s & means of explaining the relative consonance
of the thisd. Barbour acknowledzaes Odingten's “"discovery®
of the interval 5:4 but apparently does pot believe that it

¥as used by bhim or by his contesporaries as part of a

—

‘1_02. cit., page 231.
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cogplate musical l;ltﬂ."’z

EFuilding their case around Odington's allsged
advocacy of the 5:4 retio io explaining the third, and
pround the Exglish practice kmown as gy=el, wharein
parallel thirds sand sixthe wers sung A8 cORSODances Dot
unlike the later Freoch fsux bourdon, the supporters of the
5:4 elalm to see A comnection between the begimnings of ths
theory of the just third and the baginnings of the treatsant
of the third as a consonance. The third in Pythagorsan
susic, Dot being based on & s=all nuaber ratio, was & dis-
pogance and was treated &s uuch.“ If, indeed, the geoeral
scceptance of the third as o comgonnnce corresponds in time
to the adoptlon of 5:4 as the correct intonaticn of tha
thisd, important historicel support 1s givea to the case for
the Just ratio. The opposing claim ia that the interwal

2:4% was introduced after the comsopance of the third had
begun to be ectablished end that just thirds mever did

fchieve the widesprend use that has sometimes been aacribed

42
In Tuninz and Tecperazent, Bartour cites Odington's
Peference to 5:% An3 G:D &5 toe consonmact thirds om p. 3, but
€i00sen Eazos as the founder of just iotomaticn becauss b
iz "the first known Europesn writer to bresk sway from the
Fythagorean tuning for the tucing of the chromstic momo=
Chord, " p. B89,

‘sraaaer corsiders the major third to be a dissonance
in 1l pentatonic music, which, be contends, is based on
Frthezoresn tuning. A Theory of Evolvinz Tozelity, P« 1lle
“r't Elaukopf, m respected musico-soclUlcglst woo ham been
Ereuatly influenced by Yasser's writinogs, makes the saxe
SSsertion, Fusiksozioclogie, p. 62s




t0 :tu:l.“
The preference for the Jjust third among theorists
scd scousticlans, especially in the 15tk century and shortly
before, is guite extensive. Eelmholtz sounds the keynote
when he says, "The principal fault of our present tempered
intopation lies in the thirde, and . . . 18 the old
Prthagorean error of forming the thirds by means of an
ascending seriea of four fifths. The oatural relation of
the mejor third to the tonle, both melodically and harmonie-
ally, depends on the ratio 5/4 (5:4) of the pitch mumbers.
Any other third is only s sore or less unsatisfactory sub-
stitute for the oatural major thiﬁ-"ﬁ
EBesanguet calls the Fythagorean third "rjuagnilb].-,'“
aftar sgssrtinog that "chords formed by the notea ordinarily
in uss ars much inferior in excellence to chords which ars
in perfect tumr."#?
In this ceotury sany of the leading theorists and
Bcousticians bave continued to assert the superiority of
the retural third. Carl 2itz, at the begioning of the
featury, asserted that "A good a capella chorus sings, as far

88 & composition parzits, im just intonation, since every

———

“op. cite, pe 89.
a5
Helsholtz, Eermaon L. 7., Oo the Sensations of Tonas
i—'» 8 Fhysiolorical Basis for the Tnsocy of Fislc, tracslated
T3 The Gercan Ty ALexender J. 8, Pr1 310
"Eﬂnlu:qu-t. op. clt.y p. Bs
47
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pormally gifted ginger has sn excellent semsitivity for
pure octaves, fifths, fourths, thirds, and sixths. . . "0
4 sizilsr view has Zore recently been sxpressed oo & cumber
of occasions by Lindsey Norden and by zsny others,

Even among some writers well disposed toward 12-tons
teaperazent, the 5th partial is recogniced as the source

of the consonance of the thirds. HRa=zeau in the 18th
century iz a good exazple, as he uncualifiedly accepts

tha senario as the basis for conscoance but is not 1ll-
disposed toward lZ=tone tezperasent as & cozproaise.
Hindeaith's viewa on the 5th partiel and on 12-tons temper-
azent are similar,

Others, howevar, have volced an ezphatic prefersnce
for the thirds of lZ=tope tecperazent over the thirds of
tks unaltered S5th partisl. In the ootes which sccompany the
firet relezse ‘n lNusurgis Hecords' geries oo the History

of Musicel Taeory, Fritz A. EKuttner sod J. Murray Barbour
otate .43 "z will be seen end demonstrated ln the record-
ing, there 1s . . . reason to doubt the musical merit of a

Superparticuvlsr ratio a8 low Es &:5. In the introduction

q'a""‘in guter A capella-Chor slngt, soweit as die
Kosposition rul#sst, in natfrlich-reiser Sti=sunz, denn
dtder norzal veranlsste SAncer hat ein feines E=pfinden far
I‘ILM Uktavan, ‘uinnu. Quarten, Terten und Sexten. . «
K '-T-hu Von den natfirlich reine .:l:il'--iﬂ--\.nflrh-lltnilllﬂ,
m-.- 1, 1920 ps 29T,

gl:u

ttnar, PFritz, end J. Murray Barbour, Thas &0

£ Clessical Greek “q.ui;, Ictreductory Hotes, E-ﬂuﬁ._ﬁ'j&.
ﬁl mecords, Column 10.




to their next relesse, The Theory and Practice of Just

Intooation, the sa=ze two suthors state that a sajor defect
io just intooaticn is "boredom with the insipid major and
ginor thirds that are too perfect for our ears to have much
ehlrlﬁtl!-'ﬁa
A great number of writers have taken a middls posi-
tion with respect to the thirds by endorsinog the just third
for harsony while preferring a larger third for melody.
ilfred Jonguidre, a notable acoustician whose Grundriss der

Fusikalischen Akustik of 1598 preved serviceable as a

stacdard work for many years, takesn thls position on tha
basis of experizents which showed that musiclans prefer
ths large zmajor third for selody but the ssall ons for

hlrnun3.51

Engbert Erandsma, reportiog to the congress of
the Ioteroationale Musikgesellschaft in 1909, follows the
Saze path as Jomguiers, calling tie melodic, Prthagorean
intervals "structural” while comsidering the barsomic, pure
intervals & ssurce of "color.” Erandsma uses several
Eugical examples to illustrate his point, the firat beling
dgatha's thems from Der Freischutz (Ex. &), in which the

iaterval 5:4 above the tomic for the E would, in Erandsma’s

7 EUIuttncr énd Barbour, The Thear: and Fractice of
fust Iatopstion, Introductory Sote:, coiumn Sls
51

P 139 Jonquidre, Grundriss der Musiksliscten Akustik,
- .
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opinion, be 'u‘pru:ionlnl."f'z

Exanmpls &:

! -
=SSR I P

In epite of its epparent har=sniec deriwation,

Erapdsms insists sizmilarly that the F§ in the opening themas
of the finnle of Beethoven'sm vilolin concerto muat be
Frthagorean in order to achieve sufficient brillisoce. The
folksong "Sleep, Baby Sleep,” however, 18 best sung with a
Just third in order to achieve repose.

Writing ia 1955, Thomas F. Frost rescts in much ths
sc=a way as Jongui#re and Erandsss to tapes of Elvind

o HEe conceden

Groven's urgmﬁ"’ in enlarged just intonetion.
that kis reaction may be Zue in part to conditioning: "id
Zusician accustozed to sgqual tezperasent will find many of
the ascale tones, particularly the 3rd and 6th, so fer re-
Boved fros their accustomed piteh as to seem 'sour.' Vhen

& scale or solo seledy is played, it =ay appear disconcart-

5eﬂrnnin=n. Mber die Tooverhfltnlose in der alten und
“ﬁﬁéﬂ Husik, Berichf von 111 Eoozgress der loternatioaslen
Welkgesallschalt, p. 353 If.

> iiEivind Groven is a Norwecian theorist and composer
Lose l6-tops organ 1s discussed bBelow im this chapter and
ptar 7.

ety 5‘Frust, Thogas P., A Matter of Hecords, Crgan In-
Tute Quarte-ly, Vol 5:3,  Susmar 1955.
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12517 out of tune.® Frost adds, however, that "WVhen thess
game DOtes are cocbined into chords, the sounds are magiec-
ally consopant. The cozplete and unsccustomed absence of
peats betwees the notes (makes them) all but blend into one
tone. The pure richness of the usteapered chords is a novel
experience which we wish it were possible to share with
avery reader.”

String players ars generally imstructed to play
aharped notes sczewhat higher than the enharmonically
!qultnlln: flatted notes. This practice tends to produce
;juth;;nrtln thirda. Helzboltz, however, informs uam that

f played just thirds on all ¢¢=ln1nni.55 and Dupont
oot question this assertion ia reporting it in hias

tory of t-:::uruuut.E6 Arguments persist to this day

to whether ginzers use just or large thirde when working
¥ fros a piano. It appears that zore and more sutbori=
Ars terding to doubt that Jjust thirds enjoy any signif=
nt uge, 27

The ainor third, 6:5, bes stirred up some coztroversy

553'1.;91‘-:, EE_. &i| Fe }aj'
%

E?It iz Xuitner's prelisinary Finding in genersl

:i:h SipForted Ly strobosconic messurazents that the ip=
= A CI toe different susical sedis, piase, strings,

L xl 852, is fer less veried thap is generlilr thought.
A8vi,,, © °7 Tuttaer, a well-tuned plaso tends Lo bave slight
B8 ayer, - frcz equal tesperases. (perhaps 2 or 3 cents on
Zagy &ge), while voices and strings &pproach equal temper=
Genrly as closely, --conversation, Deceaber 1960.

Dupont, Op. cit., p; 130.
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of its own. Eanked as & subordipate ioterval to the major
third by Descartes, because it is not bullt om a replica of
tha Iuntmnt&l,ﬂ the just minor third has been rsjectsd,
and with it the minor trisd 10:12:15, by some suthbors who
bive accepted ths harzoniec usage of tke just major third.
Brandsma finds 32:27 better than 6:5 for barmonic as well
as zelodic use, calling 6:5 a horrible discord (unertriig-
lichen Missklang), while ke finds a dimipished seventh

best conetructed As three supsrinposed A2:27 i.ntlﬁl].l.sg
Jonguidre rejects the interval 6:5 1n the constructiom of
minor cherds &8s too like the =zajor {cur-lhnlxchj.ﬁﬂ

The interval £:5, whose first use is attributed by
Eoroerup to Erastothenss of Cyrene in about 200 B.G.,El has
received substantial support io ita own light. Ariel, in
particular, likes this interval and regards it as the
fundszental interval for a higher musicsl order (Gruad-
ictervall hfkterer Dﬂnga}.ﬁz

I}ahlcutcl

598randsas, op. cit., pp. 359-60.
E'D.Tunqu_hru, op. elt., p« 139, p. 135. On pagze 145,
Jenguiere points out tZet the Jjust mimor third calls inte
Play s difference toce a pecfect fifth below its upper
Bezber, & tone totally uosuitsble if ths minor third 4s the
botton part of m aizor trisd, Jonguiere doos not chooae to
discuss the completely unrelated difference tones of the
®usl-tespered or Pyisssorean sinor thirds, however.

R El[urngruﬁé-!'i.ﬁicll Acoustics besed on & Furs Third
2Yaten, columns IS

EEArl:l, op., cit., p. 74. For an slaboration of tvhi=
Pulnt see chapter 10.
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Earry Partch does pot go s0 far as Ariel in aingling
gut the interval 6:5, but he calls it "good to the ":1.55
.A&Ln.; that its Pythagorean equivalent, 32:27, is "beyond
the sar's capucity to determins lccuzlttly.'s‘ At first
glaoce tiis indictment hardly seems relevant, since easiness
to determine accurately does Dot in iteelf appear to be a
satiafactory way to determioe the consopance of an interwal.
Fut the ieplications of Partch's sllegeations go deeper. It
is geparally accepted that current tuning practice graates
for greater leeway to variations in the third than in the
gCtave or Iuth.aﬁ But i85 mot the esr's very willingnesa to
accept & considereble elteratica in the third a sign that
it has not accepted the 300-cent minor third or the 400=
or 408-cent mujor third a8 an acoustical standard? And
does pot the cozparison betwesn the relative stability of
the szall-pucher copscnances (fifths, fourths, octaves)
and the relative instability of the artificial consonarces
(the thirds and sixtks of current use) at least suggest

that when a musical society tunes its consonant intervals

E'E'Pl.rtch, op. eit., p. 241,

**1b14., p. 278.

Eﬁ"tctnrusi fifths, end fourths pressnt a certain
Froblex of intonation, since ths slizhtest daviation from
*58 eorrect piltch iAo elther rcote is zore apparent to the
®Er then it would be in such intervels <& the 6th and 3rd,

T# the pathezatical ratlio between *he notes ia more
€ozplex." -- Kent Kennmsn, discussiog viviia double-stops

its Techonicue of Orckestr=tisa, Indesd, the sathematical
§ of The GLLrds aod Gixihs ol common practice is "com=
21'11“ 5281l wonder thet few zusiciens would refuse to
t;::.ldt Eepnap his point oo the flexibility of their iotona-

-
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to s=2ll-pusher ratios it has & zore atable basis for its

intonation?

TEE VEE OF FIPTHS AND TEIRDS

With the acceptance of the Ird snd 5th partisls as
bagic to most musical systeds, and btefore procesding to the
consideration of the 7tk partisl (which recains contro=-
versinl eves a=ong the sdvocates of multiple divisicn), it
is pecessary to consider a body of acoustical data and
speculation cozcerning the relationship between the 5rd and
tth partials, and the use of the intervala created by thia
relatlopship in the building of =usical systems. Jose
Wirscheidt uses the terz "Juintez-Terzecgewebe® to deacribe
what be regerds as the total =usical field for any l:lten.ﬁﬁ
wealey 5. B. Woolbouse, an lpportant ploneer writer in the
field of zultiple division, writicz in 1835, claims that
"Every interval may be deterzmized by combioations of tha
Major 3pd, the Ferfect Sth, and the Octave.*S7

Bosaznguet asserts, "To provide a material of notes
for susical performance it is thecretically requinite in

the first place that to every oote used we should possess

—

~ E&-Llcr:ldt. Jose, Die ratiosellen Tnuilttlt in
intep-Terzez-ewebe, leitschrilt I8r rhysik, Ba. 45, Jal.

?‘-'unln 1
cuse, ¥. 5. B., Esaa an Muslcal Iatervals
E—“‘—ﬂi‘iﬁ-‘_l_ EBpd thﬂl-tm" rane:ll', Musical Scale, p- vi
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cctave, fifth, and major third, up and down. Each of thaas
beling & note used we may require the same accessories to
ench, &nd so un."ﬁa Bosanguet contioues, "If however we
provide sll the notes Decessary for an extended aystem » « »
we have endless series of fifths ruaning up and down, and
sndless series of thirds running horizontally; and it is
poasible to show that mo two of the notes will ever ba
sxactly the saze in pitek. Consequently in practice wvarious
approxiesations are exzployed; =0 as to reduce the pusber of
cotos rtquirld-'ﬁg

As the just fifth end third are fixed ictervals, the
various relationships within the web of fifths and thirds
are izmutable. The most isportent of these relationahips
with thelr traditiosal ters=s and qualities are shown im
Exaapls 5.

Among the theorists who heve dealt with multiple
division in the past; & majority have built their systems
to capitalize on features of the web of fifths and thirds.
The "approximations® which Bosenguet notes above have led
to two types of systems: equal-tespered syste=s in which
8Very =zegber can serve as toird or fifth above or below
fnother membar; and unequal systezs where for a greater

Mensure of accuracy or sizplicity or both, the complete

Butuslity of relatiocmship is sscrificed en! tones on the

—

Eahnnanqnit. op. git., p. l.

591v1d., p. 3.




Exasple 5i

Designotion [iame

Parfect Firth
Major Third

Minor Third

Hajor tocoe

Minor tone
Distonlc semitonas
Fajor limaa
Chromatic se=itons
Minor lizma
Pythagorean éilll
Major diesis
Mipor dieals
Syntonle comza
Minor coo=a
Pythugorean comma
Behluaa

Relaticnahips in Web of Fifths and Thirdl?“

Rutio

3:2
5%

6:5
9:8
10:9
16:15
27125
25124
135:128
2561243
128:129
312515072
8l1:80
204812025
531la4] 1524288
32805 32768

Description

A=-B

Two fifths less cnoe actave

B=1D

(A + B) deducted from ome actave
54 = (2B « ones octave)

D -G; E-PF; 26 - A

5. «+ B = two octoaves; D = F
thras octavea - 54

ones octave = 38} G - 1

5B = ion& octave + A)] H = K

A = (B + two octaven); D - E
thrae octaves = (%4 + ZB); E = H
124 = maven octoaves

BA B - five octaves; N - N

?uﬂﬁlt of the meterisls in this chart are taken from a similar chart by
Friedrich COpelt from his Allgeseine Theorie der Husik, p. 2l.

71

The Harvard Dictiona
thirds minus aD octa
diesin.

B0

liste the major diesis as 135:128 (four minor

calle the interval sbhown bere, 128:125, & minor

—
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rinze of the systes lack fifth and/or third, above or

belows

Wirschzidt, in his theory of retiooal tone-asystems,
bas mede oczoe of the most penetratiocg acslyses of the qullT
tiesz and possibilities of the waricus equal-tespered
systezs withip the context of the web of fifths and thirds.
HBs ia particulerly comcarced with two kinds of minute inter-
vals which ke conbiders particularly isportant to tezpered
systeas. Th- first kicd he calls defiring (definierend)
iastervals, These are the wery szall intervals in the wab
of S5ths and 3rds which are z&ace to disappear (msde equal to
ero) in the process of building a specilic tespered systesm.
Ttes syntonic comma, for .il:plu. ig a defiging interval ia
lo-tone tezperazent, as is the major dlesis., The second
kind, Wirschmidt ecalls constructisg (konstrulerend) inter-
vals., These are the intervals esch of which is egual to
coe unit of a tezpered system. The constructing intervals
in iZ=-tone tezperament are the wvarious kinds of sezitores
guch as 1O6:15 and 25:24. It is Worschsidt's basic conten—
tica that a raticnal systes is ooe iu which the largest
Cefirirz interval is s=aller than the szallest coastructing

Ln:¢:131,?2 The rational systezs, according to Wirschmidt

?Ewu:s¢h;1dt, Die rotioneilen Tonsvste=e, op. cit.,
F- 527. ufirsch=zidt cocsiders the syotonic ca:;a.-gl:ﬁﬂ_hnﬁ
T2e zsjor diesism, 126:125, to be the defining intervals im
li-tone temperazent. Ihe sizes of these intervals are 21.5
B2l 21.s cents respectively. As constructing intervals,
'Erscnnidt salects 16:15, £5:28, and 135:128, the s=allest
Bf woich is 70 cents. l2-tons tesperasent is therefors
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are 5=, 7=, 10-, 12=, 19=, 22-, 3l=-, 34=, 53-, and l18-tons
:1:;1:1:¢nt:.?3

Cone of the great advantages of the concept of & web
of fiftks and thirds is that it provides a pethed of chart=
iog zusicel systems sccording to the intervals frea which
they are derived, thus seking visual and easy to perceive
the characteristic features of ths system.

Bosanguet makes such & graph of ths l2-tone systam,
whichk he cslls the duodens, with the fifths vertical and

the thirds horizontal.

Exa=ple 6: Eosansust'sg nuudana.'?q’

Bh
£b
1 C [E
p?lF |A

raticzal. In choosing 135:128 as his third construeting
izterval wArschzidt is makinz a gost uausual selection. Thg
s.cl li-tome systec ls built =8 follows, (25:24)7x (16:15)"x
\el:g5)7 = 2, VhArsghmidt inatead builds hi! l2-tone system
ks Zollows, {l&;l&:l? x (135:1z5)~ x (25:28)c = 2.

Preia,, pe 556, Worschzidt dces pose a lizit on

tie sxTans= of his systez for, if ks 41d not, other amall
lutervals far mezoved from zusical prastice would icterfers
wits kig esleulstions. He chcoses ag limits 11 fifths and
€7 tiirds in order to eliminate ime very small discrepanciens
frc: +ha peteve created by the 12th fifth (the Pythagorean
foiza) and by the 25th third (which exceeds the oloth octave

Ey oaly a few cecta).

F]

B

 [Nelo

ﬂsﬁauqu:t. ops cits; P= 2.
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Tbe uwsuel practice in grarhing fifths and thirds 1is
to represent the fifths borizootally and the thirds wertics=
ally. BEx. 7 shows the saze duodene as charted by Adriasan
Fokker, who attributes it to the 17th centusy m=thesstician,
Leonberd hllr.?j'

Exazple 7: BEuler's Gepous Diastonico-Chromaticum

AlE | B|FA
FIL|GD
pbj‘AbJ_‘Eljﬁb

Wirechsidt, ooting that the duodene requires four

comatructing intervals, chooses & different arranzessent

of topes., 3Sxa=mple 8§ stows the four constructing intervals
in 12-tone te-perazect as they arppear in Euler's systeam,
wWhile Exscple 9 shows Wirschzidt's solution, eli=inating
the interval 27:25.

Exazple 8: The Constructing Intervals in l12-toze Temperament

,.—-"7 ,F" A

__-..-.-...
-

—
I'E !5 25; ;.Jf 1352128 oyt e

L

"'5Fﬂ.‘nr. A. Doy Just Istozation ssd the Combination
Of Barsonic Distoenic Melodlic Gooups, p. J-




Exazple 9:; Wirschmidt's "normslized” 12-tone system.

B4 6"
=121 E
E¢ b'iF

Ariel, who was a contecporary of Wirschmidt's apd
wholle work was well knmown by him, was probably influenced
by ’-Fﬁ:'"h:l-lﬂ.t as well. Ia 1925, after Wirschaidt had already
developed his theories of the suinten-Terzengzewebe, but be=
fore he codified the l2-tome systez as shown above, Ariel
published his own wiews cn the 1Z-tope system, using only
the traditicnal thres comstructing intervals, 16:15, 25:24,
and 27:25. Ariel offers two petterns im interval charts

which, when graphed, turn out to be as is shown in Example
10.

Exazple 10: Two l2-tone systems by J.rill‘?s

AE |8 P
FCG|D P lAE]B
|44 £ |8 Flc

r*

1

-
D* DA £8°

?Enll':l'fl'ﬂ fros the cherts in Arlel, op. cit., p. 115.
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It appears thkat Kornerup would egree with the sscond
of the Ariel syste=s, for his own chart includes every one
of driel's tooss except P¥, which Eormerup would probably
pelect in the saze Iannar.?? Cne other pettern, somewhat
aimilar to iriel's is offered below in Exawple 1ll. It
likewins employs only the same three comstructing intervals.
Eowewar, in spite of the stroog prefersnce shown hI Arisl
und Warschmidt for systexms involving only three comstructing
intervals, it is hard to eee why any of thesa systems is
preferable to the Eosanguet duodens with its cozpact pattern

involving four different sizes of sexzitone.

Zxasple 11: Ao Additional l2-tone System

,;;FTEF_ ‘;

4\E\3
Z1c|G1D _
1 _ I‘_f_r_lﬂbigb,

i

To Wirscheidt, multiple division follows from the

logical wish to eliminate the lerges of the definiog inter-
vels. Sinpce the deisis 15 the largest of the defining in-
tervals in l2-tone tesperament, the next rational systea
2uet provide separate tobes for pitches separsted by that
intervel. The diesis thus beccees the szallest of the

775erived froa Musical Acoustics Essed on a pure
shird Systes, columns =/-8.

| —
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constructing intervals of the cext raticzal system, which

is 1%-tone tesperament. Used instesd as & defining interval
in 19=tone teEperament is the 29.5-cent zipor diesis, 3125:

1072, consiating of the difference between the chromatic
gezitopne 25:26 mnd the major diesis 128:125. Both of thess )
latter iotervals are constructing intervals, and it follows
that since all constructing intervals are equal to ons unlt
of a given system, the differecce beatweesn any pair of con-
structing intervals must egual a defining interval. Thers=

fore, in a rational system, the largest constructing interval
aust always be less than twice the slize of the szallest con-
structicg interval., Otbher of Wirschsidt's retiozal systess
will be exacined in the chapters on the wvarious specific
aystess of multiple division.

Just Systezs: To theorists preferring exactitude of
fifthe and thirds to approximsticon, the problem bas been to
find weys of closing the open ends of thelr systemas. To
Frovide 12 central tones with Bosanguet's ninimal require-
zent (a fifth and a third both above and below) would re-
quire 26 %cnes to the octave, the outer 1% of which would
Serve zmerely as auxiliacies witkout the acoustical resources
£0 beccme tonics in their own right. Meking potential
tonics of all the tones in the traditional twelve major
E2ys would require a sinizus of 37 toces per octave, 18 of
thea lacking at least one auxiliary. Nevertbeless, many
theorists bave tried to coze to terms with the infinitude
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of possibilities, and just orzens sand harmonia have been
built with alzost every possible pumber of tones to the
octave. Barbour exasines & pusber of these instruments’C
beginning on pege 108, and Fartch studies several in great
detail. .
Within the web of fifths and thirds, perhaps the
zost remarkable near-identity }s thnxlehilnl. which repra=

1 "2 E
senta the difference between 8 fifths plus a third and five

octaves: 32805:32768, or 1.945 cents. Even thoss theorists
who have bteen izplacably opposed to substituting the appro-
zimations inherent im equal tesperazents for just ratios
bave tended to accept the principle of an alteratiocn of
#uach fifth by 1/8 schises (about & quarter of a cent) in
order that every eighth fifcth =ight produce a just major
third when deducted from [ive octeves. The trestment of the
schiszs as an ideotity can sizplify a susical systea con-
slderably. Clark Jones rightly resarks that 15 =ajor keye
can, with the assistance of a minute temperament of 1/8
Echisma, be realized with as few as 24 tomes to tha cctave,
Wisreas 35 would be rejuired if the schisma were pottreated
&3 an ldiutit?-?g

The Sorweglan coaposer Eivind Groven also useas

?EIn Tuntn; and Tongurlneut.

. ?gJu:rn, Fecarks oo Just Intonation and Musical
Btules, icoustical Soclety Journal, 1597, p.
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schismatic tezperament for his just ors;n.au but feels
cospelled to =dd 12 tomes to tha 24 recozmended by Jones,
bricging to 36 the pumber of tones to the octawve.

The schisma is the subject of a classical approxims-
tion, possibly mislabeled & theores, Helmholtz' Theorem. .w
This states that the schisza, produced as outlined abovse,
is spproximately equal te the error of the fifth in 12-tons

tezperament, The respective fizures in cents are:

Breror of 5¢h: 1.955 cente.

The use of the schiszs as an identity cooverts tha
open-ended plene graph lato a idnd of gpiral, or partly
detached ripg. The perimeter repressnts & cycles of fifths
while the spokes represent a series of thirds. Zxezple 12
1llustrates the systezs of 24-tones advocated by Jones. Two

Fossible nomenclatures are shown.

Bxample 12: Z4-Tene Schismatie Temperament

) BU}M'I'&!I, by Ustezpered Crgan, Organ Institute
wSarterly, Vol 5:3, suzser L¥s5.
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Eivind Groven extends the spiral by 540 degress, and
uses Jjust such a graph to illustrate his article which is ‘
cited above.

The Schis=a in Pythezoresn systeczs: GSloce 8 fifths

deductesd fro= 5 cotaves }:itn.l a gajor third in schismatiec
tesperaments, & systes of fifths yields & Just third only

if there are &t least 8 superizposed fiftha. Aifter tha

firat 8 tooss, each additional tone of & Pyrthagorean systea
will yield tze iliusion of & just third. Barbour and Euttoer
polot out that this gives the distant keys of Prthagorean

tuning a close resesblance to the merr keys in just intona-

tica, while Ecrmerup, who stroogly disapproves of Prthagorean
tunlng.gl saye of ths phenczenon of alzocst-Just thirds over
the "back fifths® of the Prthazorean systea, "It is tha
playful wsy of pature that ell exszzersticn corrects it=
sels, »82

Becsuse of the relatively close vorrespondence between
twelve fifths aod seven octaves, the tones of an extended
cyele of pure (or sub-schiszatically tezpered) fifths tend
to pile up 4n lzyers of twelve, ssch resoved from the other
by sbout & coz=a . . . & Pythsgoresa coz=s in the case of

Pure fifths, snd an ipterval slightly szaller than a

all:ur:e-up likena the cctawe, {ifth, and third, to
the three Foizary colore, malntelipicg that FPyrthagoreanisa
18 the gusical equivaler: of color=-blicdedness. Nusical
4c0ustics fased on the jure Thisd Systes, coluan 9.

Ezsom.-up, Acoustic Metbods at work, 1934, p. 19.




gyotonic com=a in the case of sub-schismatically altered
fifthse. The 24 tones of Jones' spiral ace grouped as

follews when converted into a pitch contiouum,

Erazple 13%: Fitch Continuum of the Z4-Tone Fythagorean
Spiral (slightly altered by schismatic tempera-

zent)

r wev  pk ver EF Ly ot ow T T
LT, I sk, L) Sy pely mrip B TR L
SO Y T T ¥ it W I
1 1 1 1 1 1 1 1 1 1 L 1 1
aoa 108 200 X0 FoD So0 Ee) Teo Moo 100 1002 1100 110

With esch addition of 12 tones another "layer® ia
added, one coz=a higher than the preceding cms. This fact
possibly explains why propooents of this kind of systea
have tended to adopt syste=s whtose tones oumbered sultiples
of twelve. It will be seen in exazple 13, above, that the
intervale tetween each of the twalve close groups are of
two different slzes, the one being approximately 70 cents,
the other, 91 cents. The szmsller of these two Llntervals ls
spproximately three comsmas in size, while the larger one
is sbout four. In the 24-tone system shown iz exasple 13,
thers are seven 3-comna gaps, and five S-conma gaps. As
Zany theorists have pointed out, it is possible %o bring
the web of fifths and thirds to a very clese spproximation
of & closed systea by contizuing the spiral uatil these
Conza zaps are filled in. A total of 29 sdditional tones
Ars needed to 111 these gape which brings to 535 the total
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ocusber of tones in the syste=. 4 53-tcme Pythagoreaa
system is almost idectical with 53-tone equal temperament,
as 53 fifths (37203.35 cents) is nearly precissly squal to
31 octaves (37200.00 cents). 4 single fifth in S53-tone
temperament 1s distinguisked from the just fifth by enly
0.06 of & :tnt.aj

The building of l2-tone layers separated by a comma
sncouraged theorists to use traditional tonal momenclature,
with the asddition of a desh over or under the note-nams to
indicate raising or lowering by & comma. This practice,
according toe Kornerup, evolved fro= a systez of comma-
differentiation by upper and lower case letters used by
Eauptaasnin 1853 to the fully developed plan of Cettingen
in 1866, io which dashes above the note-nazes signified
loewering by a comma. Eelaholtz, according to Eormerup,
duplicsted this systez in 1870, btut with the dashes used
below the letters to lower the piteh, Eitz in 1891 still
uged the system, but with addirion and division signs after
the note-nazes rather then dashes.®t

Cettingen, Helmholtz apd Eitz all used Pythagorean

Bimenclature, wherein 5, representirg the just third abowve

Bj?h! gize of the fifth im 53=-tome tezperament as
¥ell as much of the deta sbout interval sizes throughout
tiig paper is gatberesd from an izpressive though uaputliched
ollection of charts apperded to An Introduction to Tunimg
824 Tezpesrazent, by Charles 5. Keot.

a Pure Third

E“Iornnrup. Musical Acoustics besed on

Srstes, coluans 21-22, - =
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C, appears with the sign ¢f cocma modification. The Gg |
25:16 appears with two comza signs indicating that it is |
two comsas resoved from the 5 of the Pythagorean series.
Eoroerup ;u}_ra;-u & chart showing the nomenclaturs of his
predecessors for four tones as derived from C as ceater.
Ees also phows his own nezenclature, which is based on &
just third systen whareln it is the Fythagorean intervals,
rather than the syntondic ilotervals, which are altered by
cozaa signs. Exasple 14 shows excerpts from Ecrnarup's

chart.

Exasple 14&:

Fatia | Conrs | Qettingen Meimboltz(rgr0 | Eitz  Komerye Fythogersan

e pere's chet
zu6 773 gm | 2% g¥ 22| o | pHb
54 386 3 e e = e Fb
oy 142l & d d=l| 7 | E%

" low | d d d |d+ |»

Tae debate between ndberents of the two nozencla-
tures hes beea fierce. Wirschmidt, an adhereat of syntonic
Bomerglature, ecd J. Wallet, a diseiple of Oettingen, en-
Elged in & bitter debate in the pages of the Zesitschrift
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rar Puysik® 1n 1921 snd 1922,

Wirschaidt cozpares his S53-tooe aystes with
Cettingen's in disgras forz, sttampting further to confound
Wallot. Kots, however, in Exssple 15, that Cettingen's is
aore compact than Wirschmidt's and that it makes mors ax-

tensive use of the schiseio relation (shown by the dotted=
lins extensions in Exasple 15).

Exaszple 15: Wirsch=idt's end Cattingen's 53-tons
Syatezs with [efiniog and Comstructiog Intervals shown.

Norscami0T OETTING EN ConSTRUTING
= - - | - [:':::H? X
[ Saifia Jiw ;_i:::'::-m T
s 2 ox g
Fi il I' s T - -F‘
L . -f'.:‘-‘._ T-l - r:f’ l:‘r-llhaﬁ-
L L K ] 1 M e
_ . = ——— | ISR IEE
= v T ot
fn SR T _'. ,-T L N St 1! o ‘fn . PRI

It should be ooted that & truly Pythagorean 53-tons
Systea would appear oo a disgraz as & siogle horizomtal

Tow of 55 fifths. Not even Cettingen's nomenclaturs,

) 85553 partieularly Wallet in woluzme &4, p. 157, and
WErschoidt in volume Gy pace 111, worschmidt ascribes the
8¥tonic pocenclature he uses to H, Starke, author of
farpiknlische Musiklekrs (of which wHrschaidt cites pages 99
&) I00). =firscomict claims &s the chief sdvantage to
fratonic nomemclatuse that many fewer ccosza-alterations are
?;‘::M thap in Cettingen's systez, & clais which is justi-

.
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eompliceted by com=ma-gigns, s=ploys the multiple sharps

erd flats that would be pecessary to reflect such a diagram
accurately. It would appear that while Wfrschaidt's nomen=
clature does cozmend itself by 1ts relative simplicity,
Cettinzen's system, as ghown in Zxasple 15, above, is the
suparior one, even in WHrscheidt's own terms: It is the
mores compact; it is the ope which uses osaly three comnstruct-
inz icotervals; it =skes auch greater uss af the schisma as
an identity.

The two basic nomenclatures of Just zusical systeza
and of S3-tone teoperazent are reflected by two distinct
divisions of the 55=tope systea to produce the diatonic
scale. Joachim Steiner, sdvocatin: 53=tone tezperazent as
a besis for zeasurecent refers to the Prthagorean divisioa
9949994 as etring-lydian and to the Jjust divisien
9859895 as flute-1ydian.?® The dilemma of the slter-
Dete scales end nocecclatures results froz the eonversion
of the syntonic comza from definirg to constructing interval.
Cur note-psmes Are based op the assuspticn, valid ia 12-tooe
tecperszent, that two pitckes separsted by & syantonic comss
re in reality ooe and the sarce.

The wab of Sths sod 3rds doss pot end with 53 tonss.
Wirseh=idt has gone on to disgram 1lE-tone tezperscent, The

weld ia, lodeed, endless, and it would zppear advisable to

aﬁii_flull der -el:en Etisz=un> auf dis Entwickl
‘1 T Musik, Dericat voO iiie ALOGaIeE6E 36T In_!rnaﬂnnnlf

EEillllschnIt. page 387.

g
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axtricate ourss)lves and move oo to the 7th partial.

TEE SEVENTH FARTIAL: 79:4, 7:5, 7:6 AND THEIR INVERSICHS

*In the flora and faunsa the figures 1, 2, 3,
end 5 are ruling sccording to the law of precedence
that 1, £, and % (as well as multiplies of these
figures with esch other) are rullng oo & lower stage
of development; for instance in the [lowers of
sonoccatyledonous plants and with zofphytes; while
5 (emd =zultiples aa 10, 15, acd so forth) indicate m
bEighear phoase of development, == In the flowers of
bicotyledonus plezts and with echisoderzs (starfish,
crinoideans, arctiniae), while other prize nuaters
indicate teratologies."s?

The above categorical opjositica to the role of the
puzber 7 uppears in a theoretlical trestise on music. It is
not, 48 ope might thiak, froa an oppoment of the exgansion
of wusiesal resources. The statesent 1s by Eornerup, & 20th
century advocate of cultiple division. It would appear
that in whatever tonal worlds may develop, the 7th partial
will remein the subject of controversy.

Eornerup, ipn bhis other writicgsa, acknowledges the
seventh partiel. He adsits its jlsce szong soae of the

8a

Eusical systems of the pnst and preseant, apd aven pro=-

¥ides ar approximation for the interval 7:6 in his Goldenm

B?Iiurnn:up. Musical Acouatics based on a Fure Third
Sritesz, coluan 3l. T e

. 5%4s meserts that the arithzstical divisios 10:10,
N9, 10:8, 10:7, 10:6, 10:5 is the basic tyje for oriental
Peatacornic susic. Acoustics Netsods of wors, 1933, p. 1l.
“3lf WoTk 18 ten ¥ehrs sose recent Toal tLe obe 1ln wiich

Bf attucks the 7th partic. so vebemeztly,

E
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E:lttn.ag More ioplacably opposed to the inclusionm of the
7th partial in any kind of ousical system ia Ariel. Hae
distinguishes between the "natural” pumber series (which
ipcludes all ouabers) and the "harmonic® series (which in=-
¢cludes no primes or products of primes higher than 111.1?9
Ariel's oppositicn touches every aspect of the seventh
partial, and is categorical and abaolute.

Danislou projects the view that the sevanth partial
is beyond the scope of norzmal human pcrulrtlun.gl and that
its introduction would therefore be “"dangerous.”™

Io their opposition to the ipncorporation of the 7th
partial into any new musical systeamm, these men follow a
lﬂﬁﬁllﬂd distinguished line of theorists uﬁa:l ranks ineclude
iarlipo, Eameau, Oettingen, Rieszann, and E}ndslith.gz In
Bls definitive work om the Tth pl:till.gi Hartin Vogel

aarur 2 thorough discussion of Forasrup's Golden
dystea, ses Chapter 9., Koroerup regards 7:6 as gmaller than
615 by a diesis which, in the golden systez is .618 of m
sznll ssmitvoe. The golden approxiamation of 7:6 18 coe of
Lhe best in Kermerup's systes, 255.9) cents, within ops ceat
of the patural ratio (which is Zc56.87 tlﬁtﬂi- Eorperup's
rezrsgentaciorn of 7:4 is ouch laas mecuriis, hOowaver.

) gﬂx:ial, op. elt., P. 47. Ariel goes on to poimt out
Lp. 51) "Veon..zwel SFnger eipen Iweiklecs sicgen, dessen
+008 gepnu ix Verhfltnils 6:7 schwinzen, dann iat das weder
8in zusikalisches Intervall noch die Tezperisruns =ines
Bclchon; es ist Aberkaupt keine Musik." (If two alngers
Blig &t an interwal 7:6 apart, the regult 18 naither A
Bugicnl interval nor the tragqr-m-nt of such an intervalj

it ls indeed not =zusiec et all).

glm‘ln“. _ﬂ‘ G-i_t'il p- 251-

quhnnn panes #'s cited by Partch, op. cit., p. 3.

X
Pr 9’&1:1 7 io der Jpekulativen Musiktheorie. Wogel is
ivatdogzent et The LA'Verzity of So0D.
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leaves little doubt that every concelvable argusent which
present-day secarists might wish to use hes alresdy been
offered. However, as Vogel shows, =uch of the oppositiom
to the theoretical endorsement of the 7th partial has besn
bassd primarily on its unavailability in preseat-day tuning
and in its exclusion froa the diatonmic ::-1-.9"

Thare is a large measurs of ambivalencs toward the
seventh partial on the part of many advocates of =ultiple
division. Friedrich Cpelt, within a single tﬂ!tiaj.p-ﬂllﬂtl
a "cozmplete® table of basic intervals from which the seventh
partial is complatsly lhulnt.96 & tuble of consonances which
includes retics of the 7th plrtlul,g? a statezment that
the seventh partial is disturbing {ltﬂrindj,ga the atate=
mntgg that all consonances are derived from the single
chord 4:5:6:%7:8, the recognition of 3l-tone tesperasent as
a means of including the seventh partiel withio a musical
systez, aod finally the Jecision tu exclude the seventh

partial from further musical speculation because of the

g“?a:el cites the theorist Chlisdoli, who, 1o referring
te Eirpberger's nase for the tone created by the 7th partial
frem C (I}, cracked that the oatural seventh was nezed 1
after the izperative fora of the Latinm ire, to go,; and meant
"0 away; we Eave no place for you here.

gﬁall:emainu Theorie der Musik, I4.

%5, 21.

wp- %20

%Po '55-

ggp. =
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techoicsl diffieultisas jl-tone tesperazent would -nttil.lnﬂ i

Euler, the 17th century methezaticlan on whose l
theories of the Greek genera & msjor curreat schoel of 3l=
tone tercpered music hag been founded, dezonstrates much of
the s=zbivelence toward the seventh partisl shown more recently
by npait. Beginninz with speculetions about mode lﬂlbal!d
on the semario, BEuler rejects sckzowledged Grask tunings
besed on septiznl intervals as lmperfect and hnr:h.lﬂl
Speculstiog about their use nonetheless, Euler becomes in- |
crenpingly interested in them and, later, endorses the use
of the seventk partial. Ee evolwes a mathezatical forzula |
for measuring relative degrees of consonance (by adding
factors and expoments) wheraby the natursl minor seventh
ig the most consonent ©f the minor esvenths whenaver tha
interval is iocressed by the icterposition of one or mors
uctlful.luz

Support for the inclusion of the 7th partial in

mugical theory has as long and distinguished a history as

hes its oppositzion. among the figures who hawe insisted

that a role be found for the pusber 7 heve Eéen Marsenne,

lﬂﬂp_ 67,
101:90rts Tentazeat Novae Theorise, unpubl. doctoral
dissertatich Ly wbarles S« SaltB, Ps L79s

1020 er1s incenious though bighly questionable
Eystem for psasuring consonance is treated at some length
Vogel, Epe. it_"l &8ps P= 78.
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Tartini, Petis, Serre, Hauptzann,l® und Eirnberger,10%
The well-known eritie, Donsld Framcis Tovey, ia at ths end
of a lopg line of musicians of many generations when he
cosplains that music as it ia now constituted "contalns no
room for oo simple & thing as the 7th 3ut1n.'1n5

Hany proponents of sultiple divisicn have beesn
interested in the possible role of the 7th partial in en-
larged musical systez=s. Yasser, who calls the 7th partial
"flavorless™ within ths diatoniec l,lttl.lm incerporatas
it oonetheless into the body of consonant scnorities of his
"supra=distonic” mhn.lm

The interest in the seventh partisl om the part of
some theorists hes been so keen that there heave even beesn
proposed “Just® 12-tone systems whose zDon—diatonic members
are to be drswn from septimal rl'hiu-l; Coe such proposal
i by A. M. Avrse=off in the firset volume of Melos, 1920.
He offers a septimal tuning for the 12 keys of the piamo in
the name of "freeing” music from the shackles of egual

1G}Pnrtch. op. git., ps 95,

1m!:1r-nbarsur‘s interest in the 7th partial is
treated at scze lexgth in Vogel, op. cit.

105 meyelopaedia Erittanica, 1llth Bdition, quoted by
Fokker, h';é’rten:u Fusicales, P» i

mﬁé Theery of Evolving Tonality, fooimote to page

193.

10?!." details on Yasser's supra=distonic systeam and
its use of the 7th pertiel, see below, Chapter 1l.




58

t.]":":'II Awraasoff's positicn sppesrs incomsistent,

tenperazan
hmre“rl, for while his theory postulates a just, mon-
geptinally derived distonic scele with septimal tones
betwean scale degreas, the actual pitches of his system
Field po such distonic scale. The harmonic mipor of P is,

however, possible in the scale which iz shown in Exsmple 16,

Example 16: Awrassoff's Septimal "Just™ Scale

Intervals between T e¥ 2 2572 & 7l ELEF i"E‘

successive tones: € 03 20272003 RIS iy %340 i5
b ity

Fitch nsmes glven F 6‘ T’ 3 "H 30 Cl .{T_\Et. F

by Awrsamoff: I 1245 g & -3 ETE 182

Intervals upwards T 7 43 e 7r ¥ |

from F:

Tha weoknecses of this scale are avident. Tha inter-
vals vary in size from 9:8 to €4:63 and include seven
different sizes. Absolutely no scale patterns and very few
bharmonlc patterns are transposable at all, and these only
to a few pitches within the system. Awrsamcff's concept of
tonelity is evidently quite static. With the exceptlon of
the interval between Ab and A (25:24) and the interval
between & u.ndf (49:48), the intervils of Awrasmoff's

" lmhwruunfh A Wey Jenseita vono Tezperie z end
coslitlt, Melos I, p. 131l. Awrezemoff's 5ysteE LEsS a
duticus distinction of hoving been called worse then "the
pearest tunlng systeam shown ino this book™ by Barbour,
funing apd Teoperament, P« 28.
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scale would fit feirly comfortably into 4l-tone equal
tezperament. E:aétly a8 it stands, bowever, Awrsemoff's
entire scale could not be approximated by any tesmperazmesnt
within the range of this atudy.

ldrisan Pokker hag recently produced a 12-tone genus
which achieves what Awraamoff sought to obteln. Fokker
combines four septimal tetrade 4:5:6:7, the first two built
barmopically on F and ¢, the other two bullt ornacentelly
downward froz F§ and B.lgg The aixteen tones thersby
obtaiped include four i&antitian, thereby reducing the
nunber of distinct pitches to twelve. The result involves
much less dislocation izm the tones of present tuning
practice than does Avraamoff's systes. Ths five construet=
ing intervals range in size from 28:27 to 15:14, involving
B renge of less them 2 to 1 and only slightly greater than
the range of coostructiog imtervels in the traditional
just l2-tooe scale. The entire system fits ressonably well
into 3l-tone tezperament with the sirgle intervals repre-—
gsenting 2 or 3 units, generslly somewhat extended or
ghortensd, Pokker's l2-tona geptimsl scsle iz shown inm
Exazpls 17. ;

It should be emphasized that Fokker's septimal 12-
tone scale 1s offered &s one of many possibilities, al=ost
ag a curiosity, while iwrasmoff's curiosity is suggested

in 811 seriousnsss.

109 okker, Just Intonation, p. 0.




Exa=ple 17:

Intervals between
successive tones:

Fitch nases suggested
by Pokker's signs:

Intervals upwards
from C:

FPokker's Dletonie Genus with
& Added Sevenths

A systes somewhat similar to Awrsazoff's and

Fokker's is offered by the Enzlishoan Parrett.

110 pya

systez rightfully belongs amony the proposals for multiple

division which are coosidered in succeeding chapters (sees

Chapter 7).

The basis for Ferrett's aystes is the com-

struction of two diatopic scales s septimal sezitome (21:20)

BpArt,
loterested in the 7th

It is quite understanda®le that theorists who are

partial are unlikely to bte satisfied

with oy 12-torpe eystexz, and Ferrett's li-tons basic scales

(he later sxtends it to 19 tones) 18 but a first step away

froz 12-tone thipking
Partial,.

under the influence of the 7th

The various intervals created by the 7th partial have

the following discrepsncles in 12-tons temperament:

& 12 cents
5 18 cents
] 25 centas
17 3 cents

e ——

too large
too large
too large
tooc saall

1laParr¢:t, Some

| —

uestions of Musics]l Theo
His gcale is in the appendix .o vols 11.

» 1928=-,




Konetheless, many theorists hsve beld that the
seventh partial explains at least scme of the phencmena of
the susle of the current repertoirs. The doeinsnt sevanth,
in particular, has freguently btesn attributed to the
partials &, 5, 6, and 7. That many advocates of the ex=
pacsion of susical resources should argue, as does Fokker,
that 8:5:6:7 1a the "primary chord" of munic.lll is bardly
surprising. Even scme of the theorists who bhave been
loath to accept the walidity of the 5th partial hawve
accapted the 7th partial as & zusical reality. A much=
cited survey by Cornu and Mercadier late in ths 19th
century, which showed a preference for artificial thirds
in place of the 5th partisl except io the harmonic use of
the major third; showed a general preference for the
natural seventh in dominant harzony. More than that,
Erapdama, who agreed with Cornu and Mercedier about the
5th partial, considers the interval 7:% to be present inm
the rich harmonies of Wagner and responsible for thelr
stunning ("glinzends™) eftnct.llz

Eranfg=a's thesls that the interval 7:4 pervades
Wagner's harmonies lesds to interesting speculation about

the Lavertibility of the sonority #:5:6:7. The szallest

—

Illvatker, Just Intopatiom, p. 10.

Ilz:randn:l, ga. clte, pPe 355, Pursher esphatic
Support of the role of tEs ?*n partial in dozinart harsony

is crfered by L. hordea im A Sew Study of Intervala, Organ
stitute Quarterly, Vol E:I Tize 5L,
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raticoal integers wbick cas be used to izdicate the iover-
sion of this sound are 60:70:85:105., Nevertheless, Fokker
uses such somorities, w=ich he calls chords of ths sub-
geventh, as does Harry Fartch.

The epsculation arises from the use by Wagner of a
vast ousber of half-dizinished seventh chorde. The half=-
dizinished peventh, in traditicnal practice, is the exact
inversion of the doalnant seventh and is therefore to the
chord of the sub-seventh precisely as the dozinant seventh
is to the chord &:5:6:7. Erandsoa never Sentions ths half=-

dizinisbhed seventh exylicitly. ZElsewhers in his articls,
be states that the di=zirigked seventh sbould consist of
thres Pythagorean mizeor thirds, lecvicg ome to wonder
whether he considers the balf-diminished seventh to bae
based ¢ different lower intervals then thes diminished
seventh. It is possible, but hardly likeliy, that Erandsma
meent the balf-diminisked chord to consist of twe Prthagorean
miror thirds with a patural saventh perched oa top, 381
2ents shove tha dimirigked fifth. Owing to his disipelines=
tion for the 5th partial, it is poseible that the above
wiuld bte his preferecce cver the zore loglcal %:éné:} or
£0:70:84:105.

while the iotervsl 7:4 hes beeo slogled ocut by some
Writers guch as Eracdsss, 7:5 and 7:6 Bave also drevn the
Particular interest of othera. Perrett finds io the tritoze
7:5 (593 gents) grest beauty which he finds lacking in the
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equal-tezperad aubntitutu.il} Ferrett cites Tartini in
support of his comviection that 7:5 is the proper ratio for
the sugmented fourth.

7:6 bas been offered by Awrap=off, Tokker, and othars,
as the lower intervel of ar izportart sertimsl minor triad,
6€:7:9. This scpority 1s offered by Awrsasoff as the explaca=
ticn for the supertonic chord im Jjust intonation (supposedly
ttereby ending the riddle of ite apparent disnonance). It
ig difficult to see the basis for Avrasazaff's assertlon.

The chond 27:32:80, which is the chord of the second degree
of the stendard Jjust major scale, bears no more of a

resezblance of 6:7:9 than it does to 10:12:15; the standard

just slnor tried. Wwhile 32:27 is & coaza szaller than 615,
it is sore thon a comam larger tkac 7:6, and the septizmal
minor triad, like the traditicnal =izor triad, conteins a
perfect fifth which, if used for supertooic harsony, sust
throw soxze other fifth out of tume.

The sopnority 6:7:9, like ths gonmority 4:5:6:7, has
besn gited cocsiderably more often than its icversioea,
leaiipg one to guestion anew whetker the sonorities extra-
polated from the harzonic series ere, in fect, invertible.

rartch and Fokker repesatedly iosist that they are, but,

1155& eparored is Ferrett of toe sound of 7:5, that
bEs pgstulates the isvention of the enkarconic geous in
Excient tizes t0 8 chance dizcover7 of tois ioterval by
Cly=zuc, owing to a slight mistusins of his lyre. 5Scae
zdestions of Nusical Theory, ps 3.
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putside of their psses, oze is unlikely to find any refer=
ence to a septizmal msjor, 14:18:21. Ia experisents related
to the writing of this psper, the septizal micor chord was
enttusiastically received while the septizal major was not.
those who Are as argusentatively inclined as the many dis=
tinguished theorists who have debated in the past the
invertibility of the 3rd and 5th partisls will have & fins
naw booe to chew upon ahould the Fth partial ssoums &
grester role im the music of the future.

The Veb of Sths, Irds, acd 7ths: The addition of
the harsopic seveath to the web of thixds and fifths adds
a new array of possible intervals which can be used in
place of semitone, diesis, and cozma. The proliferation
of these intervals was regarded as a great threat by Arisl,
gnd their absorgticn into a susical system does poss &
considerabls problem, ZExample 18 shows a few of the most
srosinent of these new intervals.

The four intervals which are bracketed in Exa=ple
18 are the ones Pokker uses as conatructing intervalas for
kiz 3l-tone system. The bottom ome is ope of bhis defining
intervals, otbesrs of which imclude the syntonic comms, 21.5
cents, and the B-cent izterval, 1029:1024, consisting of
teres harscolc sevenths and a firfeh, minus three nu‘.'-.'lll

The two pesr-identities (225:22% and 1029:1028) are

138, 0 er, Los Mathfpatigues et la Kusigue, pe 26.
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Exazple 18; Septimal Iotervals
Ratio Size in Desceription
centa
15:14 118.4 Perfect fifth plus msajor third, minus
patural seventh.
21:20 B85 Perfect fifth plus natural seventh,
pinus octave acd third.
28:27 &3 Natural seventh ainus & Prthagorean
major sixth.
35:35 49 Two perfect fifthe, mious s major third
ncd patural seventh.
45:58 6 ™wo patural ssvenths, minus an octave
' ezd & fifth.
'50;49 5 An octave and two mejor thirds, minus
two natural sevenths.
64 :63 27 Two octaves, =ious two fiftks acd one

patural seventh.

2251224 T7 Two fifths wnd two thirds, minus an
gctave and & pnatural seventh.

iz a scaewhat less perfect way to septimal just intcnation
whet the schismetic relstionship is to penpary just intonm-
tlom. But the 7th partial adds & third dimension to the
web or tons-lattice &S Fokker cells it. PBecause of the
Gdded difficulties inherent in this third dizensicn, oo~
body has as yet proposed a septimal seml-cleosed, "rounded®
Just syste=z cozparable with Jomes' or Groven's sspary Just
8ystems. GSeptimal schismstic texpsramsnts do not, as yet,
#xist, There are, oo the one band, systezms such as

Ferrett's and Facteh's (see Chapter 7) whick incorporate

-




the 7tk partial but =zake no attezpt at complete or Dear-
coEplate Eutuality (tracsposability). On the other hand
there is 3l-tome tesperasent with ite elose approximation
for the intervals of the 7th partiel, s iz phown in
Exazple 19, below.

Exazple 19: Interval Error
Errors of Septizal Intervals Tl 1.1 cents
ip 3l~-tone Temparament 7:5 £.1 cents
7:6 4.1 ceants
9:7 S.% centa

While no sepi-closed just systez specifically
designed to include the seventh partiel bas been sdvanced,
Bosenguet did met peglect to suggest methods of approximat-
ing the ssventh partial within his sensary systems. The
stacdard einor seventh, 16:9, when flattened by 2 Fythagorsan
cozz=a, becomes alzost eguel to the natural ievlnth.lls It
oay be implied froz this thst the comza-layer systems of
Yslzheltz, Bosanguet, Eitz, Groven, and othera can offer a
close spproximation of the Pth partial. Howevar, Bosanquet's
spproxization im 4 cents in error, and another 2 cents muat
te added to thke error when the =ore usual syntonic comma is
substituted for tke Frthagorean. The &6-cent approximation
f2r the patural seventh in =many of the systems of fifths and
tkirds zay well be worth moting, although this might atill

1153ﬂllnquat. ep. £it., p. &1.
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be &n excessive discrepancy for an interval as unfasiliar
gs the matural seventh.

Feantona temperament offered an exceptiornally fine
spproximetion of the natural seventh in the form of itse
auzz=nted sixth. This is forcefully brought out by such

sarly theoricts as Eiroberger, anod by Buamqmtlm and

turn:rup.ll?

The availability of the 7th partial as an overtons
for brass lnastruments hes been exploited occasionally as by
Rauinj..ua Bult:hﬁvun,l'lg and mora roecently by Bﬂ.tt-n.un
Eartok is c“_.dl.?l as baving sdvocated its use, arguing
thst folk=practice and creative oecessity Justify ita in-
cerporation into susical theory.

The possibility of making the ilotervals of the 7th

partial available at any scale degres in any ausical context,

Nbria., p. 42.

ll?Kornarup. Die Vorl#ufer der gleichechwebenden
Zezperatur, pp. l=2.

1By, o fanfare citeq by Gevaert, Histoire et Théorie
88 la Musigque de l'Antiguité, p. 315.

1HTrlﬁ of Erolca Symphony, third movement. It is
¢f course played higher today, but the concert Db's for
third horn are produced by the seventh partisl azd were pro=-
Ezbly played "low" since the usual prectice was to lower
E5Te thun to ralse the natural pitch by bhand, Purthermors,
tiese Jb's sound very beautiful whkea played "lew."

[¥3

120
In the Zerensde for Tenor, FEorn, and Strings
Frelule and Postlule. — — — — '

121p, pokker in La Gazze...., j.ze 152. Article eited
ie from the Hungarian publiIcatlos Uy Idok.
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glthough rejected by some advocates of =ultiple division,
is to others the prime reasoc for looking beyond the horizom
of tha lZ=tone system.

TEE EIGHER PARTIALS

In the expansion of the L£ield of usable elements
froz the barmonic series, cnoce the 7th partial is accepted,
the 8th, Sth, and 10th partials follow without difficulty.
The 2th and 10th partials are, of course, replicas of the
fupdazsntal and of the 5th partial, while the Oth partisl
is derived from two superizposed fifths, and is gezerally
¢onceded to be the basis of the supertonic degree of the
Just ncnle.lzz The next controveralal point io the &x—
panaion of the usable range in the harzonic series is the
llth pertial and, as o the case of the 7th partial, the
dispute tas been fierce, if wezed on & zore lizited scale.

The use of intervals based on ratiocs iovolving the
nusber 11 has & long history. Students of varicus anclent
and prizitive cultures bave taken seasurezsants of pipss and
discovered in pleces as diverse as Gresce and lorway evi=-

dence of a preference for arithmetical divislon »f the pipe

. 1£E;¢rtﬁin thaorists, such as irlel acd Kornerup,
WO tenmz to deny the susicality of the 7th partial as well,
€leie the supertcnic to be 10:9 above the tonie rather than
7:B. Toere ig atill a 9 in the ratlo, Eowever, and at soms
Plat a1l "just” distonic scales oust contaln twe consecu—
Flve fifths, creating togotber the relstionship that
Characterizas the Sth partial.
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by twelfths of its length whieh produces the pentachord
I%‘f}'fé‘%'é' Erix Eggen, the horweglan musicolegist,
considers this pentschond, as well ss its inversion,
8:9:10:11:12, to te present in the zmusical scales of many
peoples, ipcludips the Rorwegians tha::nlvea.125 Barbour
lists & scale based on the teatrachord I%'I%'Ié'é &s being
azong the Greek tunings listed by Rulil;.m The interval
12:11 is also e¢ited by Barbour as the aiddle interwval of
the tetrachords in Ptole=zy®s Chromatic Sgntnnnn.IEE
According to Partch, the Arablan lute=player Zalzal
recognized the llth partial as an element in his music,
and the Henalsssnce theorist Vicentino sccepted thke 1llth

126 i nuaber of

partial in theory if not in practice.
writers have cited the llich partiml as the basls for
juarter-tone music (24-tone equal teaperazent) owlng to
the close relationshiy between the ilntervals 12:11 (150.6
cents), 11:9 (347.5 cents) asd 11:8 (551.% cents) and the
corresponding intervals Ln ZS-tone temperazent (150, 350,

and 550 cents respectively). Fartch and Eggen point out

lajEeqnn. Erik, Zur Zntstehunz und Bntwickluns der
Skala, pp. 10%=5, Zscel Lotes 8 Nigd BEh 1o porwe-ian Jolk-
Bongs and consniders this toce t5 represent the llth partial
ic the dispecte 8:%:10:11:12. Ee elaborates op this in his
Sialp=-Studier.

P lzuThl Dietonic Beziolon, Tusins and Tezpecament,
P 21,

125mp14., p. 18.

1“&- ﬁ.l' pl 2511
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this relationship, but perbaps more significant is the
affirmation of the role of the 11tk partisl in quarter-tons
ausic by Ivan Wyschrnegradsky, one of the =ost ardent of the
guarter-tocists, In his Manue]l &'Harsonie ; suarts de Ton,
1933, Wyschnegradsky clites the 1lth partial ss the best
basis for Z4=-tone tl=paramant.1a? Ee sugzgests further,

howaver, that it is also possible to regard the 7th partial
as reaponsible for 19/24 (a discrepancy of 15 cents), the
13th for 17/24, and the 29th through 4lst partials as the
basis for the complete scale from 21/2% through the pext
9/28.

syschoegradsky's rather free use of what are probably
unperceivable relstionships suggests thet he is merely
looking for an scoustical basis for a pre-existicg susical
syostexz. Partch, however, creates his zusical system out
of & deteraination, & priori, to imclude the 1lth partial.
Farteh makea some effort to round out hie system by adding
tones te fill the largest intervels, but he doesm not try
to spproxizate a closed tempered systez, mlthough he tokes
the trouble to calculale that the harmoaic series through
11 can be ressonably spproxizated by a tesperament of 113
tones to the u:tlvr,lza Such a ousber is too high even for

Fartch.

IE?HI:chnlsrhdlk;, op. cit., p. 23.

125?1rt¢h. op. cit., p. 307. For a critical svalua-
tiom of 1l'-tcne tenperozent, se= chapter 6.
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Lipdsay liorden speculates that the llth partiasl may
well be the pext tc be brought into the body of music,
altkough he does mot consider it to have been of any
isportance in the art of barsony up till nuu.leg Schinberg,
oo the other hand, regards the llth partisl, #s well as the
13th, as basic to the chromatic scale, 1?0 Considering
Schinberg's known views on the necessity of overcoming
traditional ways of hearing trisdic relationships, the
theory snuneiated in his artiele, Protle=s of Harmony, rela-
ting all teomes in the 12-tons systel to the partials of I,

IV, and V, 18 guite astounding.

Example 20: Gchénberg's icoustical Seurce

Partial: 1 2 3 4 5 & 7 8 91011 1213
€ ¢ 6 ¢ BE G EoCCD B FEG Ab
P P CF 4L C EbF G A E C Db
G &G b G B D F 6 A B GIFD B®

Schénberg's espousal of partials up to thoe 1ith as
being precent in l2-toze tLesperszent is attscked qulite
vehexently by Illltr.131 Yusser points out that the CF
derived as the 11tk partial of § represeats a plitck almost

g sezitone from the 0Ob representins the 13th partial of P,

129, jew Stuiy of Istervals, p. 38.

15°$nhdnbcz'g, Probleas of Harwmony, Modera Music XTI,
Ps 170.

13lyagser, A letter from Arpold Sshasberg, AMS
Journal, 1953. B -
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yet both are represented by the saze pitch in equal tespera=
zent. Io spite of digcrepsncies of pearly 50 ceats,
Schlnkerg reeffiras bis preference for egual tezperazent,
likening matural intonation to nudity and temperazent to
presentabls dreas . . . possibly the most evocative defenss
of eagual temperazent that ever hae been Ettilptlﬂalja

If Schonberg pays a possibly excessive obeisance to
the upper purtials through 13 in his concept of the 12-tone
systez, TYasser does the saze with respect to the sams
partials as the basis for the consonant units of his 19-
tooe systeS. The ercors of the intervals derived froE some
¢f these partials scoetices exceed 20 cents and approach
the lizit of possible error in 19-tone tezperazent (about
31.6 centn). Exazples of such errors which YTasser himselfl
hag cnlcult:tdlaa include 15:8, 22 cents, 11:7, 24 cents,
12:11, 24 cents.

Since the harzonic series 1s ercdless, any finite
Eusical systex must draw its limiis. The Fythagorsans
Ellew no primes higher then 3. Many have been found who
drsw the lins after 5, or 7. Perteh, claizing hie reasona
to be practical and erbitrary rather then based om an
izzuteble theoretical cobcept, stops after ll. Tasser and

Schlnoerg build on very loose approximations of the

152!lsser. Ibld., P« 55. "
135U=publiih=d letter from Joseph Yasser to John

Eedfield, May 9, 1933. His calculations, io centitones,
V8 bere been convarted iloto écentm.

L.
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partials through 13. Ome rather exceptional group of
Englisk theorisis, starting with MacParren, havs held the
17th pertial to ba an laportant musical elezenti>® even
while rejecting the llth end 13th. They 2ay have been
influenced largely by the close approximation of the 17th
partisl in 12-tone egual temperament. DFerrett, howaver,
who slso espouses the 17th pnrt111155 while rejecting both
the llth and the 13th, 18 & sharp critlc of 12-tome tempera-
geat and an edvocate of sultiple divisien. He calculates
that with the prismes 3, 5, 7, and 17, 17l-tone tecperament
i@ the nearly perfect scale (see chapter 6).

A poessible weakness io eny musical theory invelving
accurate repditions of the upper partimls as an objective,
lies iz mewly found dats showicg the overtones of sctual
sound ipz todies to repres ot thelr theoretical pitches with
incresasing insccuracy as their distance frozm the fundazental
increnses. The noted acousticien, Hotert W. Young, bhas
dealt with this phenczencn a:tensival;,156 and it is
possible that further esxploretion =ay bring into guestien
208y mcousticsl arguments for Jjust systezs lovolwving the

bigher partials. However, inhsrmopicity,; &8 the phenomenon

1is
Shirlaw, The Theory of Harmony. The 19th partial
ia =enticped by Cuselen Bccordliz be SLErluH. as the basls
for the true =zinor third.

la%lr"ttg EE!- t_i_t_--.. p- 149-

13652& Toung's article in Groves Dicticnary of Music
Scd Musieises, Tuning, Plano.
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is called, mffects octave replicas of lover partials as
well, a fact which has not destroyed the role of the
octave in cusic, or even of the qusdruple octave. In=
harzonicity is cumuistive as the distance from the funda-
mental ipcresses, zod therefore is relatively slight in
ita effect on thes superparticular ratios (thet is, ratios
gooprised of nusbers only one rezoved from e#ach other
such a8 13:12). If 12:11 is deeced an assthstically
desirable phenozenon, the fact of ickarsonicity nesd not
iffect its achievement., FPaycholozically, however, the
knowledge of inbarzonicity is likely to prove a hendicap
to favorable consideratiocn of the upper partials; ooe can
already bhear the question *"why consider thexz when they are
bound to be ocut-of-tune enyhow?®

Despite the usquestionably satisfying meleodie
charscter of the series 8:9:10:11:12, the sddition of the
11th pertisl to zusical =ysteas iovolves such cozplicatioms
tbat venturescme piocneers such g Fartch who really use it
will probably losg coctimue to be ocutouzbered by those who
€ite it to justify such diverse phenosena as 12- [Schécberg),
19 (Yssser), and 24- (Wyschnegradsky) tona teaperacents
woose substance, in sost casges, has little to do with the
llth partiml. levarthelesss, so brosd are the possibilities
of zultiple division that, as Partch has shown by exaaple,
if affords aczple roos to tocse who would explore partials
48 high as 11, wund possibly even higher.
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THE ACCUSTICAL POSITION CP 12-TONE TEFERAMENT

Every ioterval in l2-tone tesperament has, as ths
forsgoing shows, been attacked at oce time or another. Tha
octave has been attacked for beiog too perfect; the fifth
both for being too jerfect and cot perfect epough. Tha
major third has beea attacked im theory for being too
large, but io practice it has often been zade still larger.
Finally, l2-tone tezperacent has been attacked for making
06 provision for intervals involving the ouabers 7 anod 1l.

12-tops tegperazent was more 4 discovery than sn
invention, sioce its properties were ipherent in the condi=-
tico of "l2-pess” loag before werckmelster proposed the
"well=tezpered” acale. Werckmelster zay, in fact, not be
the decisive advocate of lZ-tone ejual tesperezent at 11115?
but, whatevar the case, its gualities reflect a fundazental
approech of his, wiich is to regard as 208t important azong
the retlos those which are closest to unity.L}a hEatever
cen Justly be ssld against l2-tops tesperasent it repre=

sents with greatest fidelity those iotervals whose ratlos

li?ﬂu;unt end =ost of the traditiczal sources cite
serckseister as the primcipal exzosezt of lco-tofe teIpera-
=ent, but Sarbour holds that Wercizeister pever recczzendsd
precisely equal tezperacent at all, tut rasther a rough
approximation. The question is zot essectial here, bLecsUwe,
in the totality of the field of posaible tuning systema
stirekmeip®ar's and li=-tope egual tezpera=ent c¢aAnnot be }lr
apart, 4cd lZ2-tons tenparasent doss realize YWerckzeister's
premise.

13874 niner eine Zahl der Donitdt je vollkozzener
dieselbe ist.” ,uoted by Dupont.




20st closely approech uoity.

Exazple 21 skows how the dis=

crepencles io the representaticn by lZ-tome tesperament of

szall-number intervals incresse as the Lighest prize oumber

in the ratie lncreases.

Exscple 21:

Interval clasm:

Prime class 2: 2:1

Frime clasga %: 3:Z2 (inversions
not shown)

Frize class 5: 5:8, 6:5, :

Frize claas 7: T:6, 7195

Frize class il: 11:8, i1, o o 8 L4

11:9, 11:10

Average
discrepancy
in cents

DMiscrepaccies in 17-toos Teapsrasent

Averaze
discrepancy
in % or
possible
errar

ok
&%
ZB%
[=a5 9

a0%

The closenezg of 3:2 to 7/12 is quite resmsrkable,

sdpecially when one copnsiders that in order to find an

#qual texzperamEent with an approxisation of the fifth which

is closer, one rcust proceed as high as 29 tones to ths

ootave.

Therefore, if one holda, with J. Murpray Barbonr

And Fritz A. Euttnsr thntliq "superparticular ratlios bteyond

the lizit 7:8 canoot have susical value . . . there is aven

Teason to doubt the susical merit of & superparticular

ratio as low as 5:4,

® then l2=-tone tesperansnt seess moce

then an adequate system but rather alaost a perfect ooe.

It is te those who regard a close approximation to the Sth

——

139\#1;1 to The Theory of Classicsl Gresk Musie, op.

glt., coluza 10.
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partisl or any kind of approxizetion of the 7th partial

as .desirable that l2-tone temperazent must appear inadeguate.
For such susiciens as desire closer approximations for the
Sth and 7tk partiels or higher, cultiple division of the
getave 18 Justified on mcoustical grounds,

THE ACCUSTICAL POSITICH CF 19-TCHE TEMPERAMENT

A shift from 12- to 19-tone tezperament would imwvolwe
the spcrifice of some of the purity of the fifth in raturn
for thirds which are such closer to just thirds them thelr
counterparts ip l2-tone texperment. The intervals of the
7th purtial are represented more falthfully ip 19= tham in
lé=-tone tesperament when measured in ceats, but oaly very
siightly so when ceasured on the possibly zore realistlc
taais of percantage of the zaximum possible srror. Exazple
£¢ shows the dilur&plnciil of the groups of basic Aintervals
in ]1%=tons tezperacent and cczpares thez to the correspond-

icg errora io li=-tone temperasent.

There is improvement over lZ-tooe temperament for all
icterval classes except the first, oot only io the total
8ize of the discrepancy but slso in the percentage of
Possitle error. The izprovenent is insufficlient to providas
& sstigfactory basis for thé 7th or l1lth partials. It is
in the region of the S5th partisl that 19=tooe tesprrasent

Scoreg i{ts most importsnt gains. At the expense of the loss
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Exa=ple 22: [Discrepancies in 1%-Tone Temperazent
Izterval class Average Discrepancy
diserspancy io % of =ayi-
iz ceats sum possible
srror
Izprove=- Izprove=
mant ment
Prize class 3: 5:2 9 =5 24% =20%
izo class 51 5:4, 6:5, 915 5 g9 lak 14w
Prime claas 7: 7:6, 7:5, 7:8, 917 15 15 48% 12%
Prize clase 11: 11:6, 11:7, 11:8,
11:9, 11:10 25 17 FH% 6%

af the great accuracy of its fifths, 19-tone tezperament
elizinates the rather large errors lo the lZ-tone thirda and

can easily, therefore, be considered an acoustical improve=-

zent . . . or settack dependiog on one's point of rili-l‘u

e
1‘u3¢r i more datailed trestzeat of this subject
See Chapter 12.

h‘!—




