
!ht 14 t& ot uln6 a ore t haD t vtl vt t on.a 1D the 

octan • a lthough aa.QJ" c t ntu.riea old in tt. Wtat, &D4 a 

aatttr ot t YttJ4a¥ pract i ce in certain at c t1one ot the 

Orit~t, 1 no vtrtbtl tee appe &ra radical t 4 aOi t Wt a t t r n •u.1-

c1&Da. In ap1te ot tho trt&endoua changoe in .uaic&l taatt 

&C4 •t7lo which have taken place in reeeot Ytara. ~•r.J Etw 

au.ician. appear to aet &n7 soneral departure troa tbt 

l iait ot t vtlvt tonea per octave aa 11kt l7 in tbt tortl t t

ablt tvcur-.2 ~ bt liovtra iA a eauat recogaj&t4 , tht re

tore, u radi ea.l, U. .:chocateo o! : ultiplo 41rloioD, bo

'"'•r 4iap6" &tt tbair Yieva, 1ha:t a !eel~ ot 4iacODttnt 

with the prtYa.ilizls qatea , 12-tont equal tt=pt r &atllt .. Tht 

obJtett~oa tht ao vritera haTe raised to 12- tont tt•per ... nt 

ean bt grovped into one or :.ore oC the tolloviAg t hrtl e 

categortea : 



1. 

~. 

Acouet1e: wherein it 1a alleged that t be inter•&!• c:eated 1=1 duo4tc1aal e qu al cUrlaioo a.re 
deticient. \l.SuallJ' because of thei-r lack or agree
ment with •=all rat iooal-cuabtr ratioa. fb t thirda 
and. eixtha ot our preatnt tuning ·~ te: a.ra part1-
cu.lul7 w'bject to r.:c:b allesaUona. but a o .. 
writtra alao attack tbo aeYtnt~ . &D4 a t ew eTtA 
queation the !ittha . 

2 

Biatorical: vbertin it 1a alleged that earlier 
.ualcal a1a~eaa baaed on other tun1Aga poaaeaaed 
toature s vhi cb would be desirable tode7 , but which 
b.avt been loat tb.rous,b. the adoption ot 12-to.oa e qu.l 
te:=pera=.~:. In general, t.l:.t developaeot ot au.~ leal. 
reaourceo ro,~red •~liar •71teca to e rp&Dd (i.e., 
enco=pasa a greeter number or tones to the octaYt) 
or ~riab . 'lbt1 pe r iabed . But &0.!1.1 ttritara would 
bring them bac~, expanded through ~tiplo d1Tio1on. 

!Volutional: vbore1n it i a alleged thst vbilo 
tbort ! 6 ~ot DeCtll&rll7 an inherent dt!ecc or 1~
adeQue.cy 1n 12- toae equ&l te::~ra:6t, cbange e 1D 
zualc&l s~le a:t ~rk146 to reeder lt inappropr ia t e 
tor further musical growth . Such a view leads ao 
evolutioaally oriented ftdYocatt or aultlplt divialon 
to examinb hi5tor1cal precedent• and acaustlc be••• 
for a ~•• 17Gttm. Tbt t&Fhaela recalne on • • elution . 
bovever, and .: he third group or vritera takes a •uch 
leae hoatilt Tie w tovard 12-tOOt teaperaaent than 4o 
the o t her t vo group1 . 

~ cbapter wi ll be deYO ttd to e ach ot thA ~· c ate

SOrioo liatod aboTo. 



auPrA!Il 

!'ill .I.C011STIC ll.LSIS P<i! Y.11I<TIPLI! Dil'ISIOI 

J oatpb S&uYeur , U&t great 4ta.t-:aute aatheaatiei&.A 

and cu.1c tbtori at actiTt aroun4 1?00 , proposed that t~ 

belt tt•pe:.d 171tea 11 tbAt 1c whie~ tho oetaYt t a oot 

4.1n4o4 iD t oo ~ p&rto am 1D -.!Ueh tbo puro 4latoDic 

iottrTall art altered 01 little aa pOiaible. l Ie tbia abort 

atato&oDt S&u•t~ pQft4 ftTt<&l Of ;be qUtGtiOO. wbicb baTt 

bothered cu.eica.l theort ata tb.rCJU.&hout tbe q ea. Rov &aA.7 

tonea are • too ~~1 Bov axall •~ alteration •" bt con• 

• 1d.ered •ea little aa poaa1blt"1 ,It &ppee.ra evident on 

tace T&lue tbat the mort touea oa.e uaea i.o a teaper-.4 

4irta1on ot the oct&Yt, the ~r• llt.tl,J oc.e 11 to CJ.D4 

closer &e4 cloeer equ1Yaltnta to tht pure 41atoaic 1Dttr

Ya.ll . J.cceptiJ:lg Sauveur • 1 baaic preaJ.ee tor tb.t •oaeut , 

all tea~raaenta can be attn •• r eprt l tntiAg a bll&4et 

betvee.a. eco-:30&;7 iD the ou:abe: ot tocea on the OElt b.a.Dd. &DIS. 

euctneaa or correspondence t.o •pure 41ato.r.de • lllttn-a..la on 

the other. 

C1Yt4 S.vveur'a •pur. dia~nie• aeale 44 • b&aia, 

bovavar, it La aelt-eTitenc ~at ao~t te:peraa.nta are !ar 

1•te 11at~g• tecpOre le plua p~ta1t eut celU¥ qui 
~ant son octave diviale eo peu 4e parties, a 4ea 41tter
~~c•c lea a otnd res et lea aotca tcigalea.~ sauvaur. ~abl• 
~c.@':ale d. t .. S~6t~es ':'teo:~;~• de :0:u1igue , EJ.a,cire d,--
I•aca~,&l.-:o,~le Cea ~I•~ees,-r711, avec lea 1.i:o1rta 4• 
~Atb~aat1Q~t tt 4e PhJa1Qut , f£8• }1 ~ . ~. exprtltion •pure 
41atonie • 1a tUen !roa the a.rc:icl• ou Sauve ur 1D. Scb.erehen, 
I!!!, Ne turt 2!, ~, P&a• -'2• 



tuporior to otbtra . 12-tone equal te:~er&m~ t 11 tar 

auper1or to 11- or 1~-tone teaperaaent in tbe accurate 

representation ot thia acalo. It oct ~ahea t o uae aa one •a 

balia & 171te::: other tht.n that: vbic:b Sauveur c.alled the 

~pure d1~tooic,• it 11 poaeiblt that 11- or 13- toce teaptra

:ec.t2 eight atrtt bia purpoaea better thaA 12- .. CDee ou 

abandons a lingle premice ouch ae Sauveur'a tbe poaa1b111-

t1ta btco:e infinite . It ia therefore necea•ar7 to btg1D 

b7 examining the building blocks or auaical ayatoma. the 

interT&la, aroua4 vbicb theories ot consonance and dioao-

n&nce, of acaleo, of tonal 1~1ee, aDd , finally, of tuning 

•1ate:s , are deviae4. 

Tll:EC:!I!S C? CCliSO::J.r.C3 .L~O DISSC!U .. 'IC! 

Altbougb tbe t•~=• ~conaonanc e• and •4taaonance• 

te~ to aucgeat apecitic undtratoo4 pbeno~eu. to cua1c1ant , 

and ol•bougb the7 &ro eaaonti&l oltztnta lD alaoet all 

tbtoriee or mualc, they have been lDtt~p~tt4 in •&r71A& 

ways by different autbor1t1ot . There a.ro those who 4e.t1.c.e 

c:onaon&Lct aod diasonance in primarily e~otional ter--a , tbt 

one as a aource or pleaaurable aeoatt1cn , the othc~ •• • 

aourc:e ot a dia~uieting aeaaat1on . Ottera prefer to 4tf1~• 

co~onance aod dissonance in the context ot the 47~a&Jca ot 

2Er~st Krenek bee use4 1~-to~e e;ual te:perement tor 
• apeCiel :usical effect in an electronic =usic&l interlude 
1o b!.a .;p1:-1tus !ctellh·e.::tiae Sa.netu..& . Y.u.alcal ,ua.rterl1 1 
Apr11, -~. ~·&• cl$. 



a mua1cal phrace , consonanc e representing 1 state o t •reat • 

at tbt t ad ot I phrase , d1110D.&nC t I ltate O! urg~C1 and I 

search tor •rest. ~ Still other• be•• def ined consonance by 

the rel a;ive position ot tvo tonea wi t hin a scale vitbout 

rege.rd to apaci.tic ha.r:onie co~1derat1ona. 3 Sove•er, tht 

=oat f requently u•ed , and probablJ the a o1t un1Ye raall7 

accepted . det1nlt1on3 or eonaonance and dieeonaoce res t on 

one or tvo eaau.::ption_s . !be !ira t ot the at 1.a tbt.t conaon

a.nee is pro-d.ueed b.T agreement betveen at loeet aoaa or tbt 

eo~ponent parte ot t vo or :ore aimul taoeoua cualcal aound a ; 

tail eg:reeo.ent U t.h~ result or tbelr !un4a.untala cr.atlng 

a &:all-number ratio , aueh 11 2:1. 3:2, etc . 4 ~e eeeond 11 

that , vbile indeed certain cocbinati ona ot oound are con

eon~: &Ct others dissonant reg&rdleaa ot their ausical 

context , it 11 t be cond!.tl oniog or t bt ea.r ratber tb&n the 

inhe r ent ~ua11t 1es or the matbeQ&tic al r atio that nakee t hea 

3Josepb Tataer Cla:L.ntaina that t.be toterval beeween 
tbt tirst ~d third :e~be rs or &n~ rUActionell.r u:t4 aealt 
is a CODIOD&DCt 1 re~ardltSI Of tbO DU:btr 0! tOL.I 1D tbt 
•c~e. h ~heo:v 2£ ~olVing Tonali tY, page 197. 

4 
It nee4 n~t be 4velt upon tbet v~ri~u~ acoustiei&nl 

•XJ>l&i!l the agree11ble or allegedl1 a.greea.blt t!!tc.ta or 
•~•ll-oumber ratio l in vt.rioua va~s . Vhether it is becauae 
ot the abeenc a of bt&tl ( He~olt~), the :el ti~ to; etber 
(Verach:elzun?) or the individual aounds (Stucp!t) , or tht 
tor:a€1on 0 1 a~reeable aad cocprehenolble rhy~ic pattern. 
by C.be c')~b1nt4 ao'JJl4 vaves (Opelt) , a e1.cple re.t.io betveen 
the coneo~itant parts te round b7 a!l tbece vritare to be 
tbe pbacozeooo ~~cb ceusea a co:bieattoc ot soucts to bt 
conaonant. ~his alor:e 11 wh•t :.atter-e La coosiderlng the 
i:plicationa or t ta doctrine ot na~al e onaonance on 
·~•te~ ot ~. 
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ao. 5 T'bo vrltera wbo e.4.here to the tiret rtev Jlight be 

called mozbora ot thl •Natural Con.on&nc e ~ aebool , while 

tbOII vbo a4opt tbe aecood a1Pt be coa.aiderecl u be litY.!.:J.& 

1n •Conditioned conao~ce.• 

CoDctr~ng tht aupporttra or eoa41t1oDo4 conoon&nco 

vho ecl•oeate ault!ple d11"1a1on, t~1 ee.n h&rd.l.T 'b .. , azq 

preference lor change on acouatlc grounda , a1nee the con

sona.ncea tb17 recogni:e a.re the •coo.aoa.IJl.Cel • 1.A current 

use , the ?00-cent !iftb and tho }00- ea4 400-cont tbirdo. 

Believers in conditioned conaonance caa, ot course, aup~ort 

:u.lt1ple cUrtlion on the grounds tha t the ee.r v1ll e•entu

all1 'become conditioned tu tbe •eonaonl.llces• ot a IJ.IV 

&1&tea. Hove·nr, a&.A) oppouents ot propo&ed 17at,eaa ot 

cultlple dirlaion havo used, in et!ect, the argument that 

tho ear has been .;~nd1 tio.ned to prefer "co.:aona.ncea• •• 

the7 are .6 It baa been real1a~1call1 o'bl5erred that 1t 1D.

dee4 pr·etertnce is p. aatter ot conditioning, progreaa troa 

one t\.I..D.l.ng e1ate::. to a.nother au.at O'ferc:oae alaoa.t illauper

able obatac:lea. The acoustical ba~il tor ~ultiple d 1Y1aion 

5aarr,r Partch attrlbutea to L:leto~enoe oL TareDt the 
!irat direct ate.te:ent ot the doctrine that t be <ear , and not 

P
tbe 11aa.ll nua'ber r atios , iG tbo determinant ot c:ooaona.nce. 
urtcb a.rgueu, bovever, tbat "t.~e reault s by ear a.od b7 

e~a ll-~'Jll:.ber r a tio3 e.r;• o! course i dentical . • G.e::.~a1a ot a 
~at; . ~·s• 239. Eelaholtz ta probll'bl1' the moat re.oovneG:-
04 :-e :&n1 theorists and aco~a~!~i&CA vho ba•e e4Yocate4 
natural conaonanee . 

6tt bAi a been the thi.r4a in particular W.re belieYe..rl 
in C:Onditio.lled cor..sona.c.ce baYe argued. agai;;st a-,ete•• vh1cll 
c:loael)' approXiaate t.be juat ratio S1•· Se e lMlow, page 2&.. 



1a there f ore cited alaoat exclusively b7 adTocatea o! 

natural couoaa..nc e. 

7 

Fur ther co~pl1cattcg the p1cture 11 tht tact that 

a&nJ vr~ tere accept l1a1tt4 portion• or a theorr ot natural 

conaon.a.nc e while r ·ejec ti.ns otbera . Aa Partch rigbtl,z 

poi.Dta out • •••a. thoat ..to v ould d iacount tbt idea ot the 

natural Talidit7 or t be Jaall-nuabtr ratioa uae the aoat 

batic ~all n~ber r atio , 2tl • ae t bt baeie !or their 

&u.ical 171teaa.? Tber• have been aa.Q1 tbeorittl vbo baTt 

&bared tht blliC Tiev O( P7tba.g0r11 that OC:tG.TII aJld fi.ttb.l 

a.bould be repr,e s ented 'b7 a::a.l l-nwa'ber ratioa bYt that thirda 

should not be. The particular qualitiea or 12-tone t e=pora

&ent haTe tended t o reiD!oree such a Titw. There haTe been 

.UD,J' theor iata Wo ha'ft a.ainta.ined that eouona.nct ia onl.7 

poea1bl& vhere the number• in the r atio •ere 6 or emallor.8 

Others have accepted .. consonant such ratio& aa 10:9 vhile 

retus1..ng t o consider tbe pri~ nual:er 7 u a f act or 1D 

au&1eal conaonance e t all . 

It 11 eYident that Eor =&nl writers vbo accept eaall

nusber ratioa 1c principle, the queation -wt en doea a aa&ll 

D.Uber .,.<:OrA a le.:ge nuaber ? • aua t bt &l'l.avered. '!he 

72:2. ill·, page 2}9. 
8zarlino vas , ot cour&et a moat !a:~ua exponent ot 

the tbeorJ or the aen.:io •• the baaia tor eonao~anc e. lroa 
the Reo.aissa.nc e to :!I.e 19tb ce::~.tur,., tbe viev ot tb.e senario 
U t.C.e b.aia tor co:::.eoa..aoce aee~:.a to b.a•• pre1'ailed o•er
~·l.c~q over both t boae vbo 'W'Culd re~u.ce 'tO 4 and t:hoae 
:. o woul~ expend. to ? or aoro tbe nv.aber o! natural partial• 

ed in generating a s uaical ¥,Tat••• 



•ubaaqutut pa.r-ta ot this chapter, working upvard.a ~roa the 

octaYt , ex.u.i.c.e the &!Uiivera vb.ieb ha.Ye b een SiTtA to thtaa 

queettou. 

a 

OD.e otb.er u~et ot the gen.er &l relat1o.aah1p o! eoc-

1onaoea ~ 41eaoA&Aca needa to be cona1dare4. ~re ~ 

been 1ncraaa1cal7 atrong contro• ers7 in rec ent 4tc&4ea oyer 

vbatht r oo naoMoc a e..nd. d.ie aon.anea should b4t cona14t red u 

oppotod pol~r torcee •t all. The tred1t1oA&l •iev, 

tDW><1otod o:ophat1ceJ.l7 b7 Zarl i.oo ADd ma.intt.ioad tor .... oral 

oenturitl, accapta the polarit7 ot coaao~ca LD4 41taoAance 

•• fundamental to =~1c . M&C3 aodern tbeoriata baTt oppoae4 

thia • 1ev . Arnol d SchOnberg aaaerta ~t ao-callt 4 41a

IOD.Aet 1DttM'ala are uotb.ing cora than the laae a~plt con

eonancaa . 9 Tba p~actict ot 20th ceotur7 coapoeere aaeaa to 

indicate aupport tor ScbOobers'• Tiav. 

Amons diac1plea ot auitiple diTi•ion, opiaion. ou 

tbt po l a.rity of COn.&ODA.DCI &nd d.i&&On.t.ACI a.r• aix.d. ~ 

ot tbo aaJor proponents ot 19- tone temperaaent, wr1t1nc 

UDder tbe p• tudOD1Jt Ariel , eapouaea aulti,ple 41Yie1o.o on the 

troUQda that it is necessary t~r tbt reator•tioo ot polar

it} be tveeu con.eona.oee and di.ssona.nce vbich hal t>.co•• 

corrodod.lO On tho other hand, I n .o lqoclu>egradaq , a. 
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leading &4vocate ot 24- ton. te~raaent, eon.14tra the 

abolition or conaonanee ~ diaaoc&nct aa polar oppoaittl 

to bt a buic ata..rti::g point t or hia •1atea.u It 11 under

et&Ddable that a 1¥1tta ot cultiple diYi aion attki~ to 

exploit a •tvtlight area • 'betlfttn co"~on.e.nce I.Dd 41aaoA&D.C.t 

or tO abol1tb CODIOD&DCI aDd 411 1 0naDCI &l togttbtr, Yill 

diC!tr t roa 1 171t1a atttaptiA& to reiD/oret t b t polar1t7 

oC tho ~0 tltatDtl. 

tnttrTall& 

Till! OCTAH 

•tt 1a un1vereall7 agreed that tbe octavos abould be 

exact , • WTOte the J:ngliahaa.n R.B.~. &oaa.a.quet itt. 18?6 1A 

hit ll e:eot~: Treatise ~ Y.usical InterYala !2! ~mPeTt
!!2!•12 Tbt~e ~e• much J~titication tor bia reaark whtD 

1t • •• ae4e, and it ia quite imaainable that the •~ atat e 

c.nt a1g.bt be &ad t toda,y • e.1 thougb the 'WOrd. •wUyeraall.7• 

would haTe to be cha.nged. . Tbe oct&TI 1a alone uoa.g tbe 

&mall-number ratio t in retaining ita ·~cial cbarac t er1et1ca 

iJ::l the cu.aica.l hierarc!:q' 1D the aea tbetica ot 4odtcaphoq, 

and it reaaina tba beeio tor alaoot •••~ propoet4 ~uaic&l 

&7atta. Tbt uni~ueoeea ot tbt oct&Te ha• bten 4eacr1~ 

~ ti .. a, but vb1 lt ahould ha•• each a unique ettect 

1~J7tchnograd•~• 
O:.ga.cic Source a , Pro 

~. 2, 

cuartertocal ~~ic, itl Poasib111t1e• 
P.ua!ca. ,~ute~Ocr.-1921 , pao• ;o. 
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app•ar• • • ~swerablt as vb7 gretA ahould looK gretn .1' 

In this eeneury, a l ew &~a1c1ana baYe begun to buil4 

.,.ateu which 4o .not rec:o~ze 'Chis hitherto conc.KK 

begec oay ot the octave. • ~ypieal and notewortb7 e aae ia 

Stockhauaen'a Studie II, where the 1Dten&l 5:1 i a ehoM A 

U1 preterecce to 2:1 •• the baa1a tor .a equal t e:P4ra

=oct.1• '!'ht icte rnl 5:1 1o Q1vtclecl 1cto 25 oqud parto. 

~er Stockhausen works h4ve 1n.ol ve4 other 87at-=s 1A 

vhicb tbt octsve 11 not t o be t oUDd. 14 aoce vorka or tbt 

Colos;ne achool the cont teu\12. or pl t ch pla,ya a role aeeoDd

a.ry t o tbe conti nuwa or aatur&tion (a t one t Ad. ot which l .a 

the a!.ne-vave, at the o ther e nd , nolae ) in which .DO 

pheno:enon •tmilar to tbA octave la 4iacero.ble . Such 

expe r i ments having been 1tarted , it 1• cocceivable t hat the 

octne uy begin t o ploy a clia1DisbiCII role 1n tbo t oraula-

tlon ot cuaical s ystems . 

I•an VyacbDegradak7, vbo used :ua1cal 87Cte:a baaed 

on the oe tave, haa proposed scales iD Yhic b pitches do not 

1' xn cozrar1ng tbo aud ib l e aoUAd coo~iouua vit~ the 
v1etble epec tru: ooe is struck by the teet that while the 
latte: p:oceede directly !rom red to 1D41go vitbout at &nJ 
po1nt in the icteric s uos•sting red again , t be pitch 
qualitieo appeo..r to repet\t tbe:tJel••• •"•r'Y octave . C re .. 
t~rQa, likbYi ae £1 Gr , etc . Red never retur~. ~cere are f al: ol'touct 10 recurrences o! oocb ~itcb cle t tl vitbln t he 
1&1ta ot tbe audi ble raoge of !requeoeiea . 

It 11 posai'ole t::.at. ~;b• r~ttio 2 :1 woulct h.a ve tbe 
.._. ett ect v ieuallr that it baa aurall1• ~e do not know 
l or b~rft because the buzan eye percoiYoa onl~ a color r~e 
ext eDdtno r roc ebou\. ILCOO to about ??00 a:lgStroe. UL.its . J!ut 
t b• te~•~cy oc red ~ blue to unite 1o ~1olet •uss••t• • 
lj••1bl• Yiaual qualit7 t o the 2 :1 ratio not UA11lto t.he 
• teet or tho octave . 

l4 Die Rothe , Bd . 1, rootnot• to page 50. 
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repeat tbe•aelves at the octave but r•ther at the aaeoAd 

o r third octa•o.15 Nicolas SloniaakJ inclbdoa in hia 

Tbeaaurua 2!, Sea.les .:».&:23 vhieh in.-olve :-epet1t1on at t.bil 

aeeon4 or t~lrd octaYe onl7, or eYeD at a atill wider iDter

v&l. Joseph !a$5t r at one ti&e eugoaated an 1ccura1on OD 

the heg .. o~ ot the oeca•e b7 treati,cg the perfect tourth 

or the perfect ~itth aa a coz plett identity capable ot an

closing a DUticLl 171toa. 16 Sucb a tourtb and !1ttb bt 

propoaed to call a •qu&rtave• ao4 a •quintave• re epec tiYtl7• 

The tetracbord relationahips ot tbe Greek Leaaer Perfect 

S3atem ~igbt be considered baaed on eucb a quartave prin

ciple, u~ !t ic poaaiblo to vlev porallel ors~• end toae 

. 20th c en tur7 !ou.rth doublic.e:;a •• a partial &aAite•ta tiOD ot 

a at=il&r pr1ccipla . 

I.n addition to propo1a1a to el lainate the octave or 

to replace i t aa tho prima-~ •ident1t7• LD muaic, there aa•• 
been a t•" auc;e•tiou ot recent oriSin that tbe octaYe 

lbould. not b e t."W:.ed preci(;•-17• 

A Dumber of studiea have abown that at the higheat 

&Dd loveet r&D3~s ot beari ng the inte rTal 2:1 a uat be 

ltretcbe4 a 1ube~~tial aao~t to pro4uc e the PI7Cbologlcal 

l!!ect ~••oe1ate4 vith tho oc t&Te. The r~ggest1on ~ 

rocontl7 boon =a¢o that 2:1 be ali~t!y enlarged tbrou6bout 

15r~uel d'Ear=onie ~ guarte ~ ~· page 15. 

l6'1'b.• E.i:--~va~• aM ?rwy• 2!. Tonal STolutlon. ~ 
Bulletin, -:;ipt . 1~ . --
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tbe pitch continu~ t o produc e ita &.Oit &greea~le ett~ct.l? 
It bae •leo been proposed that tb.e oc.taYe be aad.e 

a:aller . A4riaan Pokker, one ot the areat conte mporLr,T 

! iguroo iD tho fiOld or : ultiplo 41Ti0104 0 boo ~osorto4 

that the octave 1bould not be ragar4e4 1 1 the 1nY1olat. 

baeis t or a &usical eyete~:. but rather •·• one ot •••era.l 

n:ce asery eonaonancea eecb or vbieb 11 equall1 1oportant. 

Tbe u.nit in b.is te~:~peruent rtprteenta a eeiZl betwen 

rational fraction• ot the oct•vo , t~• perfect 5th , perfect 

4th, ~ajor 3rd, =!nor 6th, n.tur•l ?tb, and •auper• 2nd. 

Every one ot tbeae intervale 11 lltered ao that a a 1ciaal 

t-otal al terat!on eball be nec:eaea.ry •18 EJ:B.Qple 2 abowa 

tbl !actors 1D ?okk~r'l dete~at1oa or t be proper 11~• 

&xuple 2: Factora in Dlterein.i.D.i) the Ull.it tor '1- Tone S;Jitea 

~9 . 0 eertta 1a 1/18 ot }:2 
~8 . 2 eeots ie 1/13 ot 4:~ 
~ .6 cent a 11 1/10 ot S ;4 
38.8 cents 11 1/21 ot 8:5 
38. 8 CeDtl 11 1/25 or ?:~ 
~8. 5 c ents 11 l/6 ot 8:? 
jS ·~ cent o 11 1~1 o! 2:1 
o . 5 cent• !a e velgbted aean. 

l?Kolinslcy bes p:opoatd that •••cy oc tave be t olars:K 
o, oear11 :vo eecta . AY~ Journel, 1~ . According t o 
• ll.hel=. D-upont, a aurve,. b;r $t\.Qp!t aDd Meyer reported 1.D 
the ~~tach-rif t t ur Psycholo;sie ~ Ib..Ys1olos1e der S1Dllea
or~~e 1 ca . t.I:~o!£ / ~ o , dl&coverec 'aa; 7~ot t Aoat 
l;:;.e~ p: - •rre~ oc t•vea larger tb&n tbe pure 2:1 . 
Q.e oehic::h t.• .i u· ·l'h:.•1.ka1i sebec Te~p•r•tur • 

.. S ... .u:• ~e _la Muaique , _et lt Temptz:a.nent 
!sal, -:"-~~· ~ .. , ~.,"'-' 

·;'!>· ~ P' --.: .. ... , . 



1.:1 calculat1Jl6 his =e&.D Ya.lue t o r a u.Di t or the 

.,.atu, 7okktr gives the octave approx1aatel.7 4oublt the 

yeigbt at • • ch ot the ot her units, and bt g1••• tbt aaall tr 

ot t~e ru&J..a.l.na il>.teroalo guater .,. iaht thaD tho lo.r;;or 

o.a.ea 011. tbt grounds that a slighter cb.&nge proc1ucta a or. 

proDOUActd ettecta where the intt!na.l 1a aaaller. .Pokker' • 

oc t • •• 1• 1198.2 centa, jus t about aa abortentd &I 

Iol~k: ' • ia lengthened. "Perbepa it aight bo be tt or to 

ehooae that Y&lue tor the ba.aic 1Aterval," auggeata 

7okker . 19 1n • atattcent which certa1~1 talll abort ot 

aUit&DC7• 

lA hit charta bt also repreaenta the octave aa ou 

41a:tn.a1 c.n ot • tour~U.:eoa1o~l sche:ae, v1 tb u.ol t7 repr·eaent • 

1ns; tb4- au ot the aquares ot tbe :~e:ber d1aene1ou. 20 

r..aplte occaaional au.sgeatioc.a w clier•s&rd. the 

octave, to enlarge tbe octave , o~ t o aborten t~ octave, 

ita role in au.aic remains ao assured. tbat it apptftrl to 'be 

1D little do.nger or going 1nto eclip10. ~.mona tho lll&nJ' 

~ro~oaed changes 1n musical nozenclature brought into exiet

•~• b7 proponents ot Dultiple d1Yia1on &Dd bi others, there 

c1cea ~ot appe~ to b e a single ~co£:endat1oo to reletter 

the cotes ao as to den: the e~stecce or an oct••• 14entit1• 

l'reA tbe rtsorous s eri•.l :.oye..z_ent, which treat a a.ll 

19. Ptut-ftre vaudra1t-1l aieuz cbo1a1r c ettt ••l• ur-
l '• .-€ pour l•i:itertalle elemtnta1re ~u t ea..,. ... :uent. • ~· 

20ro~er, Lea r.iat~za t1c.tuea !! !!. ~ua1gue, P• 28. 



iJ)ttrTala vi th1.n tl:.e oetavt ea equal, recognia.ta 1D the 

oc t&Ye ita tr&4it1~ value aa replica or idt nt1tr. ~ 

recent debate within the ranks ot dodecepbonieta over 

vbetller to pe:"llit oet&ve doubling v1 tbin tha •row• auageata 

tb.at 't·O a ost, at leaat, th6 ax:iatenct ot t.bl oet&Tt u &A. 

llattrTal outaid.t o! t~ 1copa or atrial tr.atD.ent , i t u. 

ani;aa, ita apecial treat.aent creatiug poaaibQ' 10ae 41a

coa!ort. But the total !rttdoa ot celodic oct&Ya-41aplace

=•nt within 4o4eeapho~ demo~trattl turtber that tba 

octave 11 not stbjtc: to tbt lav e or t~a otbor interrala 

vitbin the 17atea. 

lD l isbt ot the aboYt it ap~&ra reaaon.abla to ant-1-

e : . ~ t~ the contir~\Dr~ o! the octave and to atipula t t ita 

~t• t ! to ~: e 11E>t:~:; !: ~: ~· • .:. ~plt d1T1a1on which will b t e.x

I l .,r . ~ :. ':-.,.lov . £• i r •ls4."' & practical necoaa1ty to aaauae 

• .. 1~0• tbe ease:lt.:;..l et.eracter o! 8ZI 1Dten al . Othtrwiae 

it would be necesaar, to conaider tbt oetave-and-a-t1ttb 

(tbe t welttb) separatol.J' troa the tilth, et<:. . 

TB! }rd PJ.Rri.U.: Till! PERl'ECT flPTH .L'lJ) 1 011il'rB 

•tbe atronoeat conaon~c• 1A au11c Dtxt t~ tbt 2:1,• 

1t how Barr, Pa.-tch choracter1••• t he ~:2 or per!ect 
l1tth. 21 '!hla stateua.t b7 one ot tl:e aoat eal.nent oppo

n.nt e. ot prtoeent-da:r tun.1ng proeeture1 aecorda with tbe 

21 
£2• £!!• • PP• 304-5• 



1$ 

prtne1pltl tet forth b7 one ot the l eadino prot&goniat• ot 

a t:u..ui..ng: approaehiAg 12-t·Oile equal te~;.eruent when it vaa 

new e.tld controveraie.l. Sa.id '.'hrcDeiater, "The nearer a 

ratio ~· to unity, the oore p~rteet is ita eon~onance.•22 

!be perfect !1!th 11 • a.tt.er the octa•e, the naa.reat poaeible 

l.nterval tO UJl1 t7• J.ll or tile bOVD tUJliog IJitOIU or the 

Veatern world have taken the pertect tilth into cona14er a

t!on and have rendered it with a 4tsret ot accurae7 vb1eh• 

1! quactioced b~ eoct authorit i ea, hat been higher than tbt 

aceurac7 conaistentl7 attained b1 ~ other inttrY&l except 

tor the oct&Yt.23 

AI to v:ether tho inttrYal 3:2 is ccaaon to all of 

tbe vorl4 1 c guaieal arate~e, aa tao occea1oa.ll1 been 

claiQed, Prit£ Kuttner eaaerta that the "!i!th• in Ch!Dttt 

music ia 20 to 30 conto rlat. 24 It ia appartntly nearl7 

U tl&t in Sia:eae CUSiC it, U 11 s;ener&ll7 lgl'll4, Si&aell 

22HJe n&her eiae Z&bl e er Unit4t, je Yollkoaaener 
d1eselbe 1St," cited b7 Dupo.ot, ~· ci t . , page 76. 1"oAD.7 
h1ator1a.c.a iaelud.i:l& I>upoc.t aaeriOe ro~.-~rcaeiater -.a 
1!:;ortant role i.e. t.be esta~l ! $lll:.e~ t ot 12- tone equal teaper
&:.e:::~!. S&r'bo\Lr 4oubtl, how(lver , tbat \/erck&t ilttr wa•, 1.A 
t ac t, ~ advocate ot e, ual t~:?tra:ent, cla1=1ng tnstea4 
t hat ~e ac1voe• te4 onl y • •veli-tt~pered• ayate~ in v~cb 
~Odul1t1oa to 4n1 key ves ;ossiblt vhile the k111 retained 
tbe~r 1.ad1vidual cbaracter1st1ce. 

z~1n tno ~eactone ~~~ 170tec tbe third 1• tuned 
pe~fectly ot the expeoae o! t~ t~Ctht . !hie tuning syat•• 
wcs, bo~••er, o: abort dur~tijn ~ its adoyt i oa vas ~••r 
t.Ltl.i Tc r eal. Ita position ot !aTor w•• proba!>l.y l e t a i.ntl\i
~eed b7 a ;reter·e::.ce tor t~ ttird o-.e r the t i!tb as tuch 

•.a by tht a12~lo !~et that onl7 a QUArter • • aucb diacre
P~cy in tbe fifths w&l necess1r1 tor a ¥•rtect third aa the 
Otu&r 'W~ &roun4. 

<• Co~un1c•te4 by d1•cua81on, Deee&b4r 1960. 
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cuaie &pprox1,&4tes 7-tone te:per~ent vitb ita 685.?-cent 

!iftb. ~eYert~lees, tbe interval ~: 2 htJ bttD an eaaential 

part ot Cb1t1es e au.sieal theory tor :&Zar1 centuries, e.D4 the 

interval 1e a otron&~ !elt port o! all higbl7 doYolopod 

111t 11:18 ot tb.e \le1t , Near Eaat , B..D!! l.ucli a • .Uain Da.nielou , 
• 

a comparat1Yt =usieologi at , haa c &ll!d the 3rd part ial t he 

•cyclic• el ecent in musi c , by wbieb he preaumabl7 moane that 

tbe do1nln o! e.ua1cal eystora ia generall;r dt!1ned. b7 e7cle a 

ot !it the. 25 

To 8oa&a~uet , the titth is the baaic 1Ater.al ot aQ7 

:uai cal a7ate: , And ~resul&r &7ste:. are aucb that all 

ttelr notes CAD be arr~ed 1n a continuous at ritt or e qual 

!lttha. •26 

Rteoonition or the pr ioac7 o! the tittha among ic

terYala vtthin the octave ex~enda to t boat who would te:per 

1t cona1derabl7 (&nd even, pa.radollcall.7 1 to one wb.o would 

abandon it): Robert SQ1 tb, an 18th centur7 Eol611ob tboorh t , 

Lo giving tuning instructions , 1Dd1catea t hat cbooeing a 

teapera:ent t or the titt h i s a •oet ees~ot1al att p.2? 

Joaepb Ya1aer, a conte~pOrArJ advocate ot 19-tone tampe : a

&ent. co;AiGers tne e1ele or ~r!eet t1~tha t o be a •comaon 

Sc 25oan1elou , Introduction ~ !~ Studr ~ MU11cal 
-•lea, 19--} , page a 2;<1-231 . 

26 Qi. ill· , P • 60. 
27S:1tb, Rober~. E~o~ca or th~ Fb110IO~bl ot 

~U81cAl Sow:::da , 1?59. lie ~~J.Ci altf: ""t'S.d: fii£o 7 e'O're t han 
ceuta. 
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deno~n.ator" tor all m\lS1cal S71te:.a. !it tirat produce• 

hil 19-to~e aeale a a a •~rie a ot fi!ths wi th a eo~ ot 

138 cente . 28 !hie he does, despite ,a remarkable dtciaion 

~ot to accept } :2 es the baais !or a eoneonanee in the 19-

toc.e ayatea a t all. 29 

Vitb th e exce ption ot thia suggestion ! roc Yaaser, 

surpr1s1Dg io light or hia use ot the perfect t1!th in 

d.er h1. ng b.ia ayate: , and with 1iailar exception ot a rev 

untquo t t:;erac&nta, gGnGroll~ proposed onl7 tor single 

pteee1 ,~ t~• Citt~ re:.tn. an integral part or 1ntonat1on~l 
ay ett~:.a. FroiD tbe riae or c e<Ueva.l .code • tt.rog;;b tbe eD4 

ot tb e 19th century t.hi e lntervel boa u.o.~ue s t1on&bl7 pl8,J'ec1 

Wa t io correctly ca.lltd the "dozinant • r ole , bArson.lcally 

&.ad &tructurally, in our cuaic. 1'b1 do: .inat i o.g 1nttrY&l 

in the "M.lle or t he octave" wb.icb ao concerned Rueau and 

hia coote:por~rioa, the ti!tb det1nea both the authentic 

and plagal cadencaa, and ita pri~ac1 a~ong Lctervale otbtt 

than tbe octave appeare to be !unda~total to t uncttooal 

h.antQ=3. 

Becauae ot tb~ c.a t.he:.attc:al- acoust1e baai1 tor the 

Uae or the perfec t !i!th a& do:ioatiog i nterval, apologi a ta 

116. 

••• 
.... 30such e.s 

Cited &bOYI, 

For f urther diacusa1on 

those vorka o! Krenek and Stoekh•u•en vbteb 
pages tour ~ teo reapeetivel7. 
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t or the Tarlous acboola ot 20tb cen~ c oapoa1t1on whic h 

have c boaen c.ot tc, ase the tl.tth above otber i.nttrvala u 

a to~et tor ~OQ7 or to~~ progresaion haTe bten hard 

put to JUS tify tbia aapect ot tbeir c•••· !!len Forte , 

1n tb.e 1Atroduct1oc to h.i.a book~ Conte~pora.ry ~ 

structurta, etat••~ ~r.uch ot coctemporar.7 •uaic is ren4ertd 

1.c.val1d tro: that poi.Jlt ot rlew (that the pre-emitlence ot 

t~ tilth ta naturall.t ordalo.ed) • • &A4 he uaerta that tbe 

awertoct aerie• •• a ~tural baaia tor tbe dominant-tonic 

re l&tionahip ia open to queetion on aeveral po1nta.31 

~-t .a.H.turt GOJ, be-wever, ply a role 1A the loa.g

man1!este4 buaan prt!erecce tor tho tilth 11 evtdecced b7 

the ai:pl1eit7 ot ita ratio and a tteated b7 the coctic·uiq 

bo47 o! vrittra who &elect that 1nt•~••l aa an 1&portant 

baaia tor their muaical 171teca . It would a ppe&r that &AJ 

171tt:a Of ~ultiple di'f'!SiOD baste! O.Q the pri.cciple Of tbl 

couena..ne~ or the acall-.ou:.ber ratloa would have e1tb tr to 

1Dc.lud.e tb.e perfect !i!th or to otter a aati&!letOJ.7 ex

Pl&n&tion !or its •bseace. 

'!h!. ?itth: .P'ure !!: Al t -ered? It re.&aJ.a.. to be det•r

&..lned 'Wh.etber tt.e per!eet ti!th aball be j)ure or altered, 

1.04 1.!'" alcer.d , to what extto.t. Probaoly 'the tuni!lg 111stea 

Vhh thf longe s t bla t orr 1D th.e 'Jest is t h• so--called 

P'Tthagor• &.D a7s t.ac b•••d oo. absolutelt pl.lN ti!th.a. tll.1_• 

.H Forte, Coate:porarz ~ Strueturea , pp. 10-11. 
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ayste:, 1..n ge.:1eral use d.u.rino tht Y.ldd.l e J..gea , probabl.7 

emp1o:ed extens1Yel: in &ntiquit:, ~nd us ed b7 tbe aojor1t7 

of atricg pla:era toCar,32 e&n never be cloae4 P4r!eetl7 

ainee no number o! exact ! 1t th.s ea.n eYer equal &A ex.a.et 

number ol oetavea.55 Here 11ea one O! tha primar,r de!eeta 

ot P7tbagort&n t 'uning, the iapertect relatio~hip betwetA 

!1!\b u4 oet.aYe. lc tl::.e other 4.irec.t1on liea i ta other 

i&?trle~tion, tbe iapertect relat1oneb1p between the tilth 

and other poaaibl7 4es1rable •=all-n~ber ratioa. Juat .. 

co powe r or ~ "*"' e•er ec;:ua,l a pover ot 2 , ne1tber o! thea 

can ever equal a power ot 5, or ot 7 eto. 

Vbeu operative in & 12-tooe ayatem , P7the~ore~ 

1Dto~a t1oo leaTt l a discr•panc7 ot 2}. S eecta, r epreae nt• 

in& tbe r at io 5}1441:524288 , wbicb 10 koovn ao tbo 

Pythagorean eocma. Aa cent1oned above, "ben applied to a 

19-tone ayste:, P7th4&or.an ~ ltavea a diacrepanc7 ot 

about 138 c ecta , a ti~e equal to ~ore t baa 2 unite or the 

te~ered 19-tone 170ttm. Huch lese i e the d1screp&De7 1A 

• 17-tone sya te2 and :an1 theoriats b e l 1tTt the ~abic 1?

tone IJ&t·e:. to b4 Py+.!::.e,ooreu. 34 l aaaer bE& o!ttre-d an 

' 2For A atroog atattmtc t of itH impor t •nc e 
41setplo o! itG role cee E&rbour, ~t Persi~t• ~co 
~tbasorean STate&. ---

b: a 
ot 'tlle -----

33This 1s ob't"iot:a 1.D t be r aet tha t all pover a or two 
&uat bo t~Yec. nu.aber& , vbile all powera ot. three ID\I.I t l>e odd 
nuat>.re . 

34 !ecordin& to Partc h, earl7 .Lrebian a u.a1c1&De e ucb :! Z.latl uaed non-~~~~ort~ a, ate:a but 14th cec~ 
eor1ace s1~pl1t1ec1 tc PTtlla,gor·ea.n tunia.g vb1cb hu reaa.i.M4 
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U:.ttreatt.ng p03tul&te w~eh d.e:1Tt&. e upport troa the 

ap~arent preference or :ueh ot antiquit~ tor P.Tthagore~ 

cwili>g. l!o •uoguta that i t 1o ill <U uturo ot all pent.a

toDic: au.eie to eeehaw tba uae ot t.bt .1u.&t th.1r4, a.ak1J1a 

pt t bagoroan tuning tho "J uat llltonaUon• tor tho 5-tou 

1colo.3~ 

~ong t he tbeoriltl who ~ye a4~oeett4 ttmptraaenta 
• 

tor tbt t1ttb 1 ao=t ha?t 4one 10 re luetantl.,. ua4 apa.r1.J1al.7 , 

but otbtrl ha•e claime4 to prefer tb. aound. ot the tt~~~~4 

!1ft ll to that ot the pure ti.tth. U oDa t he tecperuente 

adopted or proposed, our prese~t 11atea 1n•olvta rela t 1Ytl1 

alight t ltvring ot the ti!th. XtTer tbtltaa, there baTt bttA 

tbolt vbo baTe baaed tbtir lt&reb tor 1 bttttr equal t ·taper

u.ent on tbt poatu.late that tbt tilth auat be even better 

'tl::.t.n tl:t. t Ofl!' ! OU!ld in 12- tone eqwal tezptrUeDt.~ .l f&r 

g:rtater nWD\.Ier ot adv ocate& o! aul tiplt division baTt b een 

a1n~e. Htl:holt' boweTer p~etera t o regard tbt !:able •1•tea 
•• co:npriaed ot 9 fir t hs with S tones &dd ed a third above all 
but one o( the 1U.t1o.l 9 . Ovic.g to t he cleat ogree:~oeot 
between the =a jor t~ird ~ t ht ~:tt:T&l eo~riaed or 8 per
!tct ~ittba , ~ ac ret:tot ~ich E~l~oltt recorda 1D t ba 
theorem beari~ ~is na:e, the dit!ere~ct be tweec Belmbolt&• 
tx,lanat1on and the more usual one i oTolvte onl1 a ainute 
gredatioo in pi tc~. 

~5£2. £!!•• page 1}1. 

~6Ja~6 , a pianiat and tbtoril t who ta best known t or 
n-;a a.tte~,t to ;opulari z.e • r-e!or: 1.:::. kttboa.r4 d.eaio.o. c.on
·1·dtra t bt c;ueatiOD of :ul tiplt d 1Tia!.on, end &•ke a the 
nltial ct1p~at!on th~t tbt !itt~~ :ust be better than 

t boc e o1 12-tooe tt~perament , le6t1A; bi a to a choice btt
~een 29-, 41- and 5~-ton• te~r&Xen~s. ot .bich be cbooaea 
~bt • •coed. l~~r ~ehr ala ~v'l~t~i~e ~eQcera~ur, &e1~rlge 

G.r .&.hu.tilt u:a P.usi.rv1iiin.sc~il't , lle1't 3. P• 6. 
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will~ to a ee the !1!th altered =ore than in 12-toDe 

te::peruent 1D order t o Ulp rove other intena.la 1D tht 

teoperaa•nt. B.7 • aborte4ino ot tbt tittb b7 s• eenta . a 

teQperueot coDt,aJ.Ding tbe jut :a.jor third 1a ac.bieTect . 

wbilt a tilth which 1a ? centt too eaall produeea a 81Stta 

wi th a ju1 t minor third. Tbe apecitic • ·t•teu v h1c.b az.e 

created b7 the Y&rioua al t er a tions 1A the aise or tbe 

tilth v1ll be diec\l.lltd 1A later chaptera. BeleYact to the 

pres ent diacu.ea ioo 11 the eval ut.tion o t tbe alteratioc.a 1D 

the Uttb iteelt • •• otter..S b:r tbe various vriter a. 

On the ODt baneS tbert 18 Partch who clai.:..e that tTtA 

2 cents 18 an exceaeive altorat1oo . 37 On the other band 

ttere are au:.eroua advocat·e& ot :.u l ttplt d1v1&1oa vbo JWS.&t 

deticiencies or about ? c ent• to be within the r&n&• or 
tole raaee.'8 Nono ot the syatems ot multiple 4 1vi e1on vbi~b 

have obtained broad sup~ort pOIIISBI I fifths vitb a greater 

41$erep&:e7 ~han t bie , suocesting about ~ ce~t• • • an 

i "Plit4 li:oit tor the til th. Tllis i s a rar &::~aller !1gure 

than tbat ot the cUacrepa.nc7 ot other auppose4 natural con

I C:la.J:I.ce• in 1.2-tone te::.~eraaent. 

There ar e theorista who mei.ot a.1Jl tbet th.e pertect 

3?. A heard 2~e~ts d1screp&nC7 is a ae~1ble 41tter
*Qee 1n ai,:ulta=eous so~1c~a.• £a· ~., p. }10. Por 
tb!s reason , ?art:b opycse1 all equal te:peraatDta. 

• ;&Ariel a· ~ ,rts that the ?- cent det1e!~DC7 ot tbe 
~~tb 1n 19-tonc tft:per amont 11 well witbic ~Ce l iai t b470D4 

Cb conaooanee ia ies:ro~ed . ~sie btde~t~t ~ber ~eh lange 
~eb.t <He Gre~:e !OJ. cUe 'l'i-Sbu.os des 'JobH . .l i-L. ..'•• . • taa Rela
--~1L&tap:inz1p !: ~ ~. p. 144. - --- ----



tiJtb u the principal i.Jltena.l w1tb1n t bt octaYt r equir.a 

a purer tuning tb&D other eon..aona.ncca. AS•inat thia 1a 

ra1ae4 the counterclaim that the more complex and aubt lt 

cocsonaneea are aore eaail7 destroyed than the tifth b7 
aligbt Llterotiona in tuning. Pittho 1D practice •• vall .. 

t.beOrJ' ha?e 'been the l ea•t distorted i .nte"Ua a.!ttr tbe 

oc.tan. 

It ahoul4 be noted, boveTar, that the~ h&Tt b4tA 

occa11ocal tbeor1ata wbo hnve preferred altered to unalttre4 

!1ttl!A. Ro~rt Seith, in the 18th century, clo!endl..Dg aot.n

tont pr1cc1pltl a.gaina t the increasing tendenc;r tova.rd. 12-

tont equal temper~=ent, enunciated the rr1~c1plt that 1t 

1.n4tei the cotl.Sona.ncea or a Quaic&l •Y•t.em c.•4lit 'be t empered, 

it is beat tbat tht7 ell bt tt=ptred :odera tel7 ratbtr tb&n 

that one or t vo should have to be tempered' a sreat aaount 

ic order that otber conl on&nees might 'be al=oet purt . 

EYa.luatl..Dg all l..Dterv&la t rom tb1a otandpoiot, vbieb he 

eolled equal bar:o~ , S=! t h attocko the !ittho ot 12-tooo 

te•,.ra.ent •• bei ng •ttner than the7 ought to be.~39 Tbt 

idtol !i!tb, according to S:itt, wo~ld be 5/18 ot • eoaoa 

•~•l ler than }:2. This i s almos t exactly oix cents. ~. v. 
Drobi ecb , a 19th cen~ury theorist, use• ~tthoda aiailer to 

&oith'o in ! l..Dcl ing a T&lue !or t ho fifth that vill vork boat 

395:itb, E&r:c~tcs , p. 166 . sa~veur h34 been eon
i•rced vitb t t:.e e .;,uall : at.io n or tbe c11 acrepa.nc1es or the 
rntervals es vell, oe c~ be e e~o trom tbe QUOtl tion 1o 
0~0tnote l on pos e 3, but be vaa CO!lttn t vitA &A a.l ttration 

OA17 about 4 eu~ts in the !itth. 



with the other eouo.Q.IUlces ot the c11atonie e,.atta aJl4 alao 

.. lecta a tlat !'it~, 69'7.2 eento. 

In t ho 20th century , the. Danish m. tbemat1c1an and 

aco\lltie1&.D 'l'borTa.ld. Xornerup baa proposed a IMJW S'71't4:a ot 

aeouati e Y&luae1oD ai:ed at int trrel&ting all ot the c on

aonut i.ntena.la in a aingle ~tathems. tical progression. u 

pa.rt or hil OYor-&11 plan , tho •ideal • !1rth ia ~ bO 696.21 

ceate , nearly 6 cent• ts4l~ler theA }:2 .. 'to aupp or t hlA 

judgmtnt (&Yor1ng the acalltr tiltha , Xoroerup rel ate• t be 

}I'll pa.rtlt.l to each or tho higher part1t.lo through nuabu 

~2. Exuple 3. belov , ahova bow N.D7 t1ttba ~auat b• auper

i:pos ed to produc t tach or tbe p•rti•l• troa 9 to 16 , &D4 

t he at:e or each oC tbe tittbl 1n order tb•t the partial 

produced abould bt gure.40 

E1ample 3: l ornerup ' o Relationships oC P1~ths co Partiala 

h"Ull6t:R OP PIPT!!S SIZX OP XACS PIFTH P.t.~TIAL PRODUCED 
'Fi!:::R.!oY 

2 ?01 . 95 C& D t l 9 
4 696.S8 cent• 10 (or 5) 

l/1}' 696. 05 CtOtl ll 

1 701 . 95 CtDtl 12 (or 6 o r }) 
15 696 .0~ H 
10 696 .88 14 (or 7) 

5 697.65 15 
12 700. 00 16 (or S or " or 

• 2 or 1) 
• thirteen lour the rather than r1!tho: the exact Sn • ereion. 

00rornorup , .t:ouoeic V~t.1s!a o r l!Woru.lt, 1938, tb!• 1 ~. 7or a core diti!1~4 exa:iLation or Iornerup' a 
eorte • ••• Cb•ptt r 9 . 



.1.1 ca.n b t aee.a., tbe ti.tths are a11. either ?'01.9S. 

tt• atze ot the per!ect r1tth, or ac&ller, vttb. aoat ot 

U •• t .c tht region 696-69? , vt..ere E"oruerup•a • t4tal • tltt.h 

li••· the table eppeara to g~Ye a uppor t to the view tha ~ 

1.c •o equal ttcper" cu.tic.al .,ate: atte:.pticg to &1•• cloae 

ap . ... xi.:ation to tho upper pa.rti&le, the !i.rtll vUl hue to 

bt reduced 1.Jl I itt, p-trbep• nblta.c.tiall,)' . Hovever , toraerup• • 

.. tboda in arriving at n11 l~t are not above cr1t1c1aa. 

Be oppaa.ro to bevo excluded !i.rtba larger than 701 . 9~ quito 

arbitraril7• even 1..a. ea••• wbe re a aborter C,)'cle ot !Utb.tl 

clo•er to ?01.9~ vou.ld be..-. prod...,ed tl:.e oe.c. partial . l'or 

•~pl•, 1.n the caae ot the 13th ;.a.rtial, Xornerup requi.rta 

no loeo than 1~ ti.rtha, each ot ~eh 15 Aefrl7 6 cent• too 

&-:.&.11 . !!oveTer, 1t he h&d. substieute-d a tilth oa.l7 t't.Ne cents 

too luge, ?O;. o ce!lta, ha voulC ~n ~en able to produ.c.e 

the 13th pa.rti&.l vith a serleo o! but 8 !i.rtbo (?0~ x 8 • 5640, 

.:.U.nus 4800 • 840 cents • 13 :8) . !:ornerup•s table r eaatu 

lntora.atiYe 111 ahorlng the various &.!:ount• o! a.lteratioA 

nece aaa:ry to relate the shortened !itth to other meabera ot 

tbe b•r~c:ic aeriea 1 but ita Yalidi~ •• a Juet1!1c&t1oD 

tor hie tbeor, ot tbe roreahorte~d tilth ia ee•trel7 

• ••kened b7 the ! prlorl exclusion ot the le~tbtc~ tittb. 

Hov t o eYa..luate theories g1v1..ng actual acouattea.l 

P~•terence to tbA toreahorte:.~ tif th? Since they all 1A

• ol .. rel&ttoc.abipa be tvetn 'the ratio };2 a.DCl other DWibera 1 

O.De ia teaptN to d_i_areg:a.r4 t.h.oriea o! a aull tilth 
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.ttogetber ae e~ernall7 ordained an~ to qutet ioo atrong l7 

vbtther UJ.7 ot the authors, g1Yen Just a !i!th, r-eall7 preter 

the toreehortene4 Tersion. Ne•ertbelese, in Ylev ot the 

unqueet1onable preference or CAQ1 contezpor~ writer• t ar 

eQ!Lrge¢ aaJor ~irda OTtr pure 5:4'a, the genuine preference 

ot ~toze mua1c1a.n.e tor &.a altered. titth La quit.e possible. 

Ill Sraith'e case, reca.ll iog t bt prt~valanee 1.ll hie 4q9 

upociall;r I.a. Ellal&nd , ot ae..,-tooo twdog l.n'"'lT1og a 

d11 tinctl7 tlatttced. t1.tth, it 1a quite poastblt that 

co ad 1 t1oned tare or li:Lc.ate c<Ul4tM'&tiall q\!1 t .e conv1.c.c.e4 

h.im ot tbe acoultieal superior! t']' of t.ht a.z.•.ll tl!th. Cer

t &1 nl7 1! we are to accord a .. aaure or acouatical va11d1t7 

to the treat&ent or t~• enlarged caJor third •• a conaon&nce, 

it woul d appear oDly re&aonablt to accord ctmil;r regard to 

tt.e preference !or t.ht !orecborten•d fifth , etptc1•~17 •• 

tbt ~xt•nt ot ti!:aperi.ag iD the l a tt•r eaae 11 a ucll tb• 

a~aller, not exceeding the 7 . 21 e•ntl call•4 Cor ln 19-tone 

ttap8rament . ?or the purpose• ot t hia paper, all lDterTal a 

~it~ tbi& ran&• o: ':2 vill v• treated aa repre1enta~iYtl 

ot tba parteet !1!th, &:4 ~e pert•et tL!th vi~l be r•s&rd~ 

•• an &IBentlal part ot AQ1 syate: ot 1~ltip!e 41Yia1on 9 

with 701. 95 ceLtl regarded oa the ideal ot••• 
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Tlll! 5tll P.All'ri.I.L: 'EliRDS .ll\1) Sirt'HS 

With tbt addition ot the 5tll part1~, ! our intt r YOll 

art ad4e4 t o tbt !itld ot baaie conao~AAcea : 5 :~, tbt 

aaJ or third; i ta 1AYera1on1 8:5, tbe a icor a ixth; 61S, tbt 

a.1nor third, repreltnting the d1!!trtDCt between th4 perteot 

ti!tb and tho major third; and 5:3 , tile aojor eixth, which 

11 the inv~rsion ot the minor third. Tbtlt tour ,int•rYala, 

r~ preaented in eenta , are approxiaate l~ 386, 814, 316 1 &D4 

s,s.r., respe c tive l r. Because eYer'7 ou or these inteM'&l t 

deviates !ro: its equi• alent in 12-tone te~per~ent b7 well 

over hal ! e syntonic co::a, it is on the aubjeet ot the 

fi ! th partial t ha t the edvoeates o! 12-toce tecperament baYt 

been hiator1call7 moat on the 4e!ena!ve. RatQer thfD otter 

the ar~~nt that a discrepancy o! l} to lS centa 1a 

n.tglic;ible, dete.oder-a o! 12-t-o.ae te;~ra:.ent haTe ot teA 

eontend. ed. that a. large major th.ird 1• preferable to 1 Juat 

thlr4 . ~~ string pleyors &nd aingara oro taught to 

extggerete t he aite or eveo t be &ojor t birda ot 12-t one 

te ~pttamen t. ~~ tbt arguaent over tht prope r ti:• ot cht 

t.b.1:Ct t aM vbether t bt7 ahould 1.c. teet bt cooddtred u 

repre t totttivea of a co~on&nt 5th part1tl , ia baa1c to 

D4&r~7 all quectiona rtltt~d to :ultiplt div ioioa , the 

med• by both eides wi ll bt exa=1ned in ao:& detail . 

D&Aielou, wbo c~naidera the third partial to be 

•c7cltc, • calla the ti!th partial •aodal, • describing it 



tu.rther u the "b.U&.&J11•er • ot auaic. 41 But juat a.e 

aestheticians disagre e on bov erteneiTe a role tbt Sth 

partial allould pla.y l.n today• a muic, lliatoria.oa &D4 

:us1colos1•ts 41.rter on tbe role ot tb e j~>.~t t!llrd in otlltr 

•&•• &D4 c 1Y111tat1ona. Rat! oe conteilli.DI tbe n wober 5 

•n•t l.n tbe tbeoreticoJ. vritl.ngo ot Ptole107 near the end 

ot tb e Greek era. It is genoralJ..r agr..,d that tbrougbout 

the earl7 :144le agee the ti!tb part ial vea not uso4. Hov

• • •rt there 1a dleasree:ent about the tl&e .:4 extent ot ita 

re - iotroductioo into Quaicel theor.r and practice, and thia 

4iaagree:eot cloael7 par~l lela the di••sr••~~nt concerning 

its aes t hetic Tal1d1t7• 

J. Murr&3' Barbour , a l eacH!lg expert on tuning 171ttaa 
• 

a.nd a atron.g partlaa.n tor 12-toot tt=ptruect, haa clUM4 

on s tTeral occ~aiona tbat the tirat rt -1Dtrod~et1on ot tbe 

5th partial to :;U51cal tuning 17ate:aa occura 1l1 the vr1 tin&• 

or .B&rt oloaeo Ra.:.os dt FareJa 1,n 1462. Thorwald. ~orntnap 

• .nd othe r th&orista who bavt valued tbe 5th pa.rttel aort 

higl:.l.7 tbc.n Sarbour aac:-ibe to ·.-alter Cdic.gton, a.n .J:t:ngli1b 

tb~ori.st actiTe erouc.d 1300, tb.e re-introductioo. or tb.1a 

pa.rtia l .aa a ~etuls ot explaining the relad.v e con.~onuce 

ot the thi.rd. Barbour acitnov l e4oes Od.1.ng:.on•s •c1iscoveq• 

or the tnterv&l ~:4 but appa...~ntly does not b-elieve tb.at i t 

"'' uoed 'b7 hia or b7 hie eonte:.pora.r1es •• part ot a 



cos plete musical • 1•tem.42 

Buildin& tuir case oroUDd OdU>.ston•a alleged 

advocac;r or tb 5:4 ratio 1D ox;>laiDiDg tbe tblrd., aD4 

a.roi.IDd the E:!lglis h pract1.c e k='W aa gr.;el , vbereia 

28 

per.J.lel thirds ud. ai.rt.hs ._.ere SUA; aa conso:c.ancea not 

unlike the later French ! aux bou_~on, tbe aupporter1 of tht 

5 :4 claiD to 800 0 OOIUieCtiOD botwOOD tho begiDDillg& ot tha 

t heory or the Just third and the begi.DD1nga or the trutmeDt 

o! t he third aa • conaonanee . Th.e tbi.rd in !7tha.goreu. 

a ue 1c • ~t "Wins 'baatd on a s:a.ll nu.abtr ra't1o, vaa a 41-a

aacacca and va a treated aa auch.4~ It, indeed , t~ aeneral 

• cceptuee ot tbe tblrd oa a. conaoua.nct correeponcb 1D. tiae 

t o t ht a4optlon ot 5:4 ao the correct inton•tion ot tbt 

t hird, i=portant b1at or1cal support 1a given to tbe caat tor 

t ho j ust ratio. i'ht oppOaiD& c l Um 1o tl:at tbe iDtonal 

~=- va.a 1ntrocil.ICtd &tter the eonaoruu:ct or tbe third. had 

begun to be oatab l iohod end that Juot thirda Dover d14 

acbteve the videaprend use tbat baa tomttimea been aa cr1bt4 

42ro ~unL~5 and Te~pe ra=eot, Ba~h~~ el tee Odingtoo•• 
rerere~:e to 5 :~ &::-b:$ as t~e conaonLCt t tirCs on p. 3, but 
etooaea Ramos •• t ht !o~er or Jus t !ctooa:ton b• cauae he 
v=o ·~he !irs : kno~ ~J:O~ean wri t e r t o break av~ troa tbt 
P)'tbaa o: ee.n t u.o.iDg t or the tu: t.na, or tbo cb.roa atlc a ono
cho.rd. ' • .P • 89 • 

4 3Yasser co~a idera t~ ~ajor third to be a dissonance 
~ &11 pentatonic ~uA1c , vhicb , he contends , ie baaed on 
•.rthagorea.c. tuni ng . A ':'he.J r v c f £volv1~ Tonnl1tY, p. 111 .• 
t Urt Rl e~opr, a roapietea musiCo-soe io~s11t v~o ba1 bt tD 
&rtatl1 intluenc:td. b1 Yasser •s vr1 t1nge , ca..k.ee the aau 
.. tertia~. r.u si t aoziolosie , P• 62. 
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to eM a. 44 

The pN!torenee tor the juat t hird uo.11g tb.eoriata 

alld acowsticlo.ns, espaciol}3 1.a tho 19th cantur7 and obort}3 

betor& , 11 quite extensi~e . Etl&holtz aounda the keynote 

wben ha aqa. "The pri.Jlcipal taul t ot O\lr preatAt temprera4 

intocatioD lito 1.a tho tbirda , &Dd •• • ia tbt old 

P)'tbagoreu error ot t crmins the th.1rd.1 b1 meana ot &A 

aac en4-1o.g ter1ea ot !our tiltha. ~~ natural relatioD ot 

the ~ajor third to the t onic , both aelodical l7 and b&raoD1c

ell7, depeodo oc the ratio 5/4 (5:4) ot the pitch cuabtra. 

AnJ otber third ia onl7 a =ore or l e Ge uooat1a!ecto~ eub

e titu.te tor the natu.:al a oJor tbi.rcl. •45 

BoaLDquet calla tho ~haaor.an third "dleagreeable , •46 

after assert ing that "chorda toraed b7 the nottl ord1~&r1~ 

1.o \lit are =uc:h 1Ater1or 1D excellence to ebor4a vbieb ar-e 

in pe r!toct tune. •4? 

lD this cectur,r ~an,. ot tbo loadi~ thoorl ota aD4 

&couat1c1ans have continued to ••••rt the auper1orit7 ot 

tho c.a:urel third. Co.rl l::itz , at tho l:eglDDi~ ot t he 

ee~tut'7, aeaerte4 that "J. good a cape lla. chorua ain.ga , u tar 

u • co::~poa1tio.n per--ita, 1.n just intonation, ei.nce •••n 

••• l'i'oi 

"" 22· ill· I P• 8<). 
4

5Helcholt: 1 Ee~ann L. ? . 1 0D the S~naatioDA ot. ~one 
t1r~~ olo::.teal ~~is tor th~ 'rni"':-y ot hu.sic, tra.r.sli't'K 
~e &ir~&.n 67 D'i'iinder ~.&Ili a , p-:-}~ 

46
aoaa.nquet, .22· ill· . p . a. 

•? .ill!•• P• 6 . 



~oraal l1 gifted singer baa en excelle nt a enaitiYitJ t or 

pure octave s , 11tt h8, tourths, thirds, and at xtba . • .-a 

J. ai:ila.r rte w baa more .reeentl7 bet.n expre ssed on a nuatr.r 

ot occ~aions b7 L1Dd1e7 Sorde~ ~ by &&Q1 otbara. 

b en uona aoJM wri ters vell cUapoae4 t ove.rd 12-toAe 

ttmptrame.at, the .St b. partial 1a r•cogc.1&t d • • the s ource 

ot tbe consonance ot the third&. Ra:eau in tbe 18th 

eeatur7 ia a good example, aa he uo~~a lit iedl7 accept• 

tt.. aeaa.rio aa tbt beals tor con.aona.nce but la not U l-

4iapoat4 tovard 12-tooe te:peraaeot •• a co:proaiae . 

Hl.ndt&i th 1 a rleva oo tbt 5 th partial and on 12-tone teol)t r ;-

~J:Jtnt ar. 11a1l a.r , 

Otbtrl , however, ho•e Yoict4 an tmpbatic pretereoce 

tor the t hirc!a Ot 12-tone te!;pere.:ent OYtr the thircia Ot 

tb u.na.ltere4 >th part i al . In the ootea whicb acc upe.q the 

!!rat rele~s• !.a Huaurgi& &eccrde' aeritl oa t~ Hlator-7 

ot 1'1u.s1c:al 'l';:.eory , Prit~ .&.. Kuttner and J . r.u.rrq Sa.rbour 

t t ete , 49 ·~ vill bt aeeo .od demons trtted La the reoo~-
l.ng, tbe .-. 1a • • reason to doubt tbt aua1cal aerit oC a 

•u;erpa.rtl c:ula r r at io •• lov as 4:5.• Io t.bt introduction 

48~t1n guttr A eepelle - Chor tinge , eovoit •• di e 
lo:poa1t1on zul81at, 1n natdrlic:b-reintr St~ung, 4enn 
J•~tr nor: al •er&nlas t• S4n6er hat e ta Ceinee E:p!1odeo tar 
rt tne Oktaven, ,~inten, ~u&rt~o, Terten und Se~en • ••• • 
~f~ • Carl1 7on den natdrlicb reint Sti~un5sverh4lto1aaa o , 

• 01 : , ~~~p:-29 • -----

0 
49

tuttuer, .Pri tz, and J. t1urr1.,7 .Barbour, The Theo~ 
~~sical Creek r.ue ic, Ictrodue to ry Not••· Nev-Tori ,S8, 

• \U'i\1 llfiCO~COlw 10. 



;o their oext r elease , ~ T!:eog ~Practice !!.~ 

!.Dto.nation , the aa.=.e t-vo eu~bOf£ s-;.~t• tbat a aajor detect 

1J1 juat 1_.nt.onat1o.a. 1& • b<;redo·a vitb. t~ i..au1p1d u Jor &Dd 

door tb.J.rda tha t are too pertaet t or ou.r ea.ra to have a uc.h 

eharac t a r •• 50 

A great oucber ot vr i t era have taken a ~4dle poal

t iOD vith roeptet to tho thirde b1 eodore1Dg tho j u.t third 

t or harcont while pre!err1og a larger third tor .. t047• 

Al!re4 Jooq~1ire • a notable aeouat1eian vhoae Grucdr it l dar 

r.ua1kal1tcbe.D. Akuatik O! 1898 p roYt d ltrYiC t lblC 88 & 

t t:a.nd U"CS vorj( t or ~:All¥ J"t U'I , tal:eA t b.la poai doc oc tha 

bae1a or exp4r1:eott vhieb a~ovtcl t~t c uaici&na prefer 

t bt l•rs• cajor third ror :elod7 tut tbe aaall one Cor 

ha.rA:.oq. 5l &ngbert Sra.nds~a , :-eyorti.ns to the congreaa ot 

the Inte rnationale MUiiJcoesellseb&.tt in 19()9 , t ollowe the 

&A::e pa tb ae Jooquiere, call in.g the ae lo41c:, P.Tt.bagore&A 

1nterva1a •e truc tu.ral " while cons!.d e r i.Q& tbe harconJ.c , pure 

i nt orva_la a aouree ot •color. • .Bra.ncl&ll& wae1 t eTtr&l 

cuo1e a1 txaaplo o t o illustrste hio po1Dt, the t irat bo1Dg 

A&a the ' a ;be:e troa O.r fre1sehutz (Ex. •) , in vbieh t~ 

lnten&l 5:4 above t be tonic tor ttl.e E would, 1A Sra.cdsu • a 
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i:Uapl• • • 

1D ep1te ot 1te epp a.r·t n t har:.onic 4er1Y&t-1on , 

l!r&Jl4uo inaiata a1:ol.la r l7 t ha t tha rl 1n the opaning tbeao 

ot t he ! 1n4le of Beetho• en ' • Yiol in concerto : UAt be 

PJthagoreu in o rde r t o aclU••• sutt 1c1eot brUU &DCe . !be 

t ol ks oog •steep, 80b7 Sl e ep , • howeve r . 11 belt •uns v1t h a 

Jua t third i o or4o r to achieve r epo ee. 

Vr1 t1~ itt 1955 , Tbo:.1 p. ?roet r eaete l o auch t be 

IU~olt "'83 • • Jonqui~ re and at-Uida: a t o ta~• ot li .. t...Dd 

Groven ' o orga453 tn enl~ged J us t iot ooation. 54 Re coocedtl 

that ~i• r eaction may be ~ue 1D part t o c onditioning: •• 

CUSleien acc~ato:ed to equal t e: pe r a:eot wil l f ind aanr ot 

t h e s eal e t one s , particula r l 7 thlt ~rd a D4 6 th , ao Cv.r re

=oved. t roa t heir ace us tome4 p l~ch aa to 1eea 'sour. • \lh& o 

& •ca.le o:- s olo ~elod.y i s pl1Jed. , !.t u y a pp:ea.r 4 1•conc.ert -

52 arnndome , Ube r die Toc ve rh! l tntate t o der a1 t ea wu1 
~eutioKuJi k , Ee r !chr-iOn-r!l ~ono=ess der InrirUitioniliA--

• • •• loch&It, p . }5~ cr. 
53tiv1nd &ro••n ia a No~es!an t beoriat aed cospo•er 

~hoee !o-ton& ors;u 1~ diacu.saed be l o v i n t his chapt-er e.od. 
11 Cnor t or 7. 

54?roc t, 'l'hoc • a P .. , .A t'.,5.tte-r or Reco rds, Orgu IA
•ttt uto ~·•~17. Vo l 5 :}, -Su.=or 1955 . 



fJ:,Sl7 out ot tw:~.e .• F'rolit atd.s, however. that "Vben theee 

~ note• are combined into chorda , the aoUD4a are aag1c• 

a111 conaonan: . The CC$plete and unaccustomed abeence ot 

)itat• ~t"ttD the note a (:.U:es tbem) all but bleed in;.o one 

to.Ae· na ;:ure richD.tll ot t.he ucte~~~ered chorda 1a a nO'fel 

,~rieDCe which ve w!Ah it wer e posaible to abare with 

enrt reade r. • 

Stri.ns plqora aro se11eral)J l.nnruetod to plq 

~ c o t .. ac~evb.o t h1gl>er tb&c the e charaocical)J 

~·~e~t f la tted notea. Thia practice tends to pro4uce 

J'Ttbagoreu th irds. Htl:Lbolt~, bowever, ln.!orca ue th.at 

Joacbia p111t 4 jun t tbJ:d a on all occaoicna ,55 &ad Dupont 

4oea aot c;,utatioD t tue eesertion in reportiD.g lt iD hie 

lllatory o·r tt~po ramen t.56 J.rgwneDtl pereiat to thia d.a.,r 

U to whether ai.ngers uae ju.at or lArj!it tbird.1 vhen work.1.n.c 

--., troa a piano. It appe.rs tbat ~ore &nd core autbori-

to doubt tb&t j u• t tblrdo ecJo1 OA7 aignit• 

!he a~nor third, 6 :5, hea at l rred up aoze controve rer 

:;~ 
Gelabolt:, 22• ~·• P• ,2,. 

56 
I>u~ont , ~· ill• 1 p. 1}0. 

5? 
'-te It 1a luttcer ' l prtlim.lDir)" finding in oeotral 
1o~~h tuppo~ ted ~1 at~o~oseo, le ~easu:e~e~ta t b6 t t~ 1:• 
Yetc• on o: t:.e d it!eret:a :.U5ical cedi a. piano. atr:.n.;• • 
.&ceo 8

• e t: . 1a tar leaa va :-1ed than ta generall-3 t bou.gllt. 
~~ t~ ~utener , a vell -euned pl &no teod, ~o have alight 
\be .;to~ tro: e~ual te=pcrase~~ (pe rha~a 2 or 3 centa on 
~t !:'b•) , V~le vot c ea and etr1ngs 5pproach equal temper-

~11 •• clooely. --,converae tion, D6ee~ber 1960. 



or it e ovn. R&:lked. u a aubord. ic.a'te ictenal to the u ,jor 

third b7 Deae~ea , becauae it 11 not built on a replica ot 

tbl !UDdacental t 58 the ju.at .ci.nor thir4 baa b ttD reject,• d • 

G d vitb 1t the 101Dor tr1u 10:12:15, b7 so"e autbora wbo 

b,Q,ve accepted the hL'"=l-'Dic u.sas:e ot tl:.e just major tb1r4. 

!!r1Ul4a:a ti.Dda 32:2? ~ttor tboto 6 :5 tor har:>onic oa woll 

~• melodic' use, cal ling 6:5 a horrible diaeord ( unertrt g

Hehen Y.:iaekl ans) • llbllt he tind.a a d1.&.1cishe4 aeventh 

bea t conatruc:ted. aa t,~te superimposed ) 2 :2? 1.Dtervale.59 

Jonq~;re reJeeta tbe interYal 6:5 1n the eonatructioc ot 

a1oor chorda to too 11te the aajor (dur-lhnl1cb).60 

The 1nterTol 6 : 5, v hoa e tirat use 1a attrib\lt,ed b7 

61 xornerup to Eraeto t.heoea or C)Tene 1.n about 200 B.c .. , hu 

rtet1Ted aubat8Jltial aw.:;port i .n itl owo 11gbt .. Ariel , 1D. 

particular , likoa this 1nttrY&l an4 regard• it ae the 

f Wld.a=-.ntal interTaJ. tor a big.btr au.ai cal order (GrwuS• 

1ntenall bOtere r ~~5).62 

58Dtec&rt·l 8 

59 B:'&n4s:o:a, ~· ill·, PP• }59-t.O. 
60Jonqu1oro, ~· cit., p . 1}9, p. 145. On pogo 1~5. 

Jon.quiere poillts out t:.~~ tn~ Juat :.i.c.or th.!rd calli into 
Ph7 • 41!!'er~nce to:.e a Ft :-! ect t'l!tb b t lov 1tl upper 
&e:ber, a tone t otall : ~suitablt 1! tbe :1Dor third 11 tbt 
bottom part or a =i:or tr1a4 a Jocquiere 4ooo not c hooa t to 
<liacusa t~o co::.pltte!..,. u.:u-elated di.tre:-e n: e tonea ot tbe 
tqu a.l -tt~;ere4 or .?7~~oreu :Unor t h1rch • howe•er. 

S 61x:ornerup1 r.·uical J.couatiea baaed on a Pure 1b1r~ 
~, colum.n.a 1~1')'. -- - - -- ---

62 
p 1.. J.riol, ~· ill• , P• 74. 

u t see cbt pter-10. 
7or ua ela'borat1on o! \:b.~ 



!!arq Partcb dota aot go a o tu aa .l.riel 1.D a i.Dgli.Dg 

out tbe interval 6:5 , but be call• i t "good t o the ear,~63 

oddiJ>i tbat ita P7tbagorun oquiYa.lont, }2:2?, i a •btroD4 

the ear'• capacity to determine accurate!7. •64 At tirat 

glance ttie indictment hardl7 ateaa reltTADt, tiACt e aaineaa 

tc dtt·era.i.ne accurat·el7 4ot a cot 1A 1tat lt appea.r to 'bt a 

aatiatactot7 V&:! to det·t rmi..nt the couaoA&Dc t ot 1.11 1Dttnal. 

But t be Lcplieati cna ot Partcb' a alles•t1ona go dtopor. It 

ia geur&ll.J' accepted that curent tun.!,ng practict gruta 

t or greater lee we,y to va.r1o.t1cns 1.D tla third than 1n tbo 

oet6Ve or !1!th. 65 But is not the ear ' s Ter,r villingnaaa to 

at-cept a coaside:able alt er&tica 1o the third a aign that 

1 t lao net accepte<l tbe }Oc>-cent ai.Dor tbir<l or tbe 40()-

or 408-eont major tbir<l u an aeouotical ataD4U<I? 11>4 

doea not t~ eo~pariaon bttveen the relative atab111t7 of 

tht am&ll-nu.abtr conaon.ances (ti!ths , !ourtha, octaTea ) 

anol tbo roht1ve 1notob1l1t;y ot the art1tic1a.l consonu.cu 

(tla tb.ircla a.n4 al..ltU:a o! current uso) at l out auggeat 

tbat wbe:o a mua1c:al aoc:itt:1 tUJ)el ita conaoout i.nteM'ala 

6
3Part ch, 22• ~·· P• 241. 

64 ,U!i., P• 278. 
65•eeta•es, tlftb•, ~d fourths present a certain 

PhrQblec or intona~1on , since tte alis~ttlt d,Y1ot1on troa 
t e co:reet pitch 1.::1; eitter .cote ia ::.ore t~~ppa.r·ent to t bl 
·~ th~ it wo~id be in •~ch Lcter•~le ~• tbe 6tb an4 3rd, 
Vhere tb. &.atbe:nttc&l ro.tio betlttctD -:.b.e notes la aore 
!0~Plt%." -- Ktnt Kt~an, d1iC:UI51~ v!vlln 4ouble-ctopa 
~ ~ ~.c~gue or o~c:he l tr~tio=. In4te4, the gtthe:atlcal 

•
1
tt ... o of toe t nfrCs a.n.J &lXt!l.l o? co~:;Jt.on practice is •coa-

P tx!" ~all wonder ttat tev :.\.:..S1c1a.n.a vould retuae to 
~?Dttde Ke~ his point on ~e tltxib111e.J or tbtir 1ot ona-

... oza.. 

I 



to cDll-z:asbe.r ratios it hu a : or-e atable buia t or ita 

1.Dtooat1on? 

~ lli:B 01 nl"ll!s .L'ID '!B IRil6 

With tho acceptance ot tho 3rd and 5th partialo aa 

basic to aost :usical syste=:~e, and be!ore proc.eed._in& to the 

eoos1derat1on or tte ?tb part ial ( which re£.a.ina contro

versial eve~ a:ons tbe aavocatea or ~ultiple 41v1e1on) , it 

1a neceeaa%'7 t o consider a bod.7 ot aeouatical d.ata and. 

apeculation c o::.cert.Li.ng W rela:1o.nsh1p betveu the ~rd a.n4 

5tb pa_rtials , l.!ld. the use ot the int:ervala creat ed b7 tb.ia 

r. lat1onabip in the bui l ding or :usical 878 t-eu. Joaa 

~~achmidt uses t bt ter= ·~nte::.-~r&t~e~ebe• to deac~ibe 

vbot be regards aa tho total :uaical titld tor an1 ayatea.66 

'Jea le7 s. 2 .. 'Joolbouae , an 1mportaJ:lt pioneer vr1 ter in the 

!1eld o! :ultiplt d1via1on, wri ting in 18}51 claiaa tbat 

•t.e~ interral • •1 be dettrmictd b1 co=b1nat1ooa ot tba 

~~jor 3rd , t ho Perfec t 5th , and the OotaTo.•67 

Boa~~uet aaaert.s , •to pro•14t a aater1al of notea 

to~ :uaical per!or:ance lt i a tbeoret 1call7 requ1a1t t 1A 

tha ttret place that t o every note uaed ve 6hould poaaeea 



I 

3'7 

octav• , ti!th , and major thi rd, up and dovu. Each ot thooo 

being a note used ve •a: r.quire the aaae aeceaaoriea to 

etch, and so on."68 Boaa:quet ~ontinuea, •tt however ve 

prortd.t aU the notes Deetss.&r1 tor an e rt·cded &1'St.• • 

vt have endleaa aerie& ot tit'th.i: running up a.nd do•n, u4 

eodleaa aeriea ot thir4a ~Inning bori&ootall1i and it 11 

pote1ble to ahow t hat JlO two ot t~ octet v1ll ever be 

u:•ctl7 the au.e in pitch. Co.c.aequentl7 i.n practice Ya.rioua 

e~prorl&at1on.~ &.N ezplo7ad, ao as to r ·td.uee the ouaber ot 

ootoa re~uire4. •69 

.u the Ju•.: !itth and tl:.i ~ aro tixed intor"tl.lo, t ho 

nrioua r e lotionohipa vithin the wtb ot tittho and thirdt 

trt i~utablt. Tbt moat i=portant Ot tbeae r.lationehipt 

vith their trad1t1oc&l ter:a ~ qual1t1tl are abown 1A 

l:xuple 5. 

Aaons the theori ata vbo have dealt with ault1ple 

41T1e1oo in tbe paat, a majori~ have built their 171teaa 

to capitali ze on feature• or th& web o! tittha and t h1r4a . 

Tte .. approxi:atlo.o.s• vbich Bose.o.quet DOt.tl aboTe haTe ltd 

t o t wo ty-yes ot systtc.a: eQual- ·te:pered. a,.ate:s in wtdc:h 

•"•:"1 ~e=~=- CG.tl aerre u ttird or ll!tb abo•e or btlow 

tnotber ae~ber; &nd une,u~ a,.ate:. vbere lor • greater 

•••eu.re ot aecU!"ac,. or ai:plieit ;r or both, the c:oaplttt 

mutuality ot re l&tionehip ia sacritiet4 and to~• on the 

68Boaonquot, ~· c1t., p. l. 
69 
~·• P• '· 

i 



b.upl o 5: Rol at1o.ool11po 1.o lio~ ot Fittlla all4 'l'l11r4o?O 

O.a1gna t1on Uu e 

.... 
B. 
c. 
D. 
i:. 
'1. 
G. 
H. 
J, 
J. 
( , 

. L, 
II. 
II. 
o. 
p , 

Porfoot Pltth 
MaJor Third 
1\inor Thl r4 
HaJor t one 
Minor t one 
Dia t onic 1oa1ton. 
Y,eJor l~a 
Cbro~o tlc otc1tone 
Minor lizma 
P)'thagoreU> H ua 
11&jor d 1ea1e71 
J1 1nor die111 
Syntonic co=.:a.a 
l11oor coc:=a 
Pythagorean comma 
Schit~~Da 

Rutlo 

}:2 
5:4 
6:5 
9:8 

10:9 
16:15 
27:25 
25:24 

1}5:128 
256:24} 
128:125 

}125:}072 
81 :80 

2048:2025 
5H441 :524288 

}2805 : }2768 

De acrlpt1on 

A- B 
Two ! itth• lese one actaYI 
B - D 
( A + B) deducted troa one aeta•• 
} .1. - (28 • ona oeton ) 
D - G; E - P; 28 - .1. 
}A + B - t vo octovee ; D - 1 
t hree octaves - 5~ 
one octave - 'B; G - 1 
5B - (one octavo • A)J H - ~ 
4A - (B + t vo oetevee); D- & 
three octa••• - (4.1. , 2B); l - n 
12A - eeven oetavee 
81. B - t1•o ootav• o ; H - M 

7°noet ot the aat•r1el a in tbia eh•rt are t &ken ;t roa a eiailar chart b7 
Fr1e4r1cb Opel~ t roa b1 a JJ lse:.1n• Tbeorle ~ ~. P• 21. 

71!bo Harvard D1ct1ono!lll1oto tho maJor diooia oa 1}5:128 (lour ainor 
third. a ai.Au LD. oc:taveJ; md c • t he i.Dterv&l ab:ow ber·•· . l28al25 , a allior 
4iea1e . 

" 



t 

trtAoe ot the ayatec lack tit th aD.d/or thi.rct 1 aboYe or 

'below. 

Vd:achaidt, iD his theor, ot rational toce-a1ate .. , 

baa ~&de oce ot the QOSt ~ece~ratlcg &AelJtea ot the qua11-

t1e=: and. poaaibilitie a ot the ••rtoua equal-t.~pere4 

Q'ste..» wlthiA the eont,en. ot ~be wb or ti!tb.a an4 t hird.•. 

Be 1a particu.la..rl,- coe~:•r--ed vi tb two kind a ot a i..Dute J.Dt.er

•&1• which he eon&ide rs particularly t:portant to teapere4 

•1•••:.. '!t.: rust ldJ>d he cel.la dofirdns (dortniorond) 

tnteN&la . 'rheae &re t!le •eq a:all lnt·er.-ala in tbe web 

or ~tho &Ad }rdo •~ch are :a~e to di1appe ar (a odo equal to 

~•ro ) Ln tbe process o! building 6 syec1~1c te~ered t7ttea. 

'itt arntoa.ie eo~t.:ta, tor ex.a.:ple , is a ciet'iJ::.l::;g 1neeM'&l 1A 

1:-co~• te=~•~a:ect, ~• is the aajor dieaia. The s econd 

kind, ·,~."drlcba!d t calls co:.atruc t ing ( k outruiereod ) ia.t•r-

Tala. ~••• are tbe interval a eacb. ot which 1• equ.a.l to 

c;ne Wlit o r a te~;ered •.J•t,e:~.. Th• constructiJlg intervals 

lll 1 2 - tOtlt tt:pera;::ent &.rO 'be Y&riOIU kJ.a.d.a of le:itoUS 

S"Jc e •• l6:15 &A4 25:2•. It 1a 1.o"d.r•eh&idt 'a baste. eont.en

t ioo tha t e r&t1onal IJWtt = 1a on• 1u ~hleh tho lar~eet 

t e ttoin.s interval ta a::;.aller than tbt aca U tat con.atruc.ti.::.g 

~te~al.72 The ration~ 17ate:a , ac.eo~dtag to ~ttrac.haid t 

72·•a:och.:li d t 
P· ~7. '. d.--sc!t:.id 
~ ~Jor die a!a , to 
lC~ toa.e c•:;e~a::ent. ':be ai,,es ot :be a t 
~! 4l .Q eeota reayec.t1Y•l7• Aa co~truct~ 
-:rae~dt ael~r ts 16:15 , 25:24, &ee l}S:lC8, 
O! vQJ.cb ia 70 coat&. 12-tona t e::pe ruent. U 

.... 21.5 
1n~rv&1a,. 
the a:.Alleat 
t beretore 



..... 
- · . 

LrO 5-, ?-, 10-, 12- , 19-, 22-, ~1-, }4- , 5}-, and 118-tono 

u:pe:a.:~ta. 73 

CZ;e o£ the g.rea t ad~"a.nta ses o t t he conce¥t ot a web 

o! t i! tb and ~r<la i .o that 1t .,..OT1deo a cethod ot cllo.rt-

1.:1.& r.aic.&..l systeu aceordi.n& to the intenala !ro:a .tl1ch 

cb•1 a...""e 4 er1Teli, t buo eating rlsu.a.l and eaa7 to perctiYt 

t~ charac teris t i c tea turca ot tbe atatea. 

&osanquct Dlkeo •uch a graph o! the 12-tone a1atea, 

vbicb be c..U.a t he chaOd.ene, witb t h e titths vertical &a.4 

t~t thirds bori:ont&l. 

::Xa:llle 6 : 

8" D F" 
G !3 

F A 
rattcllf.l . I.n choo1iDg 1}5:128 •• b1a cblrcl ccnstructiDg 
1r.~nal -.:drs ch.:;.idt is ::a.ki.o.~ a :.-'s t unu su a l se l ection. Tbl 
"! .. -: H -to e-e ,,.ltt Q 1a b ui l t ea tollowa , ( 25 : 24 )5x ( 16 :15) x 
(~~: c5} • 2 . •~a,h=idt instea4 builds b1~ 12-tone 17ctea 
•• !ollows . ( 16:15)1 • ( 1}5:t<a >> x (25 :2•> • 2. 

?3~!~., p . S$6 . V~ach:14t 4oe e poae o l i:it on 
t~t tr;1n$~~ h~a •1a te: tor, i! t e did not, other •=all 
U::tt rYal.; ta: n:;.ovtd !rom ~ua 1c•A pr act.t c o vould 1ctertere 
Vi t~ ti s ealc~lstiona . He chooses es l i:it~ l l !i!tba and 
2? t~1~1$ tn order to el lminut a ~oc very amal l d1oc repanc1ee 
t rc..:. :.:.~ octave created by th~ l~th t i!tb (th! P}tb.agore&D 
co~) And by the 28tb third (v~ich exc etda tbe Diotb oc taYt 
b)' o:U.J ~ t ev c e::..ta). 

74
!osa.n.;ue t • .22.• £..!!. , P• 2. 
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'!'he usual practice in s~.aphing !Utho o.ud thirda 1a 

t o represent the !1!ths bori£on~all7 &Dd the thirda Yertlc

all7• h. 7 shov a the sa:e duode.oe •• ch&rt:ed b7 !.d.r1au. 

7okker, who attribute• i t to the l?th een~~ as~beaat1c1&A• 

Loolll>ard 3Ulor. 75 

haaple ?: Euler•• C.nu.a Diatonico-Cbroaatica 

A £ 13 F~ 

I" c c. 0 
f)b Ab £ ' 13' 

\le,r~~l1.:;1<!t 1 not1AS tllat the duodene rtqu1rea tour 

cons tructing intervAle, chooses a dilterent arraagesent 

Ot tOD.e8 • ~ple 8 I~VI the t our CO.Q.I trw:tlJ:1.b iJlteM'all 

1c 12-toce t.t~:per&&tDt ao they a,ppe&r 1D E:Qler'a •75te.a, 

wblle Ex4:ple 9 ahova ~dreeh=i~t•a •elution, eli:inatins 

the inteno.l 2?:25. 

bam.-ple 8: The Construct!~ Inte rTala in 12-tor:.e Teaperuent 

~:_Jf~ r!L .... £fl r • • . • • 
L~ . : ~·! - ; -.;=~ t&-;.1 

ns: ; :z.S z7:2S 

i'5!'ok.ker, A. D. 1 Just I.::.tor:.eti on • n4 tbe Coabinat l on 
!! !ar:.onic )i&to!Ue r.elOC'iC G:-ol.O;a, P• r.-



~1el, who Wll a eontempor.&r7 ot Wdraehzid t'a an4 

wbol e vo r k wa1 vell tnovn ~ ~. was probebly intlueneed 

bl waroeh=!dt •• voll. In 1925, &!tor ~aroeh=idt hod olreldl 

4tYtloped hie theor1tl ot tbe =uin~~n-~er:engewebe , but be

tort be eod1!1e4 tbe 12 -toc.e s.;:t~: •• abovn aboTe , £riel 

publiihld his OVD Y11 WI OQ thet 1 2 ·-tODt I,Yitea , u.aing on.l~ 

the traditional throe oonatrueting l.ntervala, 16:15 1 25:24 , 

&04 2?:25. Ariel o!tors tvo patte rn. 1n interval charta 

wbicb, vben sra.pbe4, turn out to be a a ia a bown 1.n XX...p1e 

10. 

Exa:plo 10: Tvo 12-tone •1otomo bl Ariel. ?6 

PA$8 
F C (;. 

?6o.r1vec! ! ro= the chart a in J.r1el, !R• cit. , P• 11.5. 



It ap~are tbat Kornerup vould asr•• vi tb tbe aeeon4 

ot tl::.e .A.riel ayste:s , tor hi a own chart 1ru:lu4ea eYerr on.e 

ot Ariel'• t ones except~ .. vhicb torcerup vould probablJ 

select 1D the same canner.?? Oo. other pattern , aoaevhat 

oiailar to &riel'o is ottere4 ~lov Lo ~lo ll. I~ 

likeviee emplo~s only tbe aa.e three eonstr~ctlcg 1~tervala. 

aoveyer, 1n epite of the atrong pretereoce shown b~ Ariel 

II.Dd wa.racb.midt ! or 1yatema inYolvi.llg o.o.l7 three conatruct.ing 

icter.ala, it 1a bard t o ••• v~ &03 ot tbeae 17steaa 11 

preterable to the Bo5&Dqve t 4uodect vi tb its co~pact patttru 

1nvolv1o.g tour different o1&ol or eomitone. 

~&C¥1• ll; AA hdd1t1onal 12- tooe Syatea 

IF* c~ G* 
.4 f (3 
p c & £> 

' o• £b fjb 
' 

• 

--
To \o"tlrschc.idt, multiple d1 vie ion tollova r·roa tbe 

logical wish to e l i=inate t be l•rser of the dtfinin& inter

Y&la. Sia.ce the 4e1sis is the largest or the detiniUf) in

tO~Yala in 12- tooe tecper~~nt, tbt next rational •1•t•• 

~~6 t provide a~parate t ones tor pitcbea eepara ted b7 that 

1aterY&l . The dieais tbus becO~$ ebe s:alleat of tbe 

??Derived troe: r.usic:al Aco"Uat tcs ~ 2 !. ?ur• 
7h1rd Szate: , colu=na ~1-o. 



constructing inttr9ala ot tbe next rational 17atea, v~1ch 

ia 19-toot tt::paru.ent. Used in.st·eac1 aa a dttiJUAg i.DttrYal 

iD 19-tona tacparament io tbe 29.5-oent ainor 41oa1a, }125: 

mz. conailtin& or tbe d.i!!erence between the cllroaatic 

&e:Utone 25:24 and. tbe caj or d.ie .ois 128:125. Both or the•• 

latter iotervala are coostructins intervale, and it tollowa 

th~t since all conotructing intervals are e qual to one unit 

ot a given 17atem, tbe ditterence between a41 pair ot con

atn:ctiDg intervale 11\l.lt equal a d.erinin;; iDtaruJ.. 1'l>ara

tor·e, 1D a r at ional a,.ete~t 1 the ~argeat c: on.atruct~ ioterYt..l 

suet alv~a be leaa tban twice tbe aizt or the •~elleat coo

a tr.:ctiti.S 1.Dt.-trv&l. Other or \;'flracbic1t'e ret1oul 171teq 

wi l l be ezacined in tbe chapter. on the Y&rioua epec1r1c 

•1st•=• or multiple 41Tiaioo. 

~ S:ate:a: To tbeorista pref erring exoctitudt or 

rirtha .o4 third• to approximetion, the pro~le• bea . bttD to 

lind va,.e ot cloaing the open ende or their 171teaa. To 

proTide 12 central t onoa with Bosanquet •e minimal require

:ent (a ritth and. a third. both ab ove and. below) woul4 ro

qu1re 26 tocea to tbe octave , th• outer 14 or Wbicb would 

·~~e :erel7 aa ouxil1ar1es wittout t he ac:ouat1c&l reeourcea 

to hco:te tonics iD their own right. llak!Ag pottntia.l 

tozu.ea ot all tbe tones 1:1 the treditional tve l ve aa,Jor 

u,., vo\.lld. r ·t quire a =i.n.i&~ o! }? totaes per oct-a•t1 18 ot 

tbea lack1ns at least one auxil1&r7• Ne•arthtletl 1 ·~ 

thtor1ata b.&Ye triad to co:e to tenu with the 1nt1A1tu4e 



o! poasibilitie~, and Just organa and harmonia have been 

built wi t~ al~ost e•ery poasible number ot t ones to the 

oct•••· Barbour eX&:inea a ouabe r 9! tbtae inatruaenta?8 

beg~ on pogo 108, oad Pe.rteb atu4iu eneral 1.a groat 

d.tt&ll. 

Within the web ot fifths and thirda, perhlpe tho 

moat reaarkable ne~-1dentity is the achia••• which repre-
u • J 'l l\lo 

eonta t~ di t!erecc o between 8 titthl pl ua a third and tiYa 

oc t••• • : 32805:32?68. or 1.945 eente. EYen t hose theoriete 

who baYt been ~plecabl~ opposed to aubst 1tut1Qg tbe eppr o

xiiUtlone i.nb.e::-ent in equal te!:.;er.:~~.~nta tor Juat ratloe 

have te~ed to accept tbe pr i nciple o! an al t eretion ot 

each fifth b7 1/8 oeh1amo (obout a quertor of a c ent ) 1.a 

orde r that everr eighth !i!th ~igbt produce a Juo t &ajor 

t hird vben deducte4 !roD Ci•e octa••• · Tbt t reat=ent oC the 

tebit31 aa an identit~ can £i:pl 1ty a 2us1cal s1ste~ con

e1dtrabl7• Clar~ Jonta rightl7 recarka that 15 ~•Jor k•r• 
can , vith tbe assistanc e ot a cinute temperament o! 1/8 

aehisca , be reali:ed vith as tew as 24 tones to the octave , 

lf~e.reas ~5 vould be re ;ui red 1!. tbe achiau v ere nott:r•ated 

•• &!I identity. ?9 

!be Sorvegla.n eom;-oeer !iT1..n4 GroYez:. also usea 

78tn Tunin; ~ Temperament. 

?9Jo:~G, ~~:nrka on Juc t Intonati Oft and r.usical 
!_C•L_lta , J.cou.a ticil ~oe le £j J our .oil, I g;:;f.p:-'727 . 



ecb.iaaa tie t.empera.mea.t tor hia ju.st orgu,80 but teela 

co: pelled to add 12 tonea to the 24 reco1moD4ed b7 JoAea. 

bric.gi.Ag ~o 36 W nuaber of to.oea to tbe oct•••· 

'fbe aeh.iaaa U tU subJ ec t ot a claasical approxiaa

tioa , poaa1bl.7 111alabele4 a theorea 1 Belaholt&' Theorea . 

Tbil atatea that tbe ac~a~ , produced 11 outliced abo•e, 

11 approxiaatel~ equal to tbo er~or ot tbe !i!tb in 12-toDt 

te•~ruea.t. The roapectlve tigurea 1.o cute are: 

Seh.iaca: 1.945 ceote 
Error ot Sth: 1.955 cooto. 

The use ot the 1chi s:a as an identlt7 coDverta tbe 

opoc-oo4ed plene srapb lDto a ~d ot •~1ral, or partl7 

detached ring. The peria eter represeota a cycle c! !i!tha 

vbl t. the apokes represent • serle a ot th.irda. ~ple 12 

lllua tratea t be &Jete: ot 24-toa.ea advoc-ated b7 Jonea. Two 

»Oaaible noaea.cleturea are ahovu. 

Rx&aplt 12 : 24-Tono Sebismatic Tomporaaent 

80croven, ~ UAte:pered C£b&n 1 Org&D tnatitute 
~t•rJ.7, Vol 5:;>, ~~•r 1'"~5· 



RiYiDd ~roven exteods the spiral by 540 4egreee, aDd 

~••• j ust auch a graph to illustrate hia article which i a 

dto4 eboTe. 

~ Se!:..is::a iD P'Yth'!.s~rea.rr. srate:.&: S1oce 8 t1ttha 

deducted fro• S octavea le&Ye• a cajor thi.rd 1D scb.1aaat1e 

u:peruenta, a •1•t·tm ot ti!thl ,.-1elde a j u•t third oAl.T 

it tbere a.re at leaH 8 auperi.:p·os ed Cittha. M ter the 

(!ra t 8 toc.es, eae h ad.41tio!1•l tone ot & Pythagorean ayatea 

wi ll 7leld. t~ 1llu.1oc ot a Jaat tbird. Barbour 4Dd Xutt ner 

potnt out t ha! thil s tvea t he 41atant ke7a o! P,rtbasore&D 

tuning a clo:e reeeeblanct to tho ntLr ktyl 1c jnst iat ona

ti oa , vbile £ornerup, vho atrong l7 41aapprovee o r Pythagorean 

tun1ng ,81 &'TS ot tho pbeno:enoa o! &l:oat-jua t thirds over 

the "back !ift~s~ ot the P,rthago~t&A &71tem, •It ia the 

plerCul vq o! na~ thf.t all e:uggeratloo corrects it-

ult. •82 

Beceus e of the relatively elo1e ~orre apondenc e between 

t wolve Ci!th.s 8.:ld a even ocu.ves, the tone• or a.n extended 

eyele or pu_-e (or eub-achiasatieall7 teapered) ! if tbs teD4 

to ptle up in la7era ot t velve, t ~cb re:o•ed f~a the otber 

P\U'e ! i ! t bs , i..5d an inteM'al slightl.7 a: allet- thu • 

81tor=•~P liken• the octawe. t l !th, ar.d third , to 
tho t.b ree J!:ll.ary colora , mto!._nts! .. n!..c.g tho.t P]'tha.gorea.niaa 
1a the ~usiea: e~uivalt - : or eol~r-bl 1e~edneaa . Yluaiea l 
.\cou.!..:..!ll ~ ~ ~ iU.rt ~ ~ate~ , colusn 29. 

82s:ornerup, 1-c:o....atlc ~et.t.o.!s !! ~. 19~ , p. 19. 



a;utonie coac.a 1D the case ot sub-sc:b.is&.at1call.7 alte red. 

fi!tha . The 24 tonea of Jones' .spiral ._.._ g.rou;t4 u 

follova vbe.c con••rted into a pi'tcb. cont1Du.u:a. 

J' .,, 
I ... 

Piteb Cont1nuu: of tbe 24-tont P,rtbagort an 
Spiral (el1ghtl7 altered b7 ecbleaatio toaptra
~>ent) 

Ill a.•V" J'' .,.., f,, '" 
' 'I '''I ' '(I .,..,I .. , ""I I I I II l 

1 l 1 1 1 1 
100 IOO JOO •co S 00 6•0 

I l I 1 1 l 
1M roo 100 1000 IICO ] Ill 

V1tb. e ach addition or 1,2 t onea another •lqtr• 1a 

added. oct co::a blgher thaD tbe pr eceding ooe. Tbia tact 

poaaibl7 explai n• vbJ propoaenta or thia kin4 ot 171tea 

bavt t t oded to odopt 17ste~s vtose tcnta nuab trtd &ultiplta 

ot t welve. It will be eeen in exa.:ple 15, t bOYit tbat the 

i~ttrvala b ttvteD t ach ot the t ve lve close groupe art ot 

t vo <U tter•nt aiz.ea, the ont being approx1mate13 ?0 cecta. 

the other, 91 conta . The a1:1a.ller or these two intervale ia 

epproxi m.att l .7 three comoae i n stze, vbile the larger oct 

is about tour. In t he 24- tone ayste~ abovu 1: tX&3plt 13 . 

there art aeveo. 3-co:.!la gaps , and ti ve 4-cou.a gapa. J.a 

~ tbeoriotl b••• pointed out, it is possible to br1D& 

the veb ot tittba &04 thirds to a ver,r clcae approxia&tion 

ot a elo••4 •ya tt:1 'b7 con~inu.i.ng the api_ra.l \l4t1l t.b.tl t 

eo~ s•P• ar e ti lled in. ~ total ot 29 a44it1onal tocea 

are needed to t1 U tb••• gaps vb..lcb brln,;a to 5} tbt t otal 



o.uabar ot to.nea 1.11 the a7:steo. ..l 5}-tone P¥thasor.u 

aystea 11 &l•oat 1dentical with 53-tone equ4l tt•p.raaant, 

u 5} !1ttba (}720} ,}5 COllta) i a nurl.7 prec1aol1 oqul. to 

}1 oct•••• (}?200.00 centa). A a1Dglo !i!th in 5}-tQDO 

to,.poruoot 1a cliatinguiaht cl !roa th o JWit l i!th b~ onl1 

0.06 o! a coot,8 ' 

Tho builclins ot 12- toot 1~ora aoparatocl b7 a coaaa 

encouraged tbeoriata to uee traditional to.n•l noatncla~, 

~itb tbt addition ot a 4aah over or under the not e•A&at to 

UuUcatt rail i ng or l overing b7 a cotuae. 'fbia pr&Gttca, 

according to Xornerup, evolved rro= a 171tea ot coaaa

di!!erentia t1on b1 up;er and lover ease letter• u.ed b7 

Eaupt::>-I.D l 8H to t l>o f ull: dneloped pl011 ot O.tt!.nsu 

1n 1866 • in vbicb 4ashea above the- note- nuea a1gtL1!1e4 

levering b7 a co~a. Ee~oltt, &ccord1ns to lornerup , 

dupl icated this 171te~ in 1870, b~t wi th tho dashoa uaecl 

below the letter& to lower t~e pitch. Eit• I.D 1891 atill 

uaecl the sys tem, but with additio~ end d1via1on oigno alter 

t be note-na:.ea rathe r tb&n. daehea. 8" 

Oett1nsen, Hel=holto end .:1 to eJ.l uaod J7thagore&A 

nocenelatu:e, Ybtrein St representing the J uet tb1r4 abo•• 

8
3Tbe at:e o r tbe !itth in 53-tone te=par &aeDt • • 

"•11 •• :ucb or the c1u;a ebout i~t•Mal a1:ea cbrougtout 
t~, pape r 1• sat~e r.d t~: An i:press1ve tho~h unpu~l1&ht4 
t oll ectioc ot charta appeuied t o ~ Introdu-ction~ Tuc.iDI 
~ te:pera:ent , b 7 ~le& S. Ient . 

S 84torneru.p • Musical Acoustics ba&ed ~ ! ~ !b1r4 
2l!!!!. c.oluan. 21-22. 



c , appear& Yitb the s i gn ot eo~a aod1t1cat 1on. the Gl 

25:16 appears vitb t wo oom%4 s igna 1Ddieat1ns that it ie 

cvo eou:aa rez.o .. ed troa the G# o.t tbe P.Ttbagorea.n aer1••· ,:,-z 'L 

Xor~ru~ottera a chart tbowing ~b• no=enelature Ot b1a 

p:edeeeaeore t or t our tonea •• d• r1Ye4 f rom C aa center. 

Be aleo ebove bil own no=en~l•~•• vbicb 11 based on a 

Juat t bird oys t em vterein it i o t he P,rtbegoru.n int or n la , fl 
rather than the IJUtonie 1a.tenala, wh i ch are alt e red b7 

eo:=a elena. Exaaple 10 1bova excer»t• troa Xornerup•a 

ch.a.rt . 

tnnplo 14 : 

f, . ,,#,o """ IJttlinJr" H•t• !olh (,,~ £ it-.. ~:pm.,.,. I',<A.,~I'<>'I ,..,.., ... ; ( nl ; ,. If~ 

A' tf'CIP ' ') C I! ll'f 

2'; : f6 -773 9 11 
}!_~ 9-Tl:-2 9.# JJN>h 

S:f J8(, e ~ e.;-J e F~ 

JQ.'I IlL ;; !! d+l tl £U 
'/;I 

~~~~ J. d, d d+ I> 

~e debate betveen adterent a ot the t wo ao~encla

ture, bae been lieree. varachmidt, an adherent of eyntonic 

QO:a.enela ture , a_nd J . Vallot, a disciple of Oett1.D.gen, e n

S•god 1n o bitter debate 1n t he I"'S .. or t bo ZoitsohrHt 



.... 

.Sl 

f.!!£ Phlsik85 1.n 1921 and 1922. 

Vdrech=idt compares hia 53- tono 111tea with 

Oetti.noen•a 1D d.iagru tor:, att·a:mpting further to contoUD4 

Vallot. 5ote , boveYer, in !xa:ple 15, that Oettingen'a 1• 

• or. coa~ct than Wdracha14t•a and that it make1 core ez

t eoai Yt u.e ot the acbia&lo relati on (1bovn b7 the dotte4-

11ao oxtono1oao 1.n ~lo 15). 

huple 15: 1/llrsch:l.d t' o and Oettinsen' 1 53-tone 
S1•t•u rltb Det1ning: &D.d Coutructlcg Interval• &bovn. 

(ONST~V(T!N(; 

I .._,. ! 0 :rt:y.; r-r- .. 
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It &hould bo noted tbet • trul1 P7tbogoroan 53-toao 

171tta vould ep;ear o~ a 4iagraz •• a a1Agle horizontal 

ro• ot ;3 tltt~. Not tYtn O.tt1ngen'e noaeaclatura , 

•• 

, 85soo part1cularl1 \/allot in volume ~. p. 15?, and 
\JG.rectlm14t in volWIIIe ; , pag e 111. •·aracb.mld t aecri'bee the 
11Utonic no;t3elDturt he uses to B. Starko. author ot 
ffi~:i kolisc:t.e :-:usi.kleh.re ( ot vhic:b. •a..rachm,idt eitea p.agea 99 

100) . ~a:scSil~; cl•~• aa the chit! advantage to 
1YDtoa!e no:e~clature that man7 t•~•r c o::a-alteratiooa ere 
~tdtd than 1D Cettil:otn'a 17ate-~ , a claJ.a vhicb 1s juat1-·•4 . 

A( _ £ 



eo=plic a ted by co~-atsna , e:pl071 tbe ~ultiple 1harpa 

~ !lets that vould ~ necessart to ~tlect .ueb a 41agraa 

ac:euratelt• I t wo1illd appear t b&t v~le 'titlrachaidt'l noaen

elature does co:mend 1taelt by ita relative sL:plicit.J , 

Oetti.Agen• a e.r1t12, a.s •hown i n .:.:u.:._.le 15, above, ia the 

eupe:-ior one, t 'f'en in \t'tlrlc:h:id.t •a ~vu tersa: It 11 tlle 

more compact; it ia the one whi.eh u1es oAly three construct

ing icterTalsi i t :akes ·~eh greater use or the cchiaaa &a 

..,. idut1t7. 

The two baa ic no:enclaeure• ot J ust cuaical aya~e:a 

8-D:! or 5}-toa.e tea.,er e.:eo t are r-e!lected. 'b1 t wo cllat.ioct 

d.1v11J1o ne o! the 5:5-tone 17at-e:l to produc e t.be d iatonic 

scale. Joach1Q Steiner. ad vocatLDo 53-tone te:peraaeot •• 

a b&a!a tor ~•••~e=ent r et era t o the ~bagoreao 41•1a1oD 

9 9 4 9 9 9 4 01 etring-!Jdian and t o tho Juot d1Y1110A 

9 8 59 8 9 5 ae Cluto-l741&n.86 ~ d1le.aa oC the alter-

nete ac&lea &nd no~eGclaturea ~•ult a Croz tbe conYeraion 

o! the syntOnic comma !rom dd!ining to con•truet lng interval, 

Ou:- note-~ea are Oase4 OD tte ••~~tion. Yal14 1D 12-tone 

t e;pera:tnt, that tvo pitches se;are~ed b7 a ayutonic co~ 

are 1~ reality one and tbe a~. 

'I'll• vel> o! 5t!ls &J>d ~rd.s c!ou c.ot ond w1 t h 5} tones. 

~'t!.rsc:h:.idt has E)ODe O!l tO d.iogra.= 118- tot:.e te=per&eCt. The 

V~b i a. indee4, endless , &ed it ~uld appear &d• i s eble ~o 

., 4 j 

S~i.:::Wl; aut die E:ntvlckluns 
ko~rea5 air Intern6tlon.leo 



e~ricate Our$~lve& and :ove on to tbt ?tb part1•1. 

TE! s=7H FJ.R7l.U.: ?:4 , ?:~, ? : & .c;D Ti!3IR ~ICNS 

• xn the !lora and t•un• the tigurta 1 , 2 , 3 . 
&e4 5 are r uling sccording to the lav o! prec~euce 
that 1 , 2 , and 3 (aa vell oa ~ult1pl iea ot theae 
tigu.res with each ot her) a re ruliC.S on a lower ataoe 
Of .d!' Vtlop~Otj fO:" 1D.St&.nCI in tbl !lowt rl O! 
c oooco tyledonoua placta aad vi~h :oOpbJtel; w~le 
~ (and ~ul<ipleo •• 10, 15, &ed •• rortb) indicate • 
higllet• pbos& ot d &ve l opceza , - ... ln t b! tlowera ot 
'bico:-yledonua p la::s e..nd wi t h ecbicoder" (t;tartleb, 
cr1no1dea~s , •~ct1n1ae)~ while other pr1~e n~btra 
1adicatt ter&tol ogiBG. "b7 

~~ above categorical op,oa1t1on to the role o! t h e 

number ? uppeo..ra in a theoretica l treat i oe on C1.l.l1c. It ia 

a.ot, aa one oight thi:1.k , trc:a an oppOatnt oC the ex;a.ns10l'l 

ot mun ieal rcaoureoa. ~be atateo~at 11 by &orcerup, a 20th 

ee:at-Jr,. advocate or cu.ltiple d1.-1a1oo. It voulc! appear 

that in vbatever tonal worldo may d e velop, the ?t~ partial 

v! ll :eo&ic tbe ~~bject o! coo~rovt rl7• 

!ornerup • in b.ia other wri t Ulgl , acknowled-ejtl t bt 

seve~th partial . ee adaita ita plsce a:oaa ao:e ot tbe 

mus i ca l sy ateos ot the pas t aod preaeat ,88 Bnd even pr o .. 

vtJes an approxi=ation to~ t~ incerTal ?:6 lc hia Goldeo 

8 7t:ornerup, Muo!.ctl Lcoultic• ~ !!1! !:!::::.!. '!hlrd 
~Gtt: , eolu=n }1. 

, 88He &sserte t bnt th e arit!:a..t:net1cal dirlsion 10:10, 
0 ·~ ~ 10:8, 10: ? , 10 :6, 10:5 111 the batie t7P1 ! or oriental 
~nta tonlc eus!c . Aeoutt!.cs ~:et~ods o! ..-or~ , 19}"1-, P• 1.1 . 
b~~a ~or~ ia een 1tkrs· ~o=e riCi~~-r ~ooe 1n vtleh 

• Ottuck • the . ?tll partir. .... s o veb.ece:. t.l¥. 



S71te:.89 More iQplacabl7 opposed to tht 1nclu11on ot tbt 

7tb partial 1n UlJ' ldDd o! cusieal ·~to" 1a Ariel . He 

411tinguish~~ between the •natur&l• nuaber ser~ee ( wbich 

1c.cludee all .a.u:abera) and tbe ~ar:onic • aeries ( vbieh in

cl\ldU no prl..aelO or product• o! prl..aoa higher than !1 ... ~90 

Ariel'• opposition touehea ••er.r aspect ot the ee•entb 

partial, and ia c•tegorieal and ab•olute. 

Da.:Uelou proJecta th.e Yiev that tht aeventb pe.rtial 

11 bt10n4 tbl eeo;>a ot nor!U.l hu.aa.n peret pt.io.a., 9l &Dd that 

1tl 1ntro4uc c-ion would the retort be •d&Ageroua . • 

In their o,po1tt1on to th• incorporation ot tho ?tb 

puthl into t.DJ c.a v mut i.ca-l ayo·teatt, thete men Collov 1 

l oco and d.lating\IUbod l ine ot t~eoritta v b.ose ran.U t.AcJ.wte 

t.e..r lLno , Rameau, Oetticgen, Rie:ta.a.n, a.n4 HJD4oa1th.92 tn 

bh dtC1Di t1Te work on the 7th pa.rt-1&1,95 Har-tin vo~el 

89Por a thorough discussion o~ Jor~•r~p•s Golden 
S]'tto::, aee Chap t~r 9. Xortterup Ng&rdl 7 :& sa amalltr tb.&D 
6 t5 b7 • c!! es!s w!Ucb, in tbe gol c!en o;rate!O, 1o .618 o! • 
eoall ee = i~vce. The golden opproxl=a t ioo o! ?:6 i a on. ot 
t.~ .. boat ! n Ko::·nerup' o aystec t 265 . 93 eon tal vi thin one CtQt 
ot t~c ~atur&l ra~1o ( vhich is ~66 .8? cecta • iornerup ' • 
ro;reae~tation or ?:~ 11 mueb l e as accu:~;• , hoveyer. 

90~1el, !2• ett ., ~· 4?. !riel goda oo to po1Gt oat 
(p . ~1) '"\."~.c.:~ ... zve1 Z!n;e: e!oe:l :;veillU-oi) s1~e.n, deaatn 
':14ne ge c.au 1:. Verhsl t.nia G:? scbwiz:,oeo, da.."ln iat daa ve4er 
ttn =ut iLalisches Ictcrvall noch die 7e:~erieruns einea 
•olchen ; •~ i s t Oborkauvt keine ~us1k.~ ( If t wo •1cg•r• 
AiJ..O o t a.n interval ? :6 apart, tb.e reault ia neither & 
•u.e1cal interve.l nor tho te=perament oC aucb a.n i oterv•l l 
1t !a 1nde•d not ~uoic at •11) . 

9 lD&n!•lou , ~· ~·• P• 2}1 . 

92'rb.ese naa.ea a1 • c1tec1 b7 Pe.rteb, !,2• ill·• P• 9,. 

Pr 
9}~1 z in 4tr ~n~~~at!veo Y.ua1 ktbeor1e. Vogel La 

1Yat4o &enc-a~ tae-cn!vtr$lt7 o t ~nn. 
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1•••• • little 4o~bt ~t eve:y ~onceiY&blt &rguEeut vbieh 

pre aent-d~ aenari ata might wish to use baa &lre~· bttA 

ottered. However , aa Vogel ahowa, :ueh ot tbt oppoa1t1on 

to the theoretical endoraement o! tb~ ?tb ~rtlal ha• bttD 

baoe4 pr1mar1l7 on ita una•a1lab1l1t7 1n preeont-4&7 tun1ng 

and in ita exelu.lou tro2 cba d iatonic acale.94 

Thtra i t a large aeaaure ot amb1Yalenet toward tbt 

•••enth partial on the par t ot C&A1 advocate& ot cultiple 

41• 1o1on. Fri t dri cb Opelt , witbin a s i ngle tert, 95 .prtaenta 

a ~co:ple te • tabl e ot baalc inttrTa~a !rom wbicb the ltYeDth 

partial ia comple tely abaect,96 a t sbl t of conaonanc t a which 

iod udee rati oa o C tbe ? tb pa.rtiol,97 a atatocent that 

t ho oeventb partial i o diaturbing (ot0rend) , 98 tho atata• 

:eo.t99 t hat all con.aona.oce1 a.rt d trived. troa tbt •1..Da.l t 

cto~ 4 :5:6;7:8, t he recognitioa o f 31-tone tt:pe~eat •• 

a seans ot includin; t be eeventb partial withio a auaie•l 

syate:, ~ !!nall7 ~h~ decision t~ exclude t~ • ••enth 

partial !rom further musical sp~c~l~tian because o! tbt 

94vos e l e1ttl tbt tbeoriat CbladDl, vbo , 1D rt!trr1~ 
t o Ki rnber &er's Dace ! or the t one created b; tbe ? th partial 
f ree C (1 ) , erueked tbat tbe na t~ ro l aevontb val na=o4 1 
alter the 1m;:er atLve to:-~ o! the La t1!:. ire , to gO , an.4 a eant 
•Go av&7; we Cave oo place Cor 70u bere:w-

95All ~t=e1no Theorle ~ ~. L8. 

96p. 21. 

9?p. }0. 

98 p . 65. 
99 P• 66. 



technic~ 41!!1cu1~•• ~l-toce ~•=PerAZeD~ would ont&il . lOO 

BUltr, t be l?tb e eneu.~ matbezatiei&n ou vhoae 

tbeoriea ot t he Greek genera a &5Jor current school ot '1-

tooe te:perecl mus ic baa been !ounded., demons trate • •uc.h ot 

t~ a:b1Y&lence t ovard tbe seYenth pLrt1al abovn more recentl7 

b1 Opolt . SegiDDiDS witb speculationo about mode •• baaed 

on t he aenario • Euler ~Jeeta ack:ovledged Creek tuni~a 

bote4 on aept1mol iDtoroala •• 1:por!ect aDd harab.lOl 

Sptculattc& about thei r u.e none~beleaa, Euler btcoaea 1A

creao1Agl7 intereated in tbea and, la t er , endorsee the use 

or th.e • • • •nth pa.rtial. He evolvea a aatheu.tical toraula 

tor measuring relat iYt degreea o~ conaon&Aee (b7 ad.din& 

!actors &Dd expoctota) wbereb7 tbe na:~rkl alnor ••••nth 

1a the cos t consonant or tbt ~1nor ••••nth• whentYtr the 

tntenaJ. 11 inereaaed. b7 tbe 1.Dterpoa1t.ion or one or a or• 

oetaTea . 102 

SU.i)Ort tor the i nclusion or tbe ?tb partial 1D 

~ausical theor, baa as lona and di e tingu isbad a h.iat.oey 11 

ba a ita oppos!:ion. ~o=o t bt tigurtl vbo bave 1Da1at.e4 

t hat a r ole be t ound tor tbe nu:be r ? hove teen Mereecn•• 

1001' • 67• 

10 1Euler ' a 7eota.:ent Kovae Theortae. unpubl. doctoral 
<11tt ertat1oa by <.;}!..:.:-l e a .;). s.=::rt"!i";' P • 17>• 

102£uler• o ingenious thouoh higbly quest1ocablo 
i1'S 'U • f or uuuring conaoca~e i a treated at aoae l ac.gtb 
1A Vogel, 22• :!!·• eap . p. ?8 . 
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/ 10} lo-'ta.rtl.Di, fttia, Ser=e , Eaupta.&.D.D , &.D.d. Umberger. 

'Iht well-knovn critic, Dooa.ld. 1r&Dc:11 1o'fey, is at tb.e eo4 

ot a long liAt or &usiciana ot ~ generati on. when be 

co~ploin_J that :UDic aa it to now conetituted "contai.n.l no 

room tor ao ei=ple a tb1ng aa tbt ?th p~t1at.•105 

"~ proponents ot :ultiplt d1Til1on h&Ye been 

1Dttrtltt4 1.D the possible ro)t Of tbt itb partial 1D t .D

l&rgtd muaical 171t~. Iaaaer, vbo calle tho 7th partial 

•tl&'forltaa• rlthin the diat:onie ayetta, 106 incorporate a 

it nonetbtleae 1nto the bod1 of conaonant sonor1t1ea ot bia 

~aupra-41atonic• ayste~. 107 

:t'bt interes t in the seventh partial on tM part ot 

aom~ theorists has been ao keen that there have even bttA 

proposed •Just• 12-tone s7stema whos e non-dia~onic a e•bera 

are to be draw tro: sep:i::&l ratioa. One aueb proposal 

1a b7 .&.. K. -'.vraco!t in the t1rat voluae ot Melos, 1920. 

!!e ottoro a aeptl.!:al tun1.ng tor tho 12 ke7a ot tbe p1a.o.o 1.D 

the na.:t ot "tree1ng• =:us1c troa tbe ab&.ckles ot equal 

lO}Portcb , 2£• £!!., p . 9}. 
104x:irnberser's i.11tereat in the ?tb. partial ia 

t reated at eo:e le~~h in Vogel .~· e1t. 

l05£Dc7elopaed!a Erittaniea , lltb. Edieion, quote4 b7 
?okker, Explrienees Y.usieal ea , P• 133. 

19}. 
106! Tbeor. ~ SvolviM ionalitz , toot:note to p.egt 

107ror 4eta1la on Taaaer•a eupra-diatonic 871tta and 
1ts uae ot tbe ?tb partial , see below, Chapter 11. 



temperament.108 ~vraauo!!'s position spp~ars inconsistent , 

bovever, tor whi le his theory postulates a just , non

sept1m.&lly d erived d i atonic scale with septimal tones 

between scale degrees, the actual pitches o! his srs t.a 

yield no such diatonic scale. The bar~oAic minor o! Y i s, 

however, possibl e in the scale v hic h is shov.n 1n !Xample 16. 

Exampl e 16: Awraa.::.ot t•a Septi.mal "Just• Scale 

Pitch na:es given 
by ! vraamot!: 

Intervals upwards 
tro:~. Pt 

The veaknesses or thi a scale •re evident. The inter-

v&lB 'V&.%7 in uiz.e !rom 9 : 8 t o 64 ~63 a.n.d include •••en 

d i !!erent sizes. ~bsolutely no scale p•tterna and very tev 

bar conic patterns are transposab le at all , ·and these onl7 

t o a fe~ p1tcbes ~thin the syste~ . Avreamot!'s concept or 

t ooalit1 is ev'identl7 quite sta t ic . Vith tbe exception or 

the intervol between Ab ond A (25:24 ) and the interval 

bl'!tween 6 and f. (49 :48) , the intervals ot Avra.a::o!!' s 

108Awroa.co!! 1 A. 1,i. , Jenseits von Te :.periet"Wl~ and 
Tonalitllt , t:elos I 1 p . 131. .i..liras.mo!1""'s" sys te<t Eas e-
aut loua dist1nct1oo or hQv!ng been callo4 voroo than •tbt 
poores t tuning syst·e!ll. show in tb.ia book" bJ Barbour , 
Tuoi~g ~ Teoperament, p. 24. 



scale vould tit teirly eo=tortabl1 into 41-tone equal 

te~perament . Exactl y as it stands, however, Avraesot!'a 

entire scale cou~d not be approximated bt any te~per~ent 

~ithin the range o! thia atud7. 
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Adriaan ?okker baa rece~tl1 produced a 12-tone genua 

which achieves vha.t Avraru:.ott sought to obtain. Fok.ker 

cocbinea tour aepti:al tetrads 4 : 5 :6:? 1 tbe tlrat t wo built 

harmonically on ? and C, the other t wo built ornA:entAll7 

downward !roQ P# nnd B.l09 The sixteen tonoa thereb7 

obtained inc lude t our identities, thorob1 r educ1ng the 

number of di s tinct pitcheD to t wel ve . Tbo resul t involve• 

mucb leas dialoc&tion in the tonee ot present tuning 

pro~ t1~ e thAn do• o Avraamoft ' a oyate~. The five eonn t ruet• 

1ng intervals range in ai•o Crom 28 :2? t o 15:14, inYOlviDg 

a range of leoG than 2 to 1 aDd only al1ght l1 great•r then 

the range of COD.Gtructinc; intervals i .D the traditional 

j us t 12- tone ucale. The entire syste~ !ita reasonably well 

into }1-tone temperament with tbe &ir.gle intervals repre 

sentino 2 or ? units, geoerall7 aomevhat extended or 

shortened. ?okker's 12- t one &eptimal scale i e ahovn in 

Example l?• 

It should be emphasized· t ba t Polt.ker's septi.Aal 12-

t one scale is ott ered as one ot man7 possibilities, &lsost 

a_s a curiosity , vhlle J..vrauo!! ' s curloaltJ' la auggeat~d 

ln all seriousness . 



.. 

l!U.::;>lt 17: 

Intervals between 
auceeeaive tonee: 

1ok.ker' a DiaeoD.ic C.nus witll 
~ A44td S.ventht 

Pitch na:ea auos••ted 
by ?okker'• a1~: 

lDtervsls upvarde 
troa C; 

A 171teo ao~evbat a i,ailar to Awraaaott•a &D4 
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Yokktr'e ia o!tercd by tbe Er.3liabDan Perrett.110 Hia 

•1•t•~ right!ull7 bel ong• 4~ong th• propoaala lor multiple 

divtsion vQich are eoQA1dtrtd in succttd1ng chapte r • <••• 
Cb&pte~ ?). Tho basi& t or Perrett'• 070te: io tho con

atruction or t wo diatonic ocal .. a ••.Pti~al se,.itone (21:20) 

epart. It 18 qui te uodertt&nda~le that theorists who ar. 

1Dtorested ill the 7th partial are Ullliktl1 to bt oatiotied 

vt~b any 12- toce &yste:, ~ Perrett's 14- tone baaic scale 

(ho later ex•eoda it t o 19 tooe o) 11 but e tirot otep ev11 

! rom 12-tone t hicking UDder t h e inlluenco ot t~e 7th 

partial . 

The various ioterv&la created b7 t he ?th partial M •• 

t b.e / ollovio.g diacre:>a..o.c.t.el in 12-t:Oil4J t e=peruent' 

?:4 }2 c•nts too l&rge 
?:5 18 centa too lara• 
?:6 }4 eenta too larfo 
9:7 )6 Ctllt t ~00 ••• 1 

l 
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Nouetheleaa , z.&n.7 theorist• h$Te held. that the 

•~Tenth p&rtial expla~ at leas t aoae ot the phenoaena ot 

t he s:Uilc. ot tbe c.urre.D.t repertoire . The doc1.n.ant ae•e.a.t h , 

ln particular , hae tre~uectl1 been attributed. to the 

partial• 4 , ~ . 6 , and ?. That & &QT ad•ocatea ot t he ez 

pa.llS10n o! cualc al reaou.rcea ahou14 a.rgue, a a doe a Pokker, 

tba~ 4 :5:6:? .11 the •pr1a ary chord• ot mua ie,111 11 bar417 

aurpr111n&• EYtA aou or tbe t.beorlata vho h&Ye been 

l oath to accept tho val1dit1 o r Cht 5th parti al have 

aeeepttd the ?tb partial •• a cuaicol r•&lity. ~ aucb

cited aurTt1 br Cornu &Dd Kercadlt r lat~ in tbe 19th 

centur1, vhic b &bow&d a pre!trenct Cor artitlcial tbirda 

1n pl ace o! the 5tb. partial except 1.n tho ha rconic u. o or 

tM a aJ or tbL-d. , abov·ed a general. pn:ttrect:e tor t bt 

natura-l aeTen-;h in domina.at b&r:IODJ'• 1'1:ora tbao. that , 

Sr&:ldau, vho &gre ed vi th Cornu G:lid ttercad.ier about the 

St b p&rt ial , e~nsiders tte interT&l ?:4 to be preaent 1D 

the rich narmoniea ot Vagoer and rea~onaible tor their 

"="-" ( "sU.nu!lde" ) e!!eet . 112 

!ra.:.da=.a.'a thests that t he i.D.terva.l ?:4 pervac1ea 

'.'a;;ne r • a harmonies le~d G to 1ntero a t ing speou.lation abou t 

tht iavertib!lit1 ot the aocor1ty • :5:6 :7. The t=all•at 

111?okker, ~ Lctona tlon , p. 10. 
112 eranda~a, g?· clt ., p. >56· ?urthtr e2ph&tic 

•up;o:t ot the role o. tce-?tb pa~tl•l lD 4o~ln~t haraoQ7 
1s O!!ere4 tv ~. NorCeu in A Sev St3i7 ot ln t ervala, Or&an 
lostt tute ~Arterlt , Vol 5:r,-pio• • --
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ra:1on&l 1ateger• ~eh ca: be used to indicate the 1DTtr

e1on ot tbia •oUDd ar~ 60:7~:84 :105 . NeTerthtltll, 7otktr 

u.ea auch aooori tiea, Cict:. he calla chorda o t the aub

ae•enth, AI doee B.rr,r ~b. 

The apeculation ariaea rroa the uat b7 Wagner ot a 

Tilt uu.a'Wr Ot h alt-disinished l:tVentb CbOrdl • 1."0.. balt

dis1niabe4 •evo~th , in traditional practict, ia tbt exact 

1nYe relon ot the do:inant aeventb and ia therefore to the 

chord o/ the aub-seT•nth preciael7 aa the do=ioant atTentb 

ta to the chord. 4:5:6!? . Bra.ndsca ne••r QC!Dtiozu t hl bal t

d1~tabe4 lt¥tDth er;l1c1tl7• Elaevbere 1o b11 article, 

be •tat ea that ~~ d~ahtd aeventb aboul4 coneia t ot 

th...-ee .P,rtha.gorean ai.:l.or t hi rd& , l e c..-tc.g oDt to vondtr 

whether bet cooaidera tl:le b&.lt-c!im.i..a.ished •••enth to be 

baaed on 4ittereot l over ioterv,ls t b&e tbe dtain1ebt4 

OeTontb . I t 11 posoible , but bardl1 likel1, tb at SrLDdaaa 

la.ee.Jlt t.bt b.&l.t -d1r:Un16t.ed chord t o e on.ais t ot t wo P'J'tb.a.go rean 

U nor tbi.rCa with a natural S"!vec.tb percbt4 on top, 381 

c::eo.ta abo"ft tU dt:i.clabecl ti!tb . Owing to hie d1a1oel1n•

tioa. t or t be 5 th partial, it is possible tbat the abo•• 

woul d be bia pre!ere:ce over t~e ~ore lo&ical ~:~:~ : l or 

60:70 :64:105. 

Vb!lt t he l.nt•:-T&l ?:4 has be e o atcole4 out b7 aou 

VZ'it t 't'• au:b &I 8r~s:.t., ?:~ an<l 1:6 ha.ft a.l;o 4.riWU the 

P.M.tcu l .u· l ,ctereat o: ot.he:-s . Perret t !1JlCh io t.bt trito.ce 

7:5 (5$ 3 cento) greot be auty v bieh be !11>40 laok!Jla l.Jl tbo 



equal-te~perod aubs~itute . 11' Ferrett eitea Tartini in 

support o! hia conviction that ?:S ls ~e ;roper ratio tor 

t~• •uo~ente4 tourth. 

7:6 bao been o!!ere4 b7 ivraa:o!!, ?oXker , and others, 

• -• tbt lover intenal ot an i:porta.nt aept i.Jlal &1.:1or triad .. 

6:7:9. Thia eonority is o!!orod b7 !vre~o!! oo t he oxplona

u o o Cor the a\lpertooic chor4 1n just il!t onation (aupt: ote4.l7 

tllerob7 ending the riddle or ito apportnt di,.on~U>e o) . It 

is dittlcuJt tO set tht basil tor Avraa:ort•a aaeertloa. 

The ct ord 2?:~2:40, vhteh 1e tb• chord or the eecocd 4tgree 

of tM st8Jlcia.rd Just major ae•l• , b>ea.ra .co more ot a 

reat:bl~ce o! 6 :?:9 tb&n it 4oea to 10:12:15 , tte at~ard 

,jw;t :Unor tried. '.bilt ?2: 27 1G a eo""'a •=•llor t biiJl 6:5 , 

1 t 1s :.ore tha.n a coua l a.roer tl::.i.l::. ? :6 , a.nd tbt ••ptiaal 

:inor triad, lik~ the traditional ai~or t riad , conta1oa a 

pe:teet t ittb which , 1! ~sed tor superto~1c bar~oQJ, au1t 

t~-ov sou other !ittb o-ut ot t\t.CA!. 

'!'be sonor1 ty 6 :?:9, like t tl<! sonorit;r 4:5:6:7, boa 

hee~ cited conai~•rablJ ~ore o!ten ~AD 1:s icVer51oD , 

lea~ 1 AQ oce to question anew v: etbtr tte sonorities e• tra

pol a tad !rom tto h~onic series e~, i n teet, invertible . 

ra..rtch a.nd: Yokke r r epea. tecUy 1ns!.-st t!:.•t tbe7 are. but. 

11 ~so eca:or~d is Perre tt or t Ce soUDd or 7:5, tbat 
h.e 'OIJ tulateG the 1o.vent1o!l o ! :h.e ec.l:.a.:=.o!lic: geou.a to 
~e:ect t~!l to a cban;e discc~e~ or to!s icterva~ b7 
Oly;;~c , owing to a alight =iatu:i:; o! hie l1re. ~ 
!:..ues:io!i.s 2.!, r-:;.~sical Theory , P• 3 . 



oilt&ide ot tbe ir pages, o.~e ia u::.likel7 to 11-Dd. ~ reter

e~e t o a ltpti=&l a ajor , 14:18:21. In experi:eAtl related 

to the wr1t1Qb ot this paper, the aepti=al a1~or chord wu 

entbua1a&t1c&ll7 reeei~ed whil e the aepti~al aajor vaa not. 

T!lote v bo are •• &.rgW&ent~t1'fel,- 1c.cli.na<1 u tU aa~ 41• 

ti~lebed. thloriata ~ho bave debated in the paat tbt 

1nvort1b111t1 o! the }rd and 5th part1ola will baYO a tine 

new boce to chew upon ahould the ?th partial aaauae a 

greater role 1..D the music or the t'uture . 

~ ~ ~ St ha , }:'do, and ?tho: Tho a4d1 tion ot 

the bu:.onic: ae•e::.th t o th e veb o! tblrd.a and litW adda 

a oew e...-ra:, of poat1"bl e l.llten&.la vbieh c&D be uat4 1D 

place ot aed.tooe, dhaia, and co~. !be pr·oli!erat1on 

ot tbt l l 1.DteTYall vas r-ea;a.rded a& a g:-eat th:•at b7 .&.ri el , 

and their abtor~t1oD into a ~usieal 5ystem doe& poll a 

considerable problea. Example 18 sbows a tew ot tht aoat 

pro2inent or these new iote rT&la. 

Tho tour iAterYals which are bracketed 1A SXAcplo 

18 e.re the ones :rokke·r uses sa coo5truet1ng 1nterrnla tor 

his 31-tone ara tes. !he bott om oce 11 one ot bia det1n1ng 

to.ter-v&la , othc .a.·s ot which includ e tbe syntonic com.~~a , 21 . ~ 

eeott
1 

and. tb.e 8-c:ent interval , 1029:1024 , couiating ot 

t.t.ree ber~ocic a e1'eAt .h.S t.nO a t1!t:h, =i...Dua three oc ta•ee.
11

• 

!ho t>IO coll.r-idect1t1U (225:224 and 1029:1024) &.<'* 
7 .. .I , 



Ratio 

1 5:1 .. 

21: 20 

28:2? 

}6:}5 

225:2~ 

She 1.t1 
c:ent e 

118. 4 

85 

7 -7 
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l)oscript1on 

Per!eet ti!eb plua aAjor t hird , a1Aus 
natural eeTenth. 

Perfect t il th plue natural ••••nth, 
&i.nus octcave e...£4. th1r4. 

l:atural ••.,•otll aiuua a PTtb.a.&Or·t&A 
:Aj or airth. 

~o pe rfec t ti!tbo, ainua a major third 
&nd natur&l aeventh. 

'r'wo natural •••e nt ha, a1oua an octave 
~d a !Utb. 

in oc t aTe and t~o mojor thirds, ainua 
t wo natural aeTenthl . 

Tvo octavea , ~inua t vo tittha and one 
natural ae"fonth. 

'lt"Wo tittbs Uld tvo t hirds , ainua an 
octave e.nd a natural seventh . 

in a ao~evhat less perfect V&J to septi:al just 1Dtcnat1on 

vnat t he ecbismatic relationsbip is to aonary juat int ona

tion . !Nt the 7th partial addo a third 41~:e~1on to tlu! 

veb or t one-lattic e as ?okker c~ls it . secaaae of the 

added d Uticult ie s 1Aherent in this t hird di:ension, no

bo<ty has 11 ,.-et propoaed a aepti.zcal sttd-closecl, "rou.oded• 

J u.at a75 te: c.o~pua'ble vi tb J o: ea' or Gr o•tn•a ••tl&r'J' ,luat 

17Ctem.. Soptical ach1e~atlc tt~per&&enta do not , &I :et, 
·~•t. Thtrt art, on the one haod, e1att21 auch • • 

Perrett' a &Dd Fartcb •a (••• Cbaptt r ?) vbich l.a.corpora t,t 



the 7th partial but :.&k.e no att e::D;pt at co:zplete or net.r• 

eo~plot• cutual1t7 (tranopooabl l1~7)• On tba other b&D4 

there ia '1-tont tt4per&:@nt with 1tl close approx1aat1oc 

t or tb< illtenala o! tha ? th partial, u 1a ohow ill 

!X&apl e 19 , below. 

l!::i<.uplo 19' 

Errore or Septi.:Dal lDterTala 
1» 31-tone Temperaaent 

Intenal 

7:4 
7:5 
7:6 
9:? 

trror 

1.1 centa 
2.1 centl 
4 .1 canto 
9 · ) eonta 

Vbil e oo seci- elos<d juat •1•••~ opoel! lea ll7 

de oi gned to inel~t >be s eventh p~tial has b<oD o4vaneo4 , 

Boee.nqu.et diet not negl ect to sugges t cethods ot approx11Dat-

1ng t he eeventh pa:tial yithin his s enar, S11te~s. The 

ato.c.de.rd .Unor s eventh , 16:9 , when .tla tteoed b7 a Pytba.goreu 

eo::a 1 becozea &l:oat equal to the oatural eeventb. 115 It 

:&7 be 1~pl1td troa tbis that the co~a-layer a7steaa or 

~el&holt &, Boe.nquet, Eit&, Groven, and other• can otter a 

clos e approxization ot the ?tb part141 . Howeve r , Bos&nqu.et'e 

ap~roxi:at ion 11 • centa in error , aDd anotber 2 eenta •uet 

be added t o tte error vbtn t he :ore uaual syntonic coma& ia 

eubatituttd tor t~t r,tbagorean. The 6- ceot epproxi&a tion 

!ar tbe natural seTIUltb 1o :u.n.;r ot tbe •11tem.e or tittb.a a.nd. 

tl:.irda u~ well be w r t h not i ng , althoug.b tbio lllght otUl 

ll5Boaanquet, ~· ~·• P• 41. 

I 
I 
I 
I 
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6? 

~ 

bt an exceesive 41ecrep&nc7 tor an iDttrYel &I un!aailiar I 

at t he natural ae•enth. 

~tantone te=peraa~nt ot!er.d &D exc ept1on&ll7 !int 

approxiaation ol the natural sev&ntQ 1n the fora ot i t l 

au~e.o.u4 aixth . Tb.ia 1• !orce!u.ll7 brought out by rac:h 

o.rl7 theor ieta ao lirnbersor , and by Bosanquet116 &D4 

[ ornerup.ll? 

Tho nailabil iry ot the ?t:h partial u Ul oYertoDa 

tor bra11 instrument• baa been explott e4 occaaionally aa b7 

aoaaini,118 BeetbOYen,119 Ant more recentl7 bt Br1tteo.120 

bartok 11 c1ted121 •• bav1Dg advocated ita Ult, &rguiD& 

tb8t Co l k-pr3ct1ce ADd creet1ve n•ceetity Juet1!1 1tl in~ 

co r;ora t1oc into munlcal tbtO.rJ'. 

~be po••1bil1ty of &&king the lDtorT&ll ot the ?th 

partial •••1lablo at an~ acale 4t~rtt l o &41 auaicol context , 

116 
~· • P• 42. 

ll?xornerup , Di e Vorl tu!er der gleicb•chwebenden 
~e:perstur, PP• 1-2.---

UStn .a !&A/a re <:1te4 b,. Geveerc, B1ato1 re et Tb,orie 
!! ~ ~ualqce de l'!nt1qu1t 4, p. }lS. --

ll9Tr io ot Ero1ea S;ympho~, third cove&ent. It 1a 
Of co~ra t play~d higher todAy, but tbe concert Db ' a t or 
t~tr~ horn a ~e produced by the •~venth ,arti• l AOd ~ere pro 
~t.bl7 pl&7ed •1ov • ai::c: e :he us1.1.al preet.ict va_a to lover 
;~~~ tnao t o ra1Qe tto naturel p1tcb b1 band . ?u:tbe~ore, 
t~es e ~b '1 &c~ very beauti ful vhen pla7ed ~lov.~ 

120ro t he Serenade !or Teno~, ~~ !e! Stringa , 
.P:-elu .. h e.u:t FostlUJe. 

12127 Pokkor in Lo Ga::o •.•• , .;o 152. Article o1te4 
1o tro~ tbe sunsarian puoliCitro~ OJ Idot. 

. 

I 
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althoU&h r e j ected b7 ao:e &d.vQ-Ca~·•• o! :r:ultiple 41T1e.ion• 

1• to othera the prime reasoc !or l ooking b~yoD4 the bori~on 

ot the 12-tone &TStea. 

In tbt erpanalon or tbe t 1el4 ot usable eleaent a 

Cro: the har&onic seriea , once t he ?th partial 11 accepted., 

the 8th , 9th, and lOth partials t ollov without d1!C1eult7• 

1'bt 8th a.nd lOth partiab a.re, o r c:ourae, r ·eplicaa ot tbe 

!WidaJr.Ontal and o! ths 5th parti al , vtlile the 9th pa.r tial 

1i d e!"i 'r ed !rom. t vo su;.e:ri.=-;osed !ittha, a.Dd it gene rall7 

~o~ee,td ; o be tilt tuis ot the .,..,.n:oD.ie degree or the 

just scale.122 !he next controverai&l point in the ex

p&ne1on ot tbe usable r ange in the nar:onie aeries is the 

l lth part i&l and, a• in tne case o! the ? th part iel, the 

41apute b~a been fierce, 1t va3td on a QOre li:ited. acale . 

Tbt utt ot 1nterY&la based on r a tios involving the 

au.ber 11 ha• a long bittory. Stude4ta o! various ancien t 

&t14 p:-1.::1 t1ve cul eu.rea hav• t ake a aeuu.re:.enta ot pipes and 

cU•cove:-ed in placeD ao din:-ae ._. Gre ece and. t1orva..1 ert

~tuen ot a preteronc• t or .rith=&tical dl vi• t on ~c tho pipe 

. 122-:t rtsi.n theorist:: , sueh aa Ariel cd toruerup, 
vno te~ to 4r~ the :ualcallt7 of the ? tb pa:-tlal •• well, 
elate :~e a~pertocic to be 10 :9 &bOTe tbe to~e ratter than 
9:8. ~cere ie still a 9 io the r &tlo, hqvever , and at aoc. 
POint all •just~ di~!onic scales ~uat co~tain two con$ecu
t~ve fittha , crea ting toeothe r tbe :ulationship the~ 
c &raet~r1zo a tbe 9tb partial . 



D7 t wel! tas ot its length whi ch produce• the p•ntachord 
1 1 1 1 1 r2·rr·ro·;·s· ~i~ ~sea. t~e Norwegian aus1cologist , 

cons1dtrl thil pentecho rd , a& well ~a 1t• 1o•trt1oo, 

8 :_9:10:11 :12, to be ;>reae:>t in the cuale o1 acalu or UA7 

peoplet, including t he ~orvegians the:aelvea.123 Barbour 
1. 1 1 1 

liote • eea1o baaed 011 t he tetracbord t'2' n·ro· ..... bdJl8 
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omoa,s tho Grult tunin;;o l1ste4 b7 Ptole117 . 12• '!be intarTal 

12:11 lo also elted b7 Barbour •• tho c>..lddh intorTal or 

the ta t r achorda 1n Ptolt=J ' .s Chroaati e SJUt.OAOn.125 

Accordiag to Partch, the krabi~D lute-pl'Jer Zal&al 

~cogni&td tbe llth part i al •• an el ement 1n hl a susie , 

and t ht Reaala~e t heor i st V1e•nt1no accept e4 t he 11th 

part ial in tboory i f not l.n pr4;tc t tce . 126 J.. nuat>.r ot 

vrite r a beve ci t ed the 11th partial •• the b .. t a tor 

quarter-tone cu4lc (24-tone equa l te:pe ~~eot) oving to 

t h e c lo1e relat t on&hi., bt~een t he ~terva.ls 12 :11 ( 150.6 

c ent•) , 11:9 (}4?.~ c ents ) LOd 11:8 (551. 3 conto) LD4 t bo 

eo r:r~ apoDdi..ng tnterval1 ln 24- t ooe tez pera=ent (150 , 350 1 

&ad 550 centt N i pee t 1Ttl 7 }• Pa.r t.ch a.al f.gsen point out 

ll3~on, Erik, tu: .!:!ltdtehWl$ Wld E:: t v1etlue.:; 4er 
~' pp. 104- 5 . zes·~~~i a h~~n ~ l~ ~c:v~ ~lan-rQlk
l ooga ~t! ec:1.414e r s c~a ""' c • t.) re~re le nt t h e l ! t'3 pa.rt1al 
i c t td dla;~~te 8 :~ : 10 : 11 : 12 . Ee elabora t~a on t:is LD b i a 
S.ca la-Stud ier .. 

p. 21. 
125 Ibid • • 9 • 18. 

126 
~· :!.!•, P• 251. 



~1• relationshi p , but perbapa :ore s1gn1!1cact 11 th• 

a.tt1raat1on o! t be role ot t.he 11th partial 1A quarc.er-toae 

2~ie by I•ao Vyacbnegrads~, one ot the : ost ardeDt ot the 

~uarter-torUate. In b.is M4!1uel d 'Ea::c.!lie ! i'ua.rta !!,! ~. 

19}}. 'qaehnogradtlcy e 1 tee the nth partial .. tbo but 

taaia tor 24-tone te~per~nt . 12? He auggeata turtber , 

however, that i t ia also po$&1ble to regard the ?tb partial 

as r eoponoiblo tor 19/24 ( a diaerepaney ot 18 conto), tho 

l}tb tor 17/24, aal tbo 29tb tbrougb 41st port1alo u th o 

baaia tor the c omplete aeale t ro= 21/24 through tbt nex~ 

9/24 . 

~7achntdrada~•a rat~er !ree us e or what are probabl7 

unptrcei•ablt r el• t tonahipt &ugoeata that he 11 &erelJ 

looking tor u acoua t1 ca l baaia tor a pro-e:.d.atiq au..ical 

• r otem . Partch, bo~ever, c:eotes bia :ueical ayatea out 

ot • de t ermination, ! priori, to include the lltb partial. 

Partch • a.kta tome effort to round ot.Lt hia a:ra tea b,y addlllg 

to nes t o ! 111 the l arses t i ntervals, but be doea not tr,r 

to l!lii= proxUato a c looed. tempered systtu~~, 8ltbougb bo to.ktl 

t he t r ouble t o ca.lculal e that the har.:~o::L!C: aeri ea t hrough 

11 can be ~aaonabl7 approxi:ated b7 a te:,.raaeat ot 113 

t~ne . t o t he oc t ave.128 Sue:C a nu:ber is t oo hi gh eveA tor 

Fa.rt c b. 

t io.Q 

l 27'J)'ochnos r •doq, ~· ill• , P• 23. 

l 28Pa.rteh , !2.• c 1t.t p. ~?. For a e:r1t1cel 
ot 11}-tcne tempe~:lt, eee c~;-~er 6. 

•••lua-
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Un~167 norden spec;ulatea t hat t~ lltb partial ...,. 

well bt the oext to be brought ioto the bo47 ot auai~, 

altbouah be does ~ot conside r it t o ha•• been or ~ 

i.=lportGce 1D t he er·t ot b.ar;:oD1 up till now.129 ScbGn'barg, 

oa. the otber hand, res,a.rda the 11th partial, •• va ll as tbe 

l}tb , •• baei~ to the chromati c acale.l}O Conaider ins 

SCh6ob4~g ' a known Tiewa on the neceatity or o•ercoaing 

traditional w~ o! baar1Ag tr1a41c rela t ionships, the 

thtOr.1 enunciated i n bJa article, Protle~a 2! Harmon:, rela

ting all to.oaa 1Jl the 12-tcne a;rat e:: to tbe pa..rtial a ot I , 

IV • and V, 11 Q\1ite aatouodtna. 

~ple 20; SchOnberg ' a ~eouatical Sour~• 

Partial• 1 2 } " 5 6 7 8 9 10 U l2 1} 

C C G C 
p p c p 
0 0 D G 

! G 
A C 
:a D 

B'b CC D 
Eb P G 
1 0 Jo. 

I 'I'# G Job 
.lo SC.O'b 
B C# 1! lb 

SchGoberg'o espouoal or po.rt.1ols up t o tbo H th u 

bt1Qg precont i o 12-tone 

vebo~ent l7 b7 Yaoaar.1}l 

t.acpe!"e.:teD."t is att&e"-•4 Qu.ita 

Y•sser points out that t bt Cl 

4er1vt4 as the 11th partisl ot 0 represents ~ pitch alaoot 

a ee:itone r ro= t~t Db reprteeoting t b! l}th partial ot 1, 

129! ~ s:ut!.• ot lnte:-:als. p. 38· 

l3°scb0oberg , Proble~s ~ Har=o;z, MoCera Muaic XI , 
P• 1?0. 

l31raeser, ~ Letter from Arcold SehOnbers, AKS 
Journal, 195}. 
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71t l:otb are re¥r·e&ent.e4 by the sc.e pitch 1.Jl t <(ual te::ptra

:Dent . I.e spite or d.iuerepSJlcies or nearl,. 50 ce.nta . 

SC!10nterg rea.Etir=s his pre-teren.ee t or eQu&l. te:peraae.nt , 

likening natural intonat ion to n.udi t1 and teoperuea t to 

preaent.a"blt dreae ... . poss1bl1 the aost e'foe.ati.,e d e tec.ae 

ot equ•l tempera:ent that ever has been attempted . 132 

It Scbenberg pa1• a poaaibl 1 excesei'ft obei eanee to 

tht upper po.rtialo through 13 1n h1a concept o! tho 12-tont 

171tt~, Tatter 4oea tbe aa:e vitb reapect to tbt . ... 

partia l s •• t be baa1a t or the coc aonant unite or bie 19-

;one &Jtte; . The errore or tbt interval s dtr1ve4 !rom aoae 

ot the&o pe rt1aJ.a eomot1.:ea excaerd 20 cente and a pproach 

the licit oC poaeible error in 19- tone te:~er&&~t {about 

31.6 centa ) . Exa:ples or Gueb erroro whi ch Tascer bimaelt 

haa caleula t ed133 include 13:8, 2 2 ct~ts , 11:?, 24 cent•, 

12: 11 , 24 centa. 

Sioce the ha: r=:onic serite is t c.:lleaa , aJl:S t1D.itt 

:~sica l syate: m~t drav its liaita. The Pytbagoreana 

allov no primes b1g!aer tbu ~. t:a.u;J have bten t owu! vbo 

draw t he l i ne alter 5, or ?. P~rtcb , cla~ing bil reaaooa 

to bt practical and erbitrar1 ra~er t~an baaed on an 

i:mutable theoret ical concept, stops . alter 11. Ya aaer and 

SehOnbers bui ld on ver-s loo5t ap;>rox.1Jiat.1o:u or tha 

l~2Yas ser , Ibid., P• 55. 
1''u.publ1ah>d latter r roa Joooph Yoooer t o JohA 

attdt1el d , Mlr.7 9 , 1933. Hie calcul. ationa, 1Jl centitonea , 
have t.er·e been conve rted into cent.a. 



pa~tials t hrough 1; . One r ather exceptional group ot 

English theoris ts , otort1n6 •~th Xac Parron, have bold tho 

17th p.:t1al to be &D 12portant :usieal t l ec ent134 e TeA 

wbilo reJect1n6 the 11th oa4 l}th. 1'ho;:r ·~ hen b .. n 

influenced larc;e l;:r b;:r tho close opprolti~:otion ot the l?th 

partial in 12-tone equal temperament . Perrett, however , 

who oloo oopouseo tho 17th portlall;5 wbilo reJecting both 

tho llth and tho l}tb, io a ohLrP critic ot 12- tone toaporo

cent &D4 &D a4• ocate or =~t1ple 41v1e1oo. Be ealculatea 

tbat v1tb the priaoa ~. ~. ?. and 1?, 1?1-tone t e~per&aeot 

ia the nearly perfect acale (see ch•pter 6) . 

~ ;o~aibl e wo&kneaa ic a~ muaical theor,r i nvolTing 

accurate rec.ditiona or the uppe r partial• •• an obJect1Te, 

1111 1~ cevl7 toun4 data abow~g t he OTtrtocea ot actual 

aoacdino todies to reprt s • nt thei r theore tical pitehe a vitb 

1nc.r-eaa1no; i.Daccurac,. •• tbei :- distance Cro= tbe tunda.:.entll 

increases. 'IDe noted. acous:.1e1e.c. . Robert v. !oWlS. haa 

doalt wi t h this pbeno~enon extensi~•l7 , 1}6 and i t ia 

poaa1ble tbat further explora tion :ay bring into question 

::OJ:lJ' •co~;tiee.l aril)u=tnta !or .;u.s t a1ste:a i.nvolvin.g the 

hig!:e r pa.rti&ls . Hovtvor , inha.r.::oonic1t7 , •• the phenoaenon 

l}4Sb1rlav , The Theory of Harmonf• The l~tb partial 
la =oot1oned by Cusili~ eccordrEg to ~ rla~ . a a the baail 
tor the t rJe =ioor t hird . 

l}5? er=:ett, .!!.2• cit ., p. 149. 

l}6Se e Tou.no•s article in Grov8a Dietionarz ot ~ 
!..!:!! r.us tc!. ~a • 'i"'\aAiD.o. P1e.Do. 



1& called., a.ttects octave re;;lieaa of l ove r pa.rtia la aa 

ve ll, a tact vbicb haa not de$troyed the rol e ot tbe 

oct••• 1n ~QSie, or •••n ot the quadruple oc t••• · In• 

ba~zon1e1 t7 is cum~ative aa the dJstLnce troa the tunda

c.ental 1.ncreaeea 1 and. tberetou is r·elat1val,- alight i n 

ita etteet on tb.e auperpartieular ra~1oa (that ia , ratioa 

coopriaed ot numbers onl7 one ~~oveo tro• eac h other 

aueh •• 1'112). It 12:11 11 4ee~ed an aeathet1cal17 

desirable pbeno:enon, tbe tact ot i&b&rzonic1t7 na~ not 

•!teet 1 ta ochit•ement. Pa7cbolog1call7 1 bowever , tbe 

kc~wledge Of !nb&r~OD1Cit7 11 likel7 tO prove a ban41cap 

to ta•orable cooaid.eration ot the \lpper par-tiala; one CaD 

a.lread1 bear the queation • '11111J consider them vben the7 art 

boucd to be out-ot-tune ~bov? • 

Despite the uaquest1onab17 satla!7ing • elodic 

ch&:aeter ot the aerial 8:9:10:11: 12 , the addition c! the 

llt~ partial ~o cusical &11te:s 1o•ol•es aucb eo~plicationa 

tbat •eot ureeoQt pi.:~c.oers aucb as Partch who reallJ' u•• it 

Vil.l probabl1 long eo~tinue to b& outo~bered b7 tboae v~ 

cite it to ~ust i!y such diverse pbeooceae •• 12- (ScbOnberg). 

1~- (Yasser) , and 24- (·Jyschnebr•4sky) tone te~pora..nta 

whose subat~e . 1n :oat eases, has l i~:le to do with the 

lltb pa.rtial . Nen:rthe lesa, so broad e.re tbe poasibilittea 

ot &.ultiple di'Yiaion tbat, •• P&rtc:b. bas abown by exa:~~ple, 

1f &! t oNe • !I.ple rooa to t nose vtlG would explor• part1ala 

• • hl~b aa 11 , ond poea1bl7 eYeD bigber. 
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TEE ACOUSTICAL POSITION C? 12-'l'O!Oll 'l'i:'l't:?..llb."""'l'l' 

£very interva l in 12-tone te=p•r~ent baa, •• t~ 

rore sotno shov e , been a ttacked at one t lae or .notber. ~ 

octa•• haa bteD a ttacked ! or bein& too ~rteet; tbt tlttb 

bo th tor be1Jlo too perfect a Dd c ot perfect enoa.gh. The 

major third haa beec attacked in tbeor,r tor being too 

large, but in pract ice it baa oCt en be en c ade atil l l arger. 

Ficall7 1 12-tone tecperaceot baa be en at tacked tor a aiiag 

no provision tor tqte rvals iDvol TiDg the ou=bers 7 &04 11. 

12-ton.e t ·eQ})I !"O.::tnt vas ~ore a ttscove17 tha..c. &.D 

invention, s 1~e e ita properties vere inhe rent in t~e eoodi

~1on or "12-neso• locg batore werc~e1ster propos•d the 

.. well-tecpered" acale. '-'ercla.eiste r cay, in t act, c.ot be 

tbe deciai~$ advocate ot 12-to~ e~ual te:~r~t at &11137 

but , vna~ever the c~ae , ita quaLiti•a refl ec t a !UD4a:Antal 

approach ot his, v~cb le to regard •• aost itpor t act amona 

the r etioa t ho se which are cloaeat t o unit7. 1~ ,_'hateYe.r 

can Jue t11 b e s aid •d•ica t 12- tone te=ptr&:ent it r epr t 

oeota vith greotoat fidelity tbo~e lctt~lll vhose r at loa 

l 3?~~;ont an4 : os t or t~ tr3d!t1C:41 sources ett e 
-orck:ei a ter 5 8 t bt pri ncipal e~o~e ~t or 12-to~e te=yera

OeDt, but ~rbo~r b~lde thot •e~e~e! s ter ce•er recc~ended 
yrcc i aoly equal tel:lr~ rru:.o nt ct al l . t:u t ratt..e r a rough 
ap~rox1~a t1on . ~~t 1uca tion is ~ot esae~tia ! here, beeau~e , 
i n the tot.:J.l ity or t bo J 1ol 4 of p0111blo tuning s-:r ctoma , 
• Crekc~is~~r's und 1 ~ -toce equal tt:pe r a:e nt cannot be t~ 
apar t. ALd 12-toat teuper&Qeot d oea rt311ze ~erc~eiator'a 
p:emiae. 

1~•Je o.lhtr e tnt . Zehl ~er CD.1 t.• t J• YOllko:u..ecer 
41eae lbe tat.• , uote4 b7 Dupont. 
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e os t cloael7 approecb unity. E%a%ple 21 •~ova how the 41•

crepanciea in the representation b7 12- tone te;~er&:ent oL 

sma l l-number i n ten als increase a.a the highest pri.ae nuaber 

in the ratio increa.ea. 

~plo 21 : Di ac ropacc ioa 1~ 12-tone To•por &aont 

tnterY&l clu•; 

Prime claao 2: 2 :1 
Pri=e cloaa }: } :2 (invers ions 

no t ehow) 
Pri~e class 5: 5:4, 6:5, 9:5 
Pr1:e c l ao• 7: 7:4 , 7 :5J. 7:6 , 9:7 
PrL::a e l aoa U: 11 :8 1 1 :?1 ll;6, 

11:9, 11:10 

J.Yerage 
d1&crep&llC.7 
tc. e e.o.ta 

0 

2 
14 
30 

40 

.AYe rage 
d1ecrepaAC7 
1n " o! possible 
error 

The cloeonesa o! } :2 to 7/12 11 quite roaarkab1o , 

t areciall.Y when one eonai dera th.&t 1.A order to tiDd an 

equal te:pera&eot vi :.h a.n approxi:.ation ot the tilth lC.ieb. 

1• c loser, one must ~oceed aa h1gb &a 29 t oa.a to the 

OctAve. Tbt r•rore , 1! one hol ds, witb J . ~urr" Barbour 

and Pri tz J.. luttcer tbat1>9 •auper9.rticul.r ratioa ~10Dd 

the li~t. 7:8 ca.=ot ba1't :ue1c&.l Yalut ••• tbt rt 1.1 t 'YtD 

reoaon to doub t th~ =u.1cal merit or • au~trp~rtl cular 
rntio a a low AI 5 :4 . • t b.tn 12- toct tt=~~ra.::ftnt lttu a o.r e 

thee an ade4uate syste.= bu t rather a.l.aoat • p.ertect ou . 

It is to tho•• who regard a elos • epproxlaa t ion to tbe 5t h 

l39Notes to !!:,! '!heorz o! Claadcal Greek Xuaie . £.2• 
51!· , cclu:n 10. 



~-tial or ~ kiud or approxi=ation or tbo 7th partial 

11 .deairable that 12-tone : emperamt ot &U6 t appear i ,nadaquata . 

por .v~b :us1c1&ns •• desire closer approximation• t or tba 

~tb &D4 7th partial• or bishor , ~ult1plo d1T1a1on or tbo 

oc t•~• 1a justified on acouetical gro~. 

~ ahi!t !roc 12- t o 19-tooa te:para:ent vould inTOlYa 

tbe aaeritiee ot some ot tbe purity ot tbe tittb in r.turn 

tor thirds which are cueh closer to just thirds tban thei r 

COU!lt er;arts in 12-to~e t e:pere.=eo·t. '!be intervale of the 

? til p•r:i&l co raprounttc! 1:10re .ta1tb!u11T 1.D 19• tl!.nn 1.D 

12-tont te:pera:ent wben ~easured 1o cents , but only Yl r.T 

a l tshtl7 ao When :eaaure4 on the ~~1aibl7 :ora realistic 

btoia o~ ptrcent nge o! ~ :&Xi&uz pos s ible error. Exa:ple 

22 thowa t ht diaertpanciea of the grou~a ot basi c 1ntervala 

1.n 19-to::e t ·•=pera.&ent -.c4 cc:=pa.reoa them t.o the correepou4-

1~ errore in 12-tone t emptraaent. 

Tl:.eN 11 S.mproveme:t over 12-tone temperuent tor all 

ir:.tenal claasea exe t;>t tbe ! lr•t, cot oo l 1 1n t.b• total 

ai~e o C t .be cH serepa.ncr b ut aJao in the per~aota.ge or 

possible error. The ic:provec.ent 18 1oaut f1c1ent to provide 

• 5at1sCactory basta tor tbt ? tb or lltb p6rt1ala . It 1• 

1D th t re~1on or tb. 5th partiol tbot 19-toc. te~p1 r&3ont 

ICOr ! a its cos t i=portant s aine. At tbt e~enae or the loaa 

= 



bte:"'Ya.l claaa 

Prl&e class '' ~:2 
Pr1~o clooo 5: 5:4 , 6:5, 9:5 
Pr!~e claas ?: 7:6, ?: 5, 7:4 1 9:7 
Pri:e ela .. 11: 11:6, 11:?, 11:8, 

11:9, 11:10 

#.vorege 
discrepanc,. 
lc. centl 

I:pro•e-
cent 

? -5 
5 9 

15 15 

2' 1? 

?8 

D1ecrep8Jlo,. 
ic % or :a.xi-
•u.a poaa1l)le 
er ror 

!:prove-
ment 

24" -zot 
14" 14" 
48" lZl' 

?4" 6" 
ot the great accuracy ot ita !itt~. 19-tone teeper&Qent 

el1:1netea tbe ra t her lerse errore in the 12-tone third.a and 

c..: e aa111, thtr·etore 1 be cona14•red ar; acoustical improve

~ent ••• or aettack 4epeD41n& ~Done's point o! Yiew.140 

-------------------------------------------------140Por a m.ore d.ete.iltc! l:reetzec.t of thia ~"bject 
lte Chapte!" 12. 

~· :ze 


