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4lliott Co.rtor, iJ> apto.ldOO or the problea of 

H? 

di vereity vi thin con t emporut au lie , 1 aa.kea a poi.At which 

io co=plot el7 val id vben applied to • ultiplo diTiaion, 

Carter statea ~bat tbe co2poaer ~1• tree • •• to do what 

be likes • • • but • vh5tever he chooses to do , radical 

or eonservstive, his ~usic will further 41Tide into aaall 

aub-groupo tbo bondtul or peop l e wbo will l i aton to con-

tamporar,r ~uaic at all . Vbile divoroit7 or opinion 

11 :u=b to be veleo=ed, where eo li t tle support exista such 

doc12at1on or intereat, o~ beG1tate' regrettull7 t o con­

clude, can lead to cancelling ot et!ort$ ~ ult1aate17 to 

pheir nesation •• 

I.:a what f ield could this be more true c.b.an aul tiple 

41Yia1oo, where, in apite or the ver1 liaited pu~l1c 

atteotlon a:4 eupport which 1a accorded, the tow active 

co=:.poaera e.c4 theor1eta work La aaa:..i.Jl&lJ' eo.o.tra.tUet o%7 

di~oetiona? ~1th sueb 11mitt4 aupport 1a ~ere rooa tor 

~ust t~s an~ equal temperament&, tor ayatoms uaing and 

not using the u~~·r partials, tor ·~•t•~• uaing quarter­

to~&& aDd aysttQS not using qu&rter-t onea, tor pol1t1~• 

ayste:s and negative •1att~s, tor ayate:A UsiA& • few aore 

1r.uaical ; uarterlz, •pr11 1960, PP• 200-1. 
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than twel•• tonea and a1atems using many aora than twelYt 

to=• •• t or •1•t•~• e:plo1Lng co41t1cat1ona ot current 1A­

atru£enta alld a:-atem• d.emand i .ng nev i.natl'UIIlecte? In auch 

a bro•4 t1tld, 11 there a 171~e~ or group or r e l a ted •1•teaa 

vboae superior mtr ite could. gain general approval lt tbe7 

wer t geoerall7 kDown? Would •ucb a 171tea or group ot 

relltt4 87lteu have &rlJ c:b&nce or bt cOci.Da StDt ral-1.7 

mow? IJb.at ld.nd..a ot ree eo.rcb proJect• or atteapta a t 

co&po&i~on or 1natru:en~ cona~ructioD or =o41!1cat1on 

~igbt h!lp to bring about that atote of attairo vbtreiA 

aua1c1ans o! all kind1 eight knov vbat tbe7 need to know 

in deter:.inins; the next general 175t-e~ or intonation, it 

Ledet~ thoro 1& to be a next system o! 1~tonotion? It 1• 

the purpoat of th1 6 conclud.iJ:lg cbapter to deal (a oat l7 1D-

41rect l7) vitp questions ot tbis kind. Tbe metbo4 to bt 

e:plo7ed vill ba t o t r.r to associate apecit1c acouatical 

&Ad •eethet ic prtaisea vith the 170tema of aultiplt 

div1J1on vh1cb best mdtt tbeea precisel aD4 to a tt i=Pt t o 

identtt:r acc urate procaaaea throua.b which web. •••ociatio.n.a 

ean bt made. I ahall oot tr.r to persuade an7one to a 

a;eci!ic point o t v1ev ai.DC t it ia :;: con•tctioc that 

tbere in not yet enougb e~trlmeccal ev tdenc• to w.rraot 

an a ttempt to cloae r&eka ~tb1nd LQ1 on. a7atea ot ~ultiple 

41 Tia1oa.. 

~ere &.M tour t'u.nd.a.=ental quettiont ot aeetbet1o 

Yaluaa vhich• it ••••• to M, a u.1t be a.nsvere4 'b7 each i.D-
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di~4ual interested in =ult1p1t di•1e1on and concerned 

vi tb t i.n<Uco tha t 17 1 teJL vhicb. v ill coat a ppeal to tua. 

Vitb bis anaver to each ~eation be can al~er the a ubl tLDc t 

ot tach of the s ucceeding queationa. 

;ues t ioa. ~: Is there &r!3 acoustical Yal141t7 t o 

a=all-nuaber ratios aa the baaia t or a ausical ayetea? I t 

ao, vhich a:all-nuaber r atioa are to be i~luded uncondi­

t1oD&lly aao~ those with acoustical •alid1t1 tor a ausical 

111t1D t vbieh ones conditional l y , and under vbat eond.itiona? 

th11 ia probabl7 the :ost tund.:~ntal que•tion tae1~ cusie 

toda7 , ~d it is probebly t ortber !rom baTiog a generall7 

accepted &Aaver tod.17 t ba.o. at fArJJ .PNV1ou.a ti .. 1D tbt 

b.ia tor7 or t be e.rt. 1'Ais quea tlon wa a take a. up illt·tr•al 

b7 i nte rval i n the tirot eb&pt~r; • IU&QAr1 ot tbe prteent 

T1t va ot a ajor eo~poaera and tb eorieta ta • • tollova : The 

COlogoe scbool and other s roupa repreaent1Q& atailar Yiewa 

ap~artotl1 bold that no s:all-number r e t to poaaeaaea &A7 

&pec:ial i.D.tri.Datc 111u.aical Yalue ,. The r est ot the au.a1c al 

vorl d see=s to rezain convinced or th e value or at laaat 

oc..e a:.all- auxber ra:!o , tb!!: octa Ye, altbous t ae• er.l pro­

posals haTe been :a.ade to :od1f1 ita atz.e altgbt l7. 

The aerial dod ecapboniate reject .r1 a:all-ouaber 

=-•ttoa except the oeta"fe. .ll aerial dodecapbODJ' Po••••••• 

• •ubat~ti al tolloving among c omposers and musiciana, their 

Yitwa on szall-n~ter ratioa C44 not be rejected outrisbt. 

BovtYer, since serial dodecapboni~te , o! all groupe ot 

--



knowl edgeable QUS1ci~a , t eed t o be t t e l eaat 1oe lice4 

to~ tOe al ter1~ o f ~e pre~eot tuo1 ag 1y1t tm , 2 t btir 

Yiewa can be di sa 1S$ed ! o r the pur~ose ot tbt s tud~ ot 

aulti pl e d.1•1s1on 6S .aot gersane t o tllt aub.jt c t . b c:ap·t: 

tor the s erial dodecapbonicts . all mualciana appear to 

conside r } :2 a:od 4:} t4 h.u·a Cu.n4a.:ental i&.po r t anca. Tht 

t1!th e ot ·~ 009-•es t er n : usictl cul ture s art c:ODS1d er abl1 

41s t orted , aut tic:i~tl7 a o t o cause debate a a to whe t h er 

t h e t l! th i a o:- 111 not a..::. e l ec~t ot a l l ::ue i c:al ayat.e:. . 

Let 1-:. suttic:t that it is an e .s se n t ial c:o.o.aona.nt ela~nt 

1~ al l ~e att rn cus1cal ays t t:a , paat and prt #t.o.t, •~tpt 

tboao c ited above • 

.lt t~ts p oic.t a .:.Tthln.g a pproac:h1a.g u.n&nilli t 7 c:taaea 

com~le tel~ . The re:a in1Ag tb r e t que~ tioo a vil l bt t raacd 

1; :~ :~ ~ w~ a a t o •••~• ao ~tir:at1•e aaawer to ~ueatioo 

one aa i t inYolYea r atio s ot the uu:btra 1 t hrough 4 • aiAc:e 

the advoc: a t tl or tixe !S ayacemo ot "ultipl e d1v1a1oo appear 

to b t c o: ;-le t e l 1 i:& accord on thie point {Taaaer l a tb.e 

o~y possible except ioo). 

;uea t i on ~: l 1 i t p~Serable t4 hcve equal te:per­

&~cta , o: ie i t prefera~le to u.e txa~t acall -nu=btr ra t 1oa 

(besides t he oct 3\'f' )1 U qu ea ti o.a one , abOYt, is the aoat 

l~J.:ld a.:.,-ent•~ Qu.e"S t 1oc. ciioriding ~ici&!:la tota.7, q,uea t ioD 

t~o 11 the cost tunda:eatal questi on di vidiDS advoca t e• o r 

at. t he 
2 _ r .::.tt, or 
begi nnl..ng 

tX&a,le , t h• q~ot•tion Croa S.bbitt, above, 
ot Cc.&pter 3 • 
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culttpl t d1Yia1oo or tbe octave ( vho tend to !lad the•aelvee 

t ,o a zSree=..a.t on • r ·w:u!a.aeo tal l.tve l reg&.rd.lng qu ea tion one) . 

It c:h t a a t"UQ ~aa t ende4 to atreaa the work ot the ad.Yoca.t ea 

ot equal tezperue.ot it 11 beca\Lie it 11 eae ler to ual7zt 

.cd •rpla in tbe1r 171te=a and t o relate the a to ooe another. 

Until now, ·vith the exception ot ael'tral ot the P,'tb.agorea.n 

17titt~a, 17cteaa or aulti ple diTi eion not involving a baaia 

in e qual te~pera:ent bave been a trictl7 1a41v14ual attaira, 

leoding to no toraation or ecbools acd to a.o accumulation 

ot vorke b7 more than one eo=poser. The e:pbaaia in thia 

atw17 should not be eonstrue4 es i.ndiea tin,c:: 1.07 negat-1Ta 

Jud~nt upoc t~ wo~ks ot the advoca t es ot unte:pered 

IJitoQI , Perre~c , Por~b, Grovec, and ~t1r predectaaor• 

bve ~de i.sportattt coctrlbuti ou to :".laical t.b.tOrJ' a.n4 

practict. 

,ueati on tvo can also be put as ! ollova s are 

approzlca t1ons valid aa representot ivea ot amall-nuaber 

ra~ioe? It thil can be ansvered a!!iraa tivelr a e toon4 

qu~ution can ~ao be asked: are t~ advent •a•• ot equal 

ttcpera:en~ auiticltot enough t o warrant the aubeti tutlon 

or appr oxi:utio.aa ot pure i nter'fala t or tb t rtal t bl.D..g? Tht 

tor:.tioo ot ~t l l &t lo41c a.n4 ha:ao.a_ic co•b1oot1ont poaalblt 

Vltblo a tJ'Itt2 o r ·~ &cd all eooea or tbt 171tta 1•• ot 

courae • poat i ble ot&.17 1.n ac e qual t•:pe:rutnt. l'tua i c • 

tonal e..od. atonal a l1U, bu rel!e4 oc tt..J. a r t tO\lrct t or ao 

l ong tba ' tbt r•traction o t aceb • pOIIlb111 t7 •i&bt • • •• 



to &~1 &n intolerable retrogre 11ion. In &n1 ease, 11 

Partch hizatl ! r~eogAi:~s, t~t ~1acontiDuat1on ot the 

p~inciple ot e qual te:'e~acent vouad ~•prtltDt a tar •o~ 

r~volutioaar7 cbaa; e in the fabric ot •~aie t bao tbt change 

! ro:. one te:~r~e.ot t o another.3 The UDt.tapere4 171t.eu 

baaed on PYthagorean tUDingl must .be excepted troa thia 

generalization, because as a ono-1ntervalic 171teas tbe7 

rese:blt equal ee:pered S71t e1a, and because their baaie 

1ctervol, the !i!th, 1s so closely approxi~ted in 12-ton. 

te.:.pera::ent. 

A:ons the unt4cpered aystema ot mul tiple divi1ioa 

whicb bave been ~sed , Perrett' s 19-, Partch ' & 43- , and the 

P,rtbagoreaniata' 24- and ~-tooe systems have been noted 1Q 

parti cular. To tbie =ight be added a 41-tone untemptrtd 

ayates ~-lch Louis ~reecsw&J epyarent l1 ecplo7ed 1D at 

leaat one work performed du.ricg \i'orold Wa.r II . 4 It might 

bt OOtl<i thlt ever1 OIM: Of the .DW:btrl Cit~t4 above hal bttO 

propoaed b¥ other• •• the ba111 t or an equ .I te:peram.ot. 

l t io r;-e.ther c uriou.a that there 11 a nu::ericol aaaoc:1atioo 

betvet~ S7&tt2S baaed on sucb c:o: pletelJ 41tterino concepti 

ot proper iotons.tioo. .1. gl ance at the cba.rt in vbiob 

?a~tcb ' s and Sauveu~ ' • 4}- t one ayate=a ar• c:o~pare4 (SXa:ple 

39) l hovs bow s reat the di !!erecces be tween tbt~ are . 

~Partch , !!!'.. c1 t . , pp. }0!')-6, 

• Tbe onl1 deta I bave on t bla 11 an anoouoc:ement ot 
a co~ing concert ot 41-tone unte~pe rt4 music b7 GreeDI W'7 
1o f b1lade l pb.1a , Ka.reb l~ , with 3ear not givtn. 



Ptrrct tt •a componoot lote rval,s 'f&.r'f troa 2:? to 85 eentl, and 

bia e71te3 oao h&rdl7 be aaid to r e aeable 19-tone teapera­

&eAt . 

NeYertbeltl& 1 i t :47 not be t Dt1rt l7 a coinc14t DCI 

that their 871te=• e:plo7 t~e a&&e nuabe r ot tonea per 

octave a a importaot e qual-te:;opere4 •7•t•••· Botb Pa.rt4?b 

~ Perrett "till out" their st•teaa to corr.ct the 

largest varietiona 1n size &mong tbe compo~ent inttrTala. 

It is b7 t bia proc e11 tb• t each reechea hia tical number ot 

to~s . Partch ad41 14 t o vhat ~-. orlgicall7 a 29-toce 

I.YSte:; Perrett adds 5 to vhat vaa 1nit"1all,- a 14-tou 

ayatem. Ic a sense t~se :Dec are, b7 tbis process, attempt-

1ng •tro~ ~t otbtr aide' to rind tbe same equilibrium 

bet~een perfection and approximation vhich t~e ad.,ocatea ot 

equal tec-;era:.ent are seeki.ng . \.'bile the e.d'foeatea of 

equal te: pera:.ect lo.aist on ;.e:!ect equal1t-at1oA vitl:t.1.D 

tCt •1stem &D4 ~eek to approxtmat t pur. 1nte~ala &I 

cl oat l.Y aa poatible , thei r co~terpartt insist on tbe 

Ptrtectloc or tho pure interv&la ~ eeek to approxiaate 

equa l i t1 between the 1nterva1a. But t b••e t va proc e1111 

tec4 na t"..a.:&ll7 to l e ad.. t o t he &~e Cwt;ber ot tone a 1 ~­

Ct.u ae depa..rtu.rt Wl4 error are co:ople:..entar1 aapec:ta ot the 

•••• pbeno=eaon. If with a gi~ea aumbt r ot tones aa equal 

temperament can be conatructe4 v1tb rt l at1Yel7 small error 

1n the approxiaation o t the pu~ 1nterY&la deemed iaportant, 

thta t sue pure inte rTall C&Jl b e uaed iJ! an unte~pere4 



syate~ Yith equa111 s~oll depnxturea trom tbe 1DttrTala ot 

the t~uivalent ~e~red s7ste:. It abould t1na ll7 be noted 

that the nl::lbtr o! to!lea pre•ent in Pa.rtch'e &D4 Perr.tt• a 

ayste=s be fore tbe additions or tones needed to equali&e 

~· intervals , repres~nt tar leaa 4ea1rable numbera tor 

1 qual -te:pered systeca than ~e nu:bera or tone• e:ploJe4 

b1 the !1nal 01stoao . 

1o ac:e extent, then, tbe proble~ 1nvolve4 1D 

chooa!og tho ~u:ber ot to~ea tor ~ equal t eopera:ent appl7 

tlao to chooe1cs the beat nucber ot tonee t or &n unte=pered 

sys te:. . Be.7ood this, ver, little ca.:. be sa..id about the 

latter, ae t!lG po::l1b111t1ea e.re ll.coat 1o.t1.o1tt . Thia 1a 

even evident in tho vsot number· ot "juot" eyate:1G abovu 1A 

tht previous cb.a;ter •• basea tor 19-t.one tt.~t~pera.:ent. It 

would see- tar zore difticult to exp•ct large nu=ber• of 

thaor1stl and co~poeera eve r to close r~ beb1D4 a 

ai:gle epee1:1c jus~ syate~ tban· beh1n4 a •1ngle equ•l 

te~pered ay&ttc ~cb ~1sht contiaue to =•~ dittereot 

tbines to different users. It is neceaaar1• owing to tbe 

lol'tgo!Q6~ to coz:ctDtrate on the eQu&l-tez:pered aystema 1A 

atte~r~.pti ns; to tind a.n.svtrs to t l::e re:.aiui..o& queatiooa . 

tveo though the se &llSwe rs m.a.y applJ" i.od.ir·ectl.y to untt;.perecl 

•r•~•=s aa well. 

,;;utstion ~: 'Jh.at degree o: ap;roxi.c..at1on v111 

be accepted. aa tolera.ble tor eacb ot the intervals present 

1a a t"~co: .,.ate;, e.:4 'What methode can bt used to 



•••luau dte:reea ot .._atiatactor1neel" in tbt approx.i&ation 

ot varioua 1ctervala within 1. te:;t r td &11tt:? \11th Wl­

te:pered 171tt~s • aimilar ~utation m~st ba posed coneerntog 

tht degree of ditttrenet i n tbt aizt ot tt. cocatruc~ing 

inttrva~a tba~ will be ~olera.te4. 

It ia 1t1th thia quoati Oil that tho Cl'Ull: or tho proble• 

o! <boic e ltitbin tbe !ield o! .ultiple diTioion, n&rro~tod 

4ovn to equal t ewperament, 11 first &et . Anavere baYt 

varied !roc a r efusal t o accept even a.n e rror or t wo eenta 

1D t he pe:!tet t1ttb to Barbour ~ Ku~tner•~ statt~ent 

that co::l.llat1c errors a.re no lo~er d 1sturb1og. 5 It a 

muaiei&n 11 able to~~ wbie h S2&ll-DU2ber rati os ' he 

dee:s es sential to his s1ste: ez4 the £Bximal •rror vhi~~ 

bt will tolerate 1D bi e J7Stem, be can be told t be number 

ot tone a i.e the aimpleat equal-t·e=p•r~ •1• t 12 that will 

=ott h.ia dt :u.nds. I ; howe"¥tr 1, he wiehea to use a gradl.lattd 

aeries or t olerancta , wb.ereb7 aoae 1.nterv&la a.u.at b• •or• 

cloael~ 1D tune tbLD otbtra, the probl em btcoaea a ora 

d1!ticult. 

Anotber eo~pl1cat1D& !actor ia tht rol• or d1Yt rgeoee 

in the aize a or tbe errora . A aingl e 87stem cay contain 

Part1cularl7 good approxicat1ons or ao:e 1nttrvaLI to 

co~tpenGate tor barely tolerable approxiaatiooa ot ot btra . 

tht orisia bave debated o~er tbe prope r cetbod tor •••luat1Ag 

51Dtroductory ootra t or ~ Theory LDd Practice 2! 
Just Intonation , col . 31. 



the r el&tiYe error i.D·yol Yi.c.g aore tb&A 

one •pproxt.tJ.ted interYal . J. aethod favored b1' a.&D1 11 

calculation b7 tbe aua ot the aq~area or the 41ecrepane1ea . 

the dit~repaoc1ea •~ calcula~e4 1u logari~c unite auch 

aa ceotl &ad tbe equarta ot each takeD. the 171~em haYiAg 

~e loveat aua ot tbe e~uarea or tbe interY&le ot 41acre­

p&nC7 ie then called the beet •1att~. Yokker cleta thie 

:e tbod to support tis adYocec7 ot 31- and 5}-tone te2pera­

:enta. According to 7okker, H. P. E. L1gttnbtrg , whoee 

figures be uaes, used the sq\la.rte ot the 1Dtenal1 ot die• 

crepacc7 (calculated in unita o! l/100 octo•• or l2 conto) , 

rathe r tb6Jl the inteM"a_ls tbe::.seh·es, elm..pl7 to oulli!7 the 

:utuo417 C~Cell1Dg O((tCt 0( pO•it ivo and DO£ot1To 01~o.6 

1'b1s could , however, b• done t;.U-ite a.rb!.trt.rll7 alaplJ' b7 

diarebard ing the: eigna. !he use ot equaret ot the loga­

ritn.d.c v•lueo or the !.Dterv&.ls call prodcct rea\llt.a: 

draa t ically dltfereot troz tbe resul ta obt&~&4 by the u.e 

o! the log~rithms o! t t• inte rvsl retioe themselves. The 

ue ot Q ~uaree t -enda to ! e•or etta s,.ate:.s 1c•o1Yi.:::tg rela­

t1vel7 equal diaer•panciea over those whose average dis• 

cr-epe,nc1 s:.t.7 bt smaller but vh.ic .b coDtt..ill one ao:ewbat 

lare;er 41acrepanc7• 

The utt or equares leads t o a Ju4g=eot 1o vbich the 

l•:s••t •rror a:oco ~· beaic interralt or • 171tea la 

6 ••• aLnee both poaitive aLd neoat1ve nuabere 
POaaeas positive aqu.uea. Pokker, !:!. G!!:.:!,• •• , P• 15(>. 



t.Uen toto grester accoWlt tba.:a the otber errora, but uot 

1ot4 excl~i•t account. Thi e tee:a • logical acd rea.on­

abl• eolution to the 41lecaa cauae4 b7 inter.a la in.alTinl 

errore o! di!!trtct a1:.e. But 1t l e ave s ~ol•e4 proble .. 

aria ina troa ditterencea 1.o t.be iaportuce ot the i.otena la 

cont14ered . ~bot it the lareea t dlecrepanc1 i..D• ol•e• the 

least 1aportaot ot tbe inter• ala coca14 t r-ed? TM 1cten&l 

hav-ing tbe large e t error a1.1 indeed b t ju.a t1!1a'bly con­

sidered or special importo.nc• bec a\Uit ot that error, but 

there &&7 be other tecto~• ttadiQo to •=~hasilt tbt i=~or­

tanct ot Other interTala. 

It is posoi ble t o o=pba•i ze the perfec t tit t b, aa 

""141 U>eorht5 nave done . Fou1b]J because of the e oJI· 

ditton~g ettecta ot the l ong use o! 12-to~ t eapera:eot , 

:aQ1 surve7s b4 vt abovn aua1cians to ~ tar aore aenai tivt 

to slight deviations 1n the 1at:~t1on Jt t h e perfect 

!l!tb ttan to a1~1lar de1'iat1on& in t hirds or other tc­

terTals not aa Yell represented in 12-toce te:per&:eo t . 

Y1th tbt eore d i utant partials, one encounter• coctlictiog 

tbeor i tl •• to wbeth~r it 11 :ore or l et a i=;ortant t hat 

t~e1 bt repret tnttd aa accurate~ •• tbt love r par titla. 

Pa rtch 1n$1ata, tor exacple , t .hat the ? tb a.c.d. 11th pa,rthla 

create conao:l.a.tot ettec-t1 tu!!1c!entl.1 aubtl e ;.o bt apo1le4 

b7 •Yeo a:all error• 1.D. ia.toa.ation, whUe othe r theortata 

<lob to, ••• t h.e oevent b parti•l (and o•en t he lltb porttol) 

&a preaent 1D the 12-tont t e;p.ered •tetea. 



~ht tuc ot aq~ar•• =•t bod, ae it b&a ~en a pplied to 

date, t.ae ehovn co allova.ne:eo t o r lnequal.itlea 111 the 

importanc e ot the accurac7 ot the vario~• 1Atervale in­

yolvtd.. Voolhou..ae . 1D 1835, \Lied the aetbo4 vith three 

interval• , tbe por!ect !ittb, tbe cajor tb.ird, aJld tbt 

:inor t hird . Po~r applied -the 1a:e .. t bo4 t o thli per.rect 

fifth , the GGjor t hird , and the natural aeveQt b. Wedell 

and Bert·elaon applied the • am• aetbod, al tl'4ouoh lorue rup 

does not tel l ua ~at intervals the1 u••'·? El 3t vbere the7 

a~plied the su:s or s imple d.erictenc1•• without aquarea to 

}S i~te=vals within eacb &yste:, 1cvol•ing one to r etch 

le tter naco with natural, !lat 1 allarp , double-flat , and 

4oubh- aha.rp, 8 

8e!o~ a re the results ot L16toobers•s Lnd Yede11-

&trtelao c •a co~putatiodd , as reported b7 ?okker and t orc.rup , 

rt spec tivel,.. 

Lis tecbero- ?okker 
( in 1/100 octav e• s quared) 

10-to ne te:per~tnt 
12-to ne ~e:;er~ent 
15- tooe ~e=per~•ot 
17-tooa to:~era~ent 
22 - tone tl)::.pe r &ce nt 
jl-~cce t e:,e=a:ent 
~1- t~ne '•cper~•ct 
~-tone te~pera:ent 
~'- to no t oc pe r&.CI.c o t 
56-tc~ ttQ~eracent 

7 . 466!1 
8 .153} 
4 , 1802 
; .8901 
1.6447 
0 . 2044 
0 . 2<>82 
O. Hl8 
0 .1~6 
O. j }OI< 

?iornerup, Acou , tic Val uation Of [ote=vala, P• 7• H11 
Ci ta t t.on i.o of a t•tic l es by .'eaell EJld.Mrt!'lton a t1as1k • 
Coptnha6on, 1917 an4 1919. 

8 rornerup , Acoustic He thoda ot ~. p. 27. 



.. 

~•dell & Bertels~n-lorue~ 
(in ce::te, cot aq\ltH4) 

12-tone tP~pera=ont 
19-tone t e~:peru•za 
}1-tont t~;er&:ent 
5(\ ... toce te=;era:ent 
P, ~bagorean (12-l>one) 

11?4 conta 
4S8 cent• 
1?4 conU 
6? C OD.U 

1?80 conta . 

It ia quito oYident tnat Ligten~erg an4 Wed ell are 

looking Cor tlfo ~uitt dl!tertnt t b iaga. Except tor 12- &n4 

~1-, t he temperament• deeQed vortbl ot ex&mioetion ao4 

l i atiag are completel7 ditter•nt. Agrtt=ent 11 reached 

onl1 on (1 ) the excelleoce ot 31-tont te:pera~eot vbieb 11 

bel4 in b16b oateea by ~edt ll acd Otrtelaon, L1steabers , 

and Kornor.p and POLker alikt; and on (2) the particular 

we akness ot 12-to~ te~pera:ent, w~lch Ligtenb•rs showa to 

ha•e an even greeter def1c1enct than 10-t ona te=pera:ettt, 

o wilJi to the relot ivel;y good 7th partial in the lartor 

syste:n. \/ere L1.;te.n'terg to e Ye.lua.t.e 19-tone teca~ruent 

by hlo aetho4 , tho 4 e!ici e e<:7 would b e approxiutol 7 ~.? 

•qu~e cectioot&Tea. 

;ue s t 1ora ~: J.ssuai..rks tb.a t a m.e an.s eac be toUAIS. 

t o e•&luat e the ..,ari cus chC1c1ec.e1ea oC a t·ec.~ru:.ant , 

vhst rtla t1Ye i~portanee 11 to be g1vec t o the d1!C1culty 

tntatlcd b1 the nu=b4r ot t oraee ~=ployed? Xu.1c1~ haYe 

o:tered aoawora ra41call1 at Y&riance vith one &nother. 

:nt. eleaent. whieb m16ht be c e l led the d1tt1cult'7 !actor, 

1• ha rdoot ot ell t o tYaluoto. Ia tbo 41!!1cult7 or 12-

t oce teaperagent close t o the liAit ot the abilit7 ot hua&D 



II&JI'!• to pla7 &.114 huu eara t o abaorb7 Dou doul>lil>8 tho 

nu.btr ot tonea in a 17stem double ita 41tt1eult,, or doea 

it eoao co&rer to quactruplil>8 tho clirticult77 Or, oc tho 

contr&rJ, vould it require a qua4,rupl1ng ot tht nuabtr ot 

tOCII to ortoet • doubl111g or the dirricult77 Thole quoo­

t !ODI aro ••rt d1tt1eult even to attoapt to au wer without 

aocumuloted oxperiaental data •· aod their docu.aenttd a.oawe re 

would r.preoont a gajor contribution to the etud1 ot the 

toooibilit7 or m&117 17etecs o~ ~ultiplo diYi aioc. It 11 

onlr ~hen reliable 1ntor--ation oo tt.ia aubjoct ia IYailable 

thot it rlll be po .. lble to uke a reaaoc ab17 Yalld doohior. 

on •hov bi&h to so• iD the n~ber ot tonea P4r oct&Tt to 

iasure tee caxi~uc posaiblt aeeuraey of iDterwala ~thtut 

OTertaxing hU&&n artistic capacititl. 

IA order to sizpl1.!7 tb.is problem tor the ~r esent, 

it will be use!ul to divide the !ield o! ~ultiple diYioioc 

into disticet are as o! eo:plexit7 . It is ot little Yalue 

t o comport the acoustical mer! ta o! 19- and ;}-ton.e te:apera­

=~nu , tor exa.:ple, bece~se the di!ticu.lty !actor 11 • o 

di!tereot in t h e two cases . The boundaries between the 

a.rtsa ot co~pltx1t1 .~:.u.at be a.rbitr&r3" , or courae, bu.t I 

have tried to aelect thee •• log1call1' •• poaaible. Since 

~ are uaed to tbink~ 1D a 12-tone pattern, l bave 

• elected t vlct 12, or 24, aa tha upper 11ait ot tbt tirat 

area oC coa;le:z:it7. B•aic!ea bei.cg a aultiplt ot 12. ~ 

co:=eada 1 taelt a a a.n u-p~er limit btcautt above 1 t there 11 



& ~oid ot advocated 17Stems, nona being a entioned until 29-

&Dd none being widt l7 advocated until 31-tone te=perament. 

rb t tirat e.nd. aecond areaa ot co~pltxit;, are there.tore 

cl t&rl7 eeparated. 

?or -.n upper liait to tbt aecod area ot co~ltx1t:7 

1 have aalectod. 36 tor prec!a• l;, the ••~e r eaaona. 31-, ~-. 

&ad ~6-tona t e=pera=cnta ar. the principal •1ato=e 1D thia 

group . Because ot the specia~ credential• ot 5~-tone 

u~ptrameo.t, I bave extecd.ed the l l=i t 1 ot tbe tb.ird u ea 

of oo"~lexit}' to t oolude ti:.is •7•tn. ~1111• ad&itt1og tbo 

poas ible inj"U5t1ct t o such systei::ls &I 41 - e.nd 4}-toz:~;e 

te:peraoents by tbe extension ot t b1a categor.7 to 53, I 

!eel Justified aa 1t represents lees than a 50 ~reont in­

crease over 36 to:. a whe~eas every otbtr categor7 represent& 

&:l 1.cerease o! 50 percent or a ore • 

.Ul &18t e:lS 1:volrlll6 more tb&A 5~ t ones to the 

oc tave will, tor pract1ce.l purposes , be dt.s counted. b7 bei.J1& 

cona idered ae lying witbin a r ourtb area ot comploxit7. 

'.11 t hin each of tbe area a tbe dematlda upon a 17ate• 

or te~pera:ent are prOP4rly q~1tl differ ent. WithiD the 

! irat area one Qight reaaonably expect aome acouatlcal 

1eprova:ent over 12-tona te:pera=eot 1o addition t o t~ 

Obvioua inc~eaae in bar%onic 41verli~7 rendered poaaiblt . 

'J1tb1n the t ecoad area a cons iderable 1ocreaae l n the 

ac:eu.r-ec,. ot repre ae.ated l.ntervala mel in the Du.abe r ot 

P&rthla in'rolvecl a .ight reaaon.abl7 be erpec:te4 . \lithiA 



,h• tbtr4 area exce llent accuracy and/or aultiple partial• 

wo \114 a ee~ All altogether reaaouable expeetat1on_. 

M.!."""'llOilS OP C'HOIC.!:• TRIAL A.~D XllllOII 

Owi.r:g to the tinitt limi ta on tbt uu.mber ot equal 

te.:pera.:e nta vi tb.i.D. the t1 rst srou;a • and to the e::.."'te nt of 

tbt t~loratiOn8 Of theat te£per&ment& vbieb baTt alre&4J 

been coaplt ted, it 11 quite possible to Gelect one•a 

dta1rtd te~ptr&%ent through el~nat1o~ b1 trial and error. 

Pollo• 1"<1 tbJ.a procedure, it 1• ;>robabl:;r but to b eg in bp 

eliminating all equa l te~pera=entl in wbich the perfect 

t1tth 1a not obtained wi th a autticient desree ot acc~ae1 1 

ttec to repeat the proeeaa tor each of tbt other essential 

icterval.a in tht ordtr o! their i=porta.nc:e. Owing to the 

d1rtereot dtmand a on the teaptra:ente in each art& of 

eo:.plexity., the7 a....-.. conelde:-t d. ae;.erattl.7• 

!!:!,! !: The trrort tor tbe t itt.ba 1A each ot the 

equal te=.peramenta in thla erea ar t abowu 1A Ez.aaple 52 

ic ce~ts and in percentage or possible error. 

To !1a4 tbe beat QIIJJB o r ••alu t ti.Dg the r t lat1Tt 

di! t~recces ot the two kind a o: error abovn below qaia. 

r·equ1~s a value j udgment oo the- ro le ot tbt d1tticult7 

!actor . Accept~ng a co=pro;ise vit w iD or der to baTt aome 

baat a tor evaluation, I ab.all tvalu&t·e the 1DttrTala 

• ccordlog to t he aiD;le product ot the tvo tactora vhieh 
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sx~plo 52: Th• ?1 Ctha ill J.Na Oo.o 

lfWib:tr or Si&e ot 3:-ror-- Percent ot 
ton.e a C1Cth cente po uible 

ll"I'Ot' 

12 700 2.0 o-
1} 7}8. 5 }6.5 79 
1'0 685.7 16.} 33 
15 720 18.0 45 
16 675 n.o r~ 17 705.9 }.9 
18 7}3.} }1.} ~ 
19 694. 7 7.} 22 
20 720 18. 0 60 
21 685.? 16.} 57 22 709.1 ? . 1 26 
2} 6?6.} 2}.? 91 
24 700 2.0 08 

I et.-11 c.tl t!:e Co:bitled. Brror Factor. ?he ••••a beat 

te::-f):tri.:'Aot a in a.rea one !ro~ the ata.odpoillt o t tbe1r 

titthl •nlJ' t.rll 

s ,.atea Co=bined. Er-ror he tor 

l2 . 08 
24 .16 
1? .4} 
19 1.61 
22 1.85 
14 6.19 
15 8.10 

CD.e can draw tht ll.ne vbere cue c.hoosea on tbe 

tolerab1lit1 ot tbe Cittb. Probablt the two coot 1opeal 

Plae ea u o e 1t.her ao.c.evbere be c:veen 1?- ar:.4 19-t one t e.:para­

~•uta tor a a trlc t li.&.i.t• or betveec 22- &fld l.._Wne te~per­

&:ectt t or a l ooe e lialt. 14- and 15-tone teaper .. enta 

•••~ out or tbt queetloA tt the approxiaatlon ot tbt pertect 



tittb la to be ot ~ 1=portanee wbateoever. So are all 

o~bcr te:pera:eot• iA area on.. 

Tbe thir4e tor tbe tive teepera~eota anowu above to 

have d.iacueaable !.1ttba e.re t 

5aaber ot Sho ot Error- Error-
tooee aaror centa pet'Cen.t 

th rdo 

12 400 H·? 27 
2~ 400 H.? 55 
17 352.9 H·• 93 
19 378. 9 ?.4 22 

· 22 }81.8 4.5 16 

The considerat i on o! tbe &aJor thirdl teDdl to 1n­

Y&rt the relative values abown tor the fifths~ 17-toDe 

te~;orf~eA' woul4 baYe to be eliminated tro~ •D¥ further 

c.oui.d e:-a Uon 1! tb.i.rds s.re to be t.e ld or ~ U.por·tan.ee 

wb&tloever. The Co~bioe4 Error ?actor tor the major t hirde 

o!' t h e re=a illi...Dr6 !our te:per~e:as in area one 11 abowo 

below. 

S"\l..mber or 
TOil.ll 

22 
19 
12 
24 

Co•btned Error Fac tor 
tor ~ajor Tb1rde 

0 .62 
1.6} 
}.70 
?.5} 

U' ve now e~ns1d.er t he c oab1-ntd error !actor o! the 

perreet tittho &D4 tbe caJor tbJrda, tbt r••ult variea 

•eeo:"Clins to t.he process we eoplo7. Ve . can use tbe product 

or the errors to !aTor the a1~gle ver,r e:all error. Tbia 



t• a vorthleae ••thod , hovever, aicee it 11 thA larser 

r •tMr ChiJl cb.e a:.aller error tha t po••• th4; greater 4 anger 

co a te:pered a,-ate:. We CG use th.e 1t.t2 o t the error.. 

or tb• aua o! t l:l.e a qU&r-!:S o r tb.e errore . 'the l a t-ter pt'Oeesa 

1:pha•1ztt tbe Uportanee o! the lL"""ger error. 

'Je C&.D. 1r1eig.b. tbe t "Wo interve.J.a w:utq,u&ll7 it we ao 

4ea i re. !n the tollow! ug chart~ the e oabined error factor• 

o! the two 1otorvo.la are placed 1.a. Yarioua cocabination.a . 

Example 5': Co;1>1ned <:rroro ot i'l.ttho alld Thir<lo 

~Qlli ....!.2::.... ...!2:.... _ll:_ ~ 
Produc t Q.!l 2 .6 1.2 1.2 - ,.8 , . 2 ~ 1-1 
sua ot aqua rea ( appro:d.llate) 14.0 5-~ .!& 56. 0 

SU.. vtcb !ltth raced 2 t o 1 OYtr 
t hir<l hl 4.8 ....... 7-9 

au:, or •quaru vitb !i!th rated 
< to 1 over t41rd 14.0 ? . 9 Zd 56.0 

suz: lii th rHtb rated ' to 1 OYtr 
t hi ro1 ~ 6.5 6 . 2 8 .0 

Su:a or uq\l6.rel vith !1Ct b ra t .. d ' to 1 over t hird 14.0 10. 5 10. 6 56.0 

A.ccol"d.lo.ti t o tbt method u_sed , 2.2 .. t ode te=pe raaeot i a 

•ho~n to be ~~ belt 1D aoc. ot the ~e&aure:.ota , 12- 1D 
0ttera, and 19- 1n 71t &cotter. 24- t oce te:peraz.o t runa 

laat tc al l bu.: oee :edu~~ct. 

'rb.t • X"tr•:.l7 f AVOrable a.hovi~ O! 22-tOE"A ttDptr&­

&ent 1n tba a t at ictica co~piled above 1a d1aa1pa~•4 con-
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sider• bl7 1t the :inor third • 6 :5 is also taken 1nto account. 

~e trrors ot the ~or tlli!"d in e6ch o! tbe re:.ai..DiJlg 

te;r or.:enta are es tollov.: 

5wa.b-er ot She ot Error- Percent 
\4Dtl .U.C.or cent a 

tlUM 

12 200 15.6 31 
19 315.8 0.2 1 
22 327. 3 11.7 41 
24 300 15.6 62 

1be co=bined error rector tor tbia interval 11 sa 

!ollova: 

12 
19 
22 
24 

4 , 84 
o.oo 
4.80 
9.68 

Tbe addition ot tt.e cJ...o.or third.• tYtO wi th YtrJ' 

sli&Ot vtight, t~s t he res~to atrono l 7 in t a Yor ot 19-

t cM te~pera=ect. ? or exa;;~li! ,. con.&ideri.ng .a veigbting 

o! 4-2-1 involving the auas ot the square& or tht errora 

or t i !t!l , u J or t hird a.ad :.i.:lor third reap.ct1Yel,., the 

re sul t proves to be: 

1:'he aue we ighti c.g, u.si.Ag tbe &Uaplt auas ot tbt 

c.oab1c td. error tac~r :.ul tlplea prodw:e a tbA tollowic.g 

••lutll 

'* .. 



.J.L 
12.6 

Coca1dera~1on o! the ha--:onic aeY.ntb 1D the tirat 

area o! co=.plexit7 1• pro'b•bl:r out ot the queatioo, aa 1• 

de:;ona tra ted b)' the errore o! the intenal ? :4 1n. each ot 

tbe tour au.rYivina, te:~peruenta iD. thia group. 

Numb or ot Size ot Error- Percent of 
tOOl I aevonth cent a pou iblt 

error 

12 1000 }1. 2 62 
19 947·" 21.4 68 
22 931 .8 n.o 48 
24 95().0 18.8 75 

':lie prospecu 9t ~~-;ono te,pe:&:ant o.ro tberob7 

improved ao:evh.at "With r e spect to thoat or t bt other 

tec~eramentl, but an error as great aa 13 CtAta 1D a 

te~pe rA:Ont inYolving intervale aa aiAute a a t tAat ot 22-

tone tt:al)4r&.meot 18 a hig.bl1 <Q.Ut &tionablt one . 

co~cluaiooa 2a !!!! ~: Thor• 1a co equal•tt•pered 

eyat tm ~th 24 or fewer tones v1tb eat1otaetor1 cotxiataot 

1nttrvalo tor tbe 3rd, ~tn , e.od ?tb pHt!ola . It tbe }rd 

p~rt 1tl a lone 11 to be admit t~d , 12-tont te~ptra:eat re­

ta1oa t t l tegt=Oil1 · It tbe 5-t b pa.rtial i a to 'be adsitttd 

onl7 in the tor: ot tbo ~jo:- third., 22-t oct Ct2ptra.::.ent 

appear• tte ~at . w1tb 19- tcn• te:~eraaent •• cloat aecond. 

It • t.oweYer, : be Uno:- third 1& a_lso to be cot.t14ere4 . 19-

torat teapere.Dtrat is s·ubata.o:ti.&ll7 the b est ot the tempera-



a eAtl in tbia e.rea. 

~ £: Vitl:U.n &rea t wo, the onl.7 te:peruenta 

wholt ti!tba a.re autt1c:1ent13' ac:c:urat:·e to aerit .turUer 

conlidtratio~ are 29-, }1-, ~-. and }6-tone te:::peramenta. 

29- ADd '1- are pr1ae nuabera and their 11ateca are there­

tort tntirtt.,' new. ,.__tone te~per&&ent conta.ina tbt ,...,.. 

1 good tiltba •• 1?-tone te=pera:tnt , alone with a great 

1m;rovect~t iD ita tbirda. ~0-tone te~;ere:ent cont~ 

no 1ap . .. ve;:ont on the ~1rd.s ot 12-tone te=pera:ent despi t e 

the great increase in co:plicat1on in~olvod. Eelov ia a 

co:::parison or the !it'tta in tlle tol:l' &1ate:s ill tbil grovp 

v !:J.ch contain possibl7 a~OQ.\:&t·t tittha. 

llu.='ber ot S11e ot Error- Percent Coabiue<l. 
tone a tilth centa Error 

Pactor 

29 ?0}-5 1. 5 ? .11 
36 ?00 2.0 12 .24 
~ ?05-9 ,.9 22 .85 
}1 696.8 5.2 26 1. }5 

Vith tho pertect tilth t•ken alone •• tbe 'bali& ot 

a te~pera:ent, 29-to~• tecpera=eot replac:tl tbe aultipltl 

ot 12 as beat. ~~ it 1a highl7 doubtful that an 1nerea1e 

in co~plication into the secood area c.n be juat1L1ed on 

'the b&sis ot the per!tct !i.!th llozw . Pollovi.ng are tbe 

t1guree tor tbe major third. 
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Nv.aber or She or Srror- PtNIDt Coabiood 
tonee oar or C:IDt l Error 

t b rd 1'actor 

29 372.4 1}.9 66 9.5 
~ 4()0 1}.? 82 11. 2 
}4 }cl8. 2 1.9 ll 0.2 
}l 38?.1 0.8 4 o.o 

'!:'be error tor tbe u jor tbird& or 29- and. '6-torae 

te~pera~nts ia eo great t hat on:e tb&t interval 11 con­

s idered, •v•a i t veisbt td l 1got17 •• eo~pared vith the 

!i!tb, '1- &n4 34-tODe te=pera..eots e~er·gt ae the oa.l7 

aatia t aetory proepeeta in t his area. or the t wo' 34-tone 

t~zpera:~nt appea:s to bl the better on the bas is or ita 

ti!tba. 'Jhen the :d.nor t hird 11 bro;~usht 1~to coui deration, 

tbo auper1orit1 or }o- to 31-~on~ tomperamen; becoaea moro 

prooou.nced . 

Number ot 
t one• 

Sho or 
minor 
third 

Brror-
·CI.D.ta 

5·9 
2 .0 

Percent Combined 
Error 
Pact or 

30 1 . 8 
11 .2 

'.'1 t hin cea of eo:;lexi ~,. t vo, uoca: sy·stus built 

on fifths and thirds onl,.. ;.c.-toc.e telQperuent appea.re a 

cleer winner , 1nvol v1Dg no error l •rger t ban 4 cente . It 

w~ ul4 appear un~er the ei~uastances t o be a ver,r auc~ 

~4errated s11tt2 !or. altb9ugb i t ia aentioned !&vor•bl1 

a:ong otber teapora:enta b1 :&Q1 wr1tera . it appoara to 

b••• obt&ic.4 the apoc1t1c a4TOCAC1 ot nooe. Tb11 a&7 be 



£ w . - . 

due in pe.rt to tht non-c:1el!e character ot .<:he t 1!tb.a. \ 

Boet.Dquet •• rule tor !orc.ing tbird.a troll !Utha does not 

applti the tbird ot ~tone to~per&mtot ia never obtainable 

b7 a aerie s or tittha tro• t he tonic. }4-t one tt•peraaent 

;_Jf 
I I 

ot tbo caJor tb1r4 into vbolt tone• wh011 tizta relate to 

one &DOtber &e 6 to 5. 

\11th the conaideration or tbe b&r=onic ltYt nt.h , tho 

bala~ce awings btavil1 to 'l-eone temptru.ent. Bo lov a.rt 

tbe tis'u.res t or t ho 1Dtorn1 ?:4. 

Jiwa.'btr ot Siz.o ot E:!"ror- Percent Comb1Dod 
tone a aeventb. cents Error 

Pactor 

'1 '!16?. 7 1.1 6 0.1 
:54 952.9 15.9 90 1 ... , 

It is ••pociall7 because or thil last aet ot tigurtl 

that }1-tone te~p,tr&:ent thrives toda1 1D Soll.ad &D4 1A 

:&nJ theoret ical vorkl , vbilt )'-to~• ttmper.:tnt it ignored. 

Tbo ror=er ayste~ poosesses th e 7th par tiel in ~•r.7 clott 

a;proxi:at i on, the l•tter 4011 nat poaeeaa it at al l. CDce 

tt.e ?t h put!al 1a 'br o"U.gb.t under eoc.aideratio:J , all co=t~t1-

tion tor 31-tone teopera:tnt in tbis aree o! complex1t7 

•&!liahta. 

\11 t l> t he add1 t1on ot t!>e St h partial, and oape<:1oll7 

ot the lltb, 31-tone te:pera:eot provea d1stinctl7 1nade­

~uate1 lea'f'ing no adequate 17ste~ in the seeood 41ft1eultJ 

&rea.. 
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~ }: The relative :erits ot t.b.e t ec,era.:enta 1D. 

-.rea thr·et et.:l &.leo b e ahovn b7 trial SJl4 e rror. '!!he pro­

ceae can bt aimpl1!1e4 tor the reader, however, beeau1e ot 

tbe towering domiD~t o! ;,-ton. ttmp eraaeot at ever,r 

eeage oc conatderetion invol~CS t1ttb (error l e ee tb&A 

0 .1 ctnt), !Hth a:>cl t hi rd (tho a&jor thi..S lo about 1.4 

centl too amall) , ond ! i !tb , third , and eevtnth (altbo~b 

tbe seventh is nearlr 4.8 centa too large and taken aloct 

does not aake an ospeeiall7 good aboving in tbi a te=pera­

r.ont). It 11 only vhoo t be Utb partial io added to the 

t ess-th&n-per!ect ?tb that tbe SIWtta appee r1 to have 

passed ita reasonable limite (error or tbe 11th partial , 

6 CIO!ItG or about 70 percent) . 

41 -tone t~perament ia ot eome not e in this group 

beceuse it is the f irst t eoperament t o approximate all or 
tbe tirat 11 parti.Us within ai.X cents. 'i'he thtrda are 

the ve&keat 1Jlterve.la in this te:pera:.ent; the ainor 

third 1a a trit le over a i x cente too large, vb ile the 

~ajor t hi rd i s naarl7 aix ee~t• t oo ••ell. The Cl~tha ar• 

excellent, a~ t he ?th p.rtia~ 11 l e ea th&n three cent• 

d.etic ie~t. Vltb 1a.terva.l d.ls~1nctiODe aa a1nute aa t b.o1e 

or 41-toAe tempera.moct , a 6-eeot error muat be considered. 

uite aut> ata.ntia.l, but •• tbi & lo the onl7 t e mpoerue.nt 1A 

ebe third group odaitt1ng tho pooo1bl11t7 of o11 part1&lo 

through 11, it 11 worth aoae c oaa14erat1on. !n bo th 41-

and 5}- to oe tecperaaeota tho 41atonle aeale can be _proc1uce4 



either Yith equal vbole-tocte a:d Pythagorean =aJor tbirda 

or vitb unequal v~ole-tonao an4 t birda vhich appro~at• 

Jutt tbirdo. 

Conel us ion 2 Tecpere<1 Sratems !.!. Obtained & !!:.!!.!. 
~ ~~ Tbo 7tb puotlal bo1A<S unatta!.u.blo 1A tbe Cirot 

area o! co~plexity with t he lower partial• •l• o repr.•ent•4• 

t be c oat coaplete •1•t•= would repr•••nt all intervale in 

t t t ltDt r1o •• c:losel.7 &a poa •1ble. ':hie la 19-ton. teaper..:. 

a=cc t. In tbe aecor.d &:"ea.. 31-tone te-Rporue.nt clo•1ntlt·•• 

b; i t e inelusion o! the ? tb p&rtial together v.l. tb • reeaon­

able opproximatioo o! the i a t•rval e 1n the eenarto . In tbl 

t h ird areo, 53-tone te~per a:Ant to e~ellent iD 1tt rendl­

t10D o! the sena.ria b'Jt veai on che uppe r partiala. 41-

t oae te:per~=at is t he !"irat in&tuace vhere ~be 11th 

part i al mig.b.t ;-lay a r o le lD a.n equa l t ·e:pe.rau.nt togetber 

w1 t.h the lo~·er pa:"tials. J. ra tber poor 5th pa.rtlal aar• 

t hia o tbervtae excellent te~peraaent. 

l1..l ':'l!SJU TI C.U. IIETBODS 

Sren while u.sU:o trial end erro r 1Z1 their eelection 

or te:pe~~eots t~oricta bave a tt•:pt&d to !led a cor• 

ac1oat ! t 1c bests tor choosiDs one te~pera:~t o.er anotn.r. 

Si:.e e trie l and error b&a provided all o! tbe intor:atlo n 

~·•~•4 b7 QO$ t ~U£~e1ans 1D t be eelection o! • &Je te~ o! 

equ•l tespera.t:lA!Dt !roa approximations o! the pure JUte~l 



ouaber ratloa , o~:e :.1.gbt be Jua:t1!1ed. i.o aek1oa vb7 aatbe ­

aa : 1eal aetboda ued. b4i e:.plo7ed at all. .S.aid.tl the otrr1oua 

ad.YaDt&d• a wor~able cathe:.at1cal !or=ul• voul4 p011111 lD 

aav~ns ca lculating ttce tor a t heoriat wbo d.oea not ba•a 

aYaileble all ot t~ fi~a be aigbt need t or comparlaoo 

&n4 proof, there are , it ••~• to ae , other ad.vaotagaa to 

uaiAg a ~ tbeDatical toraula . .ua. accurate u4 aig'nitieant 

cGtbematica l tor=ula speaks v ith an autborit1 ~bicb A~ 
175te~ aupported onl r by trial and error can achieve. It 

ca7 v ell be tbe lack o! this Ye ry author1 ty vbicb bu pre­

Tented. cult iple division C:o~ occupyiAg a proainent place 

1.Jl that part or the ~oc!ern :usical wor ld wbJ.eb 1a pre ­

oceupi~d 1.D cena!n res;ects YHh "M!leQ&~ies . Tho oe&.--oh 

tor u:.b.esatical $.1.lthortq be hJ.rd ereteu ot aultiple 

41v1aion ba.a ut, in !:O!:t eas.es, ho"ever, vitb Yl r'J lit-tle 

aucceaa . !b4 t ormul&S have tended t o Geri ve their asiatence 

tros t •vored 171 t ema rather than the reve rae. And the 

t or;ulae Vbtn app lied iQ serie s otten have led to patentl7 

Nevertheleaa , e t l e eat ono hithe r to - ~ 

unpubl1c1ud atthod b•• hd t o a l arge mee•u.re, ot eucceaa, .. 
and • w rlcablt union betveeo. c.athe::.e.t1eaJ (Or•u.lat a.nd 

auaieal 171t~•• &a7 ve ll at long lat t txitt. 

r.atbe ::~atice.l ::.t.t:.oda !or tbt deter.:Unatloo ot t he 

&oat deairablt te:pera:a~t have been • arie4; aa~ 41tterent 

&athe:Atical tor=uloe h&v. beeo axplore4, eYen b7 at csl• 

•uthora . B&rbour •~-ve7s ae•eral o! !he:e in Tuning !!! 

.. [4 

I 



Te::e:~ent, beginning on page 128. I ahall 41acusa a tew 

yhi~h ~va bean irO~ose4 by t he current 41aciplel of 

llultipla 41vie1on, concentratic.g on tbo aa not .. ct1one4 b)> 

s..rbou.r. 

Yaaeer and Xornerup arrive, b7 41ttarent aethoda , at 

what a:OUDtl to a cathematicol t orcula tor the determination 

ot an equol tempera=ent. The desirable ttaptranenta auet 

all, according to tbeir tbeor,, belong to the 71bonacc1 

oorieo 2-5-7- 12-19-}1-50 •••• To Tooatr tbo roooono oro 

1110rt aociological tban ::athe~r:s.tica.l • vhile l:orntr\ap rtlatea 

hia choice ot a ?1bonacc1 series elo1el7 to hia Golden Tone 

theor7. It 11 true that tl::e oolden ratio,(..) , ·~u&la the 

D • 1 lL:!t. a• ~ ~ ~ ot --n--- wbere n anA n • 1 are cona•cutiYa 

a e:bera or a Fibonscci series. 

The exiat-ence or 5- and 7-tone te:pera:enta &Co.ag 

Eastern mus ical srstems, the current use or 12-tona temper­

aoect , and t be !avora'ble prognosis ot 19- a.nd 31-tou 

t~mpe ra_menta place t.htit theory ot a Fibonacci eer1ee aa the 

~athecatica l bQsia tor. desirable temperacent in a aoet 

tavorable li£ht . Pro~ the a~andpoiot ot evolution, the 

Fibonacc i theory is also ateraetive, beeauat it t nablta a 

te~per~ent to de velop, aa i t vere, out ot tbo t wo i&:e41-

ate~ preetd1:& a,ute:. in oocblnation . It 1A t b1a •aptet 

o t the f1bcnace1 tbeor,r ~-icb ia 10 attrt~t1•• to Yaeaer. 

~•••rthelea a , it ia •ery hard to ••• bov the 

P1bon•~~1 aerie a theor7 e~ be bel4 t o ba•• &A1 c athtca tie&l 



validitJ. Tbe golden mean 1& an admirable act ot arti f ice, 

but it does not derive its sanction !rom the baraonic 

aerie s vb.ic:b appears more irregular in 1 ta ia~ora . 9 Bow­

ever much Xornerup may insist that tbe ideal fifth ia 696 

cents , the ideal ti!tb in tbe real world ot acousti cs i a 

?02 cents. That ~1-tone tecperament contain.a exactl.7 the 

combined nwc.ber or t ·ones of 12- and 19- tone temperuenta 

does 1D41cate tbat it will possess intervals representing 

a mea.e: ot those interval.s ot the tvo s1.lt.ple r systeu. But 

this does not guarantee that it will be a better system 

t han the t wo s impler ones . This latter event occurs Onlt 
~ 

1! the errors of the t wo simpler s1ste=s tend to cancei one 

another out. Since the major thirds ot 19- tone temperacbnt 

are too small , while the t hirds ot 12-tone te:pera=ent are 

too large , one might expect that the thirds ot }1-tone 

tempera:ent wil l represent an ~=prove~nt over both , an4 

they do. The aucceaa ot tbG me~bere ot t he P1boo•ec1 

aeries up to 31 is t be result ot tbe opposi tion o! poaitive 

and negative int ervale in the s- and ?- ayata:a . ~bil 

opposition c.reates a pandul a.r balancing relation troa 

ayete~ to ayst&m, up to ~1 -tOD$ temperament. vhicb tends to 

~ke each cuccesoi vo synteQ ~oro accurete in ita representa­

tion o! tbe pri nc i pal acousti c values than the one preceding. 

A~ t~ic point, bovever, the CharacteristiCI Of tbe limit 

9l'or a detailed d.iecuaa1on ot t his eubj•ct . aee 
Chapter 9 . above. 

I 

I 



yaluea tor 'both tilth aJJ4 t!drd p:ove too •::aall, tapeeiall.7 

1n t~t CLit ot the !i!th. ~either in ito !i!th, ito third, 

nor itl ••~e~tb , 11 ~he next ceober ot tht ltritl, 50-tone 

te:pe~~~t , &n iaprove:en~ over 31-tone tem~ru.ent. ... 
eo~:pe.ra t1 Te eha.rt ot tbe errors o! t hee e thrt e nl ue • 1o 

eb.ovn below 1 

}1-toDt 50-tono 

aiz.e error 11Zt error 

}:2 696.8 5.2 696.0 6.0 
5:4 38?. 1 o.e 384.0 2.} 

?:4 96?.? 1.1 960.0 8 . 8 

hl'U.tr 4tnon.atrat1on ot tht tailu.rt ot tbt 71.booaee1 

atrlee on the 50-level lies i~ the eo:p&riaoc ot t bt t rrore 

ot 50- and 5}-tone te:peramen~s. Through tbt atYtnth 

p~rtial, tht latter interval is be tter tor tYtr.J poea1blt 

intervAl txc.pt tor ?:6• ~er~ the •xet lltl ot SO-tone 

temper~nt'a ~rd and ?tb parti al s tend t o cancel one another 

out . 

Tbe aup~orters ot adducing tempera:oD.tl b7 tbe 

Fibonaec:i aeriea are riob,t i:l t.beir baaie pru1iae tbat the 

'best t.e:;erutnta vi tb large J:.\LI:bere ot tones are 'ba_aed on I 
the addl:lg tOI)ether or the numbers ot tones or a.lreadJ' good 

te:.;ere.:.ent a. But their theoey ueglect4 to i..raur·t that the [' 

17ate~• eo cocbtat4 vill posses& the op»Osite ebarac:teria~ie• 

wb.ic:h c:&Ac: t l o.ae another out 1.D the additive proc: t aa. 19-



to.oe tt=7erutnt , a nt.;a t1Yt te~~r~e.ot, coa pltJU.nta t ar 

'bettt r ~-tone te: p t ru.tnt whic h. ie positive, tba:1 '1- to:oe 

tt:;>era::.e.ot vl:Ucll ia also negat i Ye. Benc e 19 plus 3-4 pr o-

4•••• 5}, an oxcelleDt t e:porameDt, vhilo 19 plus 31 pro-

4~c es 50- , a deei~•dl7 interior t t =pe rament t rom the etand­

point ot tbe ua.ll .ouaber r&tioa. 

'.'Urscb.mi<lt ' .s use ot matb e11.atics in tor zculatina b.ia 

t heor,r or rational to~e a1s t e:s 1a described a bove 1D 

Chapter l . 

Pokk&r :akes ~~ uaea o! catbe:atteal roraulat aa 

the7 rela t e to .cusic&l S11teu . Hla article, ~ ~­

:&t~~uea !! !! Husioue , explore s aany procedural tor •••­

auring a te~p•r~ent, iccluding a mode ot evaluati on i n 

which unit1 ia the •~ ot the aq~&rtl ot octave, t i lth , 
~ _.,. 

t.bircl and. natural aevtntb. Hit chi t ! contri bution to the 

art ot eeiecticg a te=perace.ot b7 a atbe=at1cs 11 in h11 uae 

ot ~•l7tical geoaetr,r to aac e r t ain tbe ~umber ot t onaa i n 

• h:.;tr&ment tro: tht properties or the 4t!iu1Q& int·tr-

':b a Teri ous dt!1::U.ns l~tervals are arr1.110ed accord­

ing to t he nWII'ber of !i! tha, t .birda , &nd aeventbl' , a o that 

the~ wi ll e q~al either :ero o~ ~ exact oc tave or ~ultiple 

or an oe tave . Tbe srnton.ie e o c.:u;, , tor e%&D.pl e , Wie-b lokker 

'Ues u a d.et'1 ::U z:g i::.te~al 1D a nu:.ber ot 1nstancea , U 

expreuod. ae tollova : ! our !1ttha :D.iDIIA oce th.ir4 (oqualo 

t'wo oc t aves) , o r 4 1 -1 , 0 aa a tuJsction ot it a l U thi, 

/ 



tb1r41, and ••••ntha, raapect1••l7• 

7okktr proceed• to der1Ye t hat tt~ptr .. .nt ~cb 

u.atl t~ tollov iJ:.a th.ret dt!1.D1.Ag i.DttrYa.ll t t~ l)'llto.DJ.e 

co:.a; 22S:224 (two !i.!tha plua tvo tb.ird.a, atnua a ltYtntb); 

o.o4 10~:1024 (threo lnanths. plua a !1Cth). .l a;rHoa 

baatd on thtct three deCin.Uig 1ntenala 11 tXPr••••4 ill 

ano.l;rticol geomttr," aa tollova t 

Interval P11"tlul Thirdl StYtntha 

61:80 4 -1 0 

225:22• 2 .2 -1 

1029: 102• l 0 } 

In ana~t1cal geozetry tbe Jolu;1on 11 Couod bJ 

a441ag all products of grou;s o! thrtt nu=btrl that would 

be tor::e4 b,. the descending 4ia.gona.la i.t tbe tor:u.la wut 

continued, and deducting !ro= it all similar pro4ucta or 

tsotnding 41agonele. Thus , the equation Above btooaea 

(24 + l + 0)- (-6 + 0 • 0) equlllo 25• 6 or }1. 

Ot courat, ... t tb. other d&ttl tb.e aa.c:.t IUtheaatlc&.l 

proce•• auos• •ts other te:per~Ata. Subati tuttca tht 

ee~1ama tor the t,nt onic co~, t~e patttru btcoae• 

8 

2 

1 

l 

2 

0 

0 

-1 

} 

which 11 e qual to 41. Ua1cg the firat two 1ottnala aboYt• 



•• in 41-;one to:pora=ent, but auba tituting 6144:6125 (tbe 

di!terence Oet~een three thirds plua ~ aeYentba, aod the 

portoot !ittb) tor 1029:102" 1 5}-tono tu:poruont 1o 

obtained br tbe tor-ula 

8 

2 

-1 

l 

2 

' 

0 

-1 

2 

until tbo d efining intervale be•e been estobliabed. Tbo 

entabliohcent ot detioing intervals 1a an intermediate 

proctaa between the eQtablilbmtnt or acous tical atandarde 

An4 their realization in a t e =peraaent . •ttezpta to 

t l1=1nate this inte~ediate pro~tdure have , however, betA 

8t4t . 

Barbour ~~ aadt auch au t ttt:;t vith teroar,r con­

ti cued traction.. a, Yireue ot what Aarbour colla a "Qi~~ 

trp&nMion• he is able to obtaio tb. beat oC tbe eyeteaa 

uatng titths and t hirda 11 a eer1eu.10 Barbour'D pertor­

CW'I OC t ie •• in.genioua u it 11 co:plex. He !irat opplita 

t h e tl tt.Dd.a.rd or Jacobi ttrD&r7 eontiz:.ued !rectioa.a , obtain­

tao e a e rie a or sup::;osedt,' ideal te;:~era:enta WliAa thll"da 

&:14 ttttha . ?'indi.O.S: !be s t :--1es b£41.7 v&nting, he re•ereea 

tb.e teru:, obtaining uother expac.sion on the aa:e pri.ll-



princ iple: better but still r.ot o~tirel7 sotistactor7.11 

tically he works out a rorcula vhe reb7 t he two proceeeea 

u• alt-ernate d. , t he choice be t vee11 tbea to be d.etera.ined. b7 

vb.ich ot the t wo wuld involve the larger d.eYi eor. Tbit 

r eJu.l t or ttUa co~plicated. procedure 1a almost id.ent.te&l 

v1th !run'• ao:evhat a~lar <&lc~ation based on ttrn&r7 

eoct 1nued. tractions but ua1AS aubt raetiOD tn.taa4 at 

Sarbour'• 41Yis1on. Barbour '• a . thod ie ••ailablt to all 

vh.o • r • lntereeted.; ae -~·· 11 g.ec..erall7 Wlk.D.ovn 1n tb.ia 

count~It it v1ll be exacinod in eonsi~erable detail . - -
FROl'.!lSSCR BllU!l' S I'J:l'l!Ol) 

n e :lOS~ i:pres&i'YI a&eh.e~tical c ett od 71 t propoaed. 

t o r the deriva tion ot sy.te=- ot e~ual te:perament troa a 

I U"ill O! .ju.at interval& (Or t'rc& 8Zq Other i..D.terfl.ll it 

thor should bo desired) vaa t irat presented in 1919 b7 

Vtggo Brun, a Norwegian catbea atica proteaaor. He h~ 

-

•tc.~ e •xpu.nded on b.ta vie w• ia a eeriea ot a.rcielte, t"t c..l q' 
1 
J 

:oot. r ecent and coaplete o.r lllb.ieb vill appear t hie 1ea.r in 

U:.e :.o rdie k ~ate:.a;ia:C Tidakri!t .. 

pro vid eo the ~u.sic theo ri a t v1 tb tt::.e ~t ua ! u.l appua~ 
... -

11Tbe Jacobi exp~aicc. te::.Cs t ·o !&TOr t--t:.:;-era:ecta 
'Wi t b e""c tlle:ot t hirds but qutlt! oc.able C1!'tha: } , 2,. , 28 • 
31 , 8? .. The last two ter~l listed ho?e good fi!tha •• vell . 
'!he oxpan.oion tb.rou;h tbe reve·r ••l o f terra tn·or• the 
r trtha : 1 , 2 , S , 12, 41, 5~ ··· ~te mi1ed expansion al ter­
natts on p princ iple ai=ilar to Brun ' a where the l &rgeat ot 
Lhe possible ter:ne 1o uoec1 tor taeb. nev stage o! the erpa.n­
t1on. 



1et de~ed. t or p.rob1::l.g t he r eaches or multiple G)'ltt:u ot 

eq~al te~per&&en~. 

Brun•e :etbod tmplo)'a Euclidean algoritbaa . To 

begin vitb, tbo logarith=a o! all jus t intor.ali on vhich 

th t 171te~ 1& to b e b alt4 are computed. 4Q7 number ot in­

t erTal a cay be e: plo7ed (ol t bougb SruD cc nct4tl that tbA 

ze thod beg1~ to lose ita accurac7 1! too a.Jll1 r aot or a are 

t nvo1Yt4) and &n7 me:ber l of the har2on1c seriea =-7t tor 

expe ricental purpos es be omitte4. Let us tollov Brun• a 

proc eea , using th~ oc tave , ti~th , end maJor t hird .. 

va lues tor our example. 

' 

Us calls t he logarit~s ot the t hre8 val~• a, b , 

611(! c rup~cc1ve]J 1 Wld. places chea, ~ 

ord er t r o::. t he bi~est ~ !!:! loveat, in PIG. 1 

' the lett band colu:n. 'rho rightlw>4 
• "l 71 

col~ ahova veluea t or " 1 ' 71' 1.1' ~· b "2 7z 
12 • z2 , end x~ , ,., , a.nd :~ , •• abown ill 

0 "' 7' t1gure 1. 't'heae repreaec t tho number of 

tlmea t bt ratto whose loga r ithm io on the 

~ 

• 
&1 

&z ., 
le t t will so e~.,f.S!:r in to the rat ioe or t he ict erval a x, )'1 

and c, vnich 1L t~a caao r epr eaent t he oe t aTe , titth , and 

~•Jor t h i rd . Pig~• 2 abow• t be 

sue t or =ul • vi tb nw:erical Yalu••· ' 110. 2 • 
Brun'a ba s1e p roce•• 1o to "' (2:1 )0.3010 ~ 1 0 0 

eube ti t ut e •a - b • tor '"a• i .o. tht 
(}:2)0 . 1761 I : 1 0 

l t !t hLDd colu:D, producing vith 
(5 :•)0.0969 0 1 



each ltage logarithaa representing oaaller iatervela, 

vhJl t iA the right hand colunns be eubatitutea •x1 plu. 

~ • tor •x1, • vbic:h 11 to aa7 tba t ht i,ncrea.aes th• 

n~er ot tiua the Ut•rvals (now t:aller) ere usecl. 

Tbrougho~ tht pr·ocesa, a , b, and c r epreeent the ai~•• or 

intervals vhll e ~· Z2• and x~, etc., repre sent the nuaber 

ot occuranees vt each o! the respect1•e intervale auch 

tbot u 1 plUA b"2 plus ex? equale exaetl;r &Jl oetno, . .,.1 
p1ua b;r2 plus c;r3 a perfect !itth, ate. _ __,_ -- - -

!be aubst1tut1on abcwn 1A 

Fi~Jr. 3 repreaenta no baeic 

cba.:1ge in the valuoo , 11-Aee 
%1 

no. 3 

11 *1 

li 

( o - b)x1 pluo b(x1 • "2) • 

u 1 - b"l • b"l • b"2 • 

• - b 

b "1 '"2 ,.1.,.2 11 . 12 

"'1 • b"2 • onct~ tbo ,..,.. • • 

in Piguro 1 . 

The amallelt interval, c , 

Jo a kind ~~ carried-over remainder 

which rem.a i.Da outaid t ot tbe ma.in 

calculationa until one ot the other .... 
tisur·ea beco:ea c::aller, WereupoA 

"'3 "3 '3 

FIG. 4 

0.1249 1 0 

0.1?61 1 1 

0.0369 0 0 

it is rena:.ed b, a.nd tbe nev azalltlt tera becoaea t""' 
.:e~taioder.. La. Figure 4, the DU::bera 1A Figure 2 are 

: odi!ie¢ a ccording to the procesa ahoWD i n Pigure 3. In 

place ot t be oete?o, log (a- b) reproaont~ tbe pertoct 

t ourth, appea.ra . tb.e x col\mn to the right ot the li.D._t 

0 

0 

1 



~ 

ahovl that Ont !ourt.h pl\1.1 oo.e !i.tt.h co•priatt a..a octa'f't. 

In 71;ur·t 5 , tl:t te~• or ?isure • a.re a1:pl3 rea.rru.ge4 

to phce U.. th..,..e ~ent.la 1A 

po1itio~ a, b, and c accordia& to 

e1t.t. l1l l'igun 6, the bta1c pro­

c etl it repeated. !be fourth , b, 

is deducted rroa the tilth , •~ 

lteYing •a- b, • a 9:8 c~r 

eecond . Zbe oe t aTe ia ahovn to 

cona13t ot two t our th.s and a aaj or 

second , t he t1!tb ot one tourth 

a.c.d a aajor aeco!ld . ~e third 

~$ 10\ to pltJ a :-ole 1A tl:c pN-

In 1'1&=• 7, the teru in 

Pigure 6 .re rearranged to place 

t ba 1nt er.al ti~e s iD desctn41ng 

ordar. Io t bie process, tbe 

ma~or tb.ird. ia ad.va.nced. to poai­

tioa b. rtoure 8 ahova a rep~t1-

t1on or tht baaic procedure, with 

tbe cUatonlc ae:itooe lG:lS N:lult-
:Z'l. - 7':"!"' 

1og troa the aubtrac tion or 5: 4 

PIG. 5 

(}:2)0.1?61 

(4:})0.1249 

(5:4)0.0969 

) 

~I 
I'IG. 6 

0 .0512 1 1 0 

0.1249 2 1 0 

0.0969 0 0 1 

PIG. 7 

(4:})0.1249 2 1 0 

(5:4)0.0969 0 0 1 • 

(9:8)0.0512 l 1 0 

PIG. 8 

0.0280 2 l 0 

0.0969 2 l l 

troa 4 :}. At this ia the aa.Ileat tnte~al eo tar produced, 

it eaauaea posltlo~ c 1D tbe rearrange•eut vhtch la 4ep1cted 

/ 



3?4 

nG. 9 

(5:4 ) 0.0969 2 1 

(9:8) 0.0512 1 1 
I 

lD 11gure 9 , th e oetawe 11 

a bovn aa cocpr1ae4 o t two j ust 

••Jor t birc!a, a aajor tone, llD4 

two diatonic aecitonea . Thia c&D 

be ate t ed a a t ollova : 7¥ ,..,.,. ., • ,. , 4 

(16: 15)0.0280 2} 1 
{3 

~xt~xi-N~ • ~ . In l"1sure 10, nG. 10 

1 t ia turtber broken dowu i.Dto 
(10:9) 0.045? 2 

trod! tlonal un.ita or the just 
(9:8) 0.0512 3 

diatonic IC&le 1 three 9:8 tonea, 
(16:15)0.0280 2 

two 10:9 tone a, aDd t v o 16:15 ~ 

•~cUtonea. 1'h.e other risht nG. u 
haad colu:u~a ahov t he tradi-

0.0512 3 
Uoul breudowa or tll1."'4 ~ 

0.045? 2 
!itth aaono tho&o 1ntorT&la. 

0.0280 2 
l"1SIU'O ll ahova tho 

1:.8CIUI&r,7 rearrangement to ro- • nG. 12 

atore tbe va.luea on the lett band 
(81:80)0.0055 3 

aide to nucerical order, ODd 
(10:9) 0.045? 5 

figure 12 obowa tbe next atep 
(16 :15)0. 0280 2 

in the 1Ubdlv1tloa. with a nov 

am8ll value, the erntonic co~•, ecerglAg t o ••r~•• the 

role ot "c• tor qu.1te eo .. tiDe. 

l 

2 

1 

2 

1 

1 

2 

3 

1 

\It are now at tb.e poi.D.t \lbere recogc.l~abh te=perec! 

&J'S uma are abo• at to eaer«)e, R.D1 1 t 11 tiae to a at. our­

eel vee how one 1a to interpret the tigu_rea obtaUe4. .t.a 

haa been atrtaatc!, u.1 • bx.z • ex} vill &lV*J'a equal &D 

I 

0 ' ~ 

0 

tilt 
l 

l 

0 

1 

' 
.. 

1 

OJ 

1 

2 

0 



~ 

octave. Do ve, then, edd. the nu:be::- ot ter-....s tn t.bt !!.rat 

col~ to the right ot the l1ne to obtaio tbe number ot 

t onea ill our tt:.pera.cent? No; thia ia not dona, btcauae 

the third val~ 11 txte rn.a.l to the mall?- proeeaa u.d. ia 

11ktl1 to be 10 acall aa to be negligible t o the proce aa aa 

a vb.ole. 

ID Figure 1~ ( vhich ie a .riG. u ~: si;ple rearrange;ent ot Pigure 
(10:9) 0.0415? \5 3 2 

12) tbe octave i c composed ot 
(16:15)0.0280 ;61 oL fj 

t ·en u.nite, tb:ee ot vh icb are 
(8 1 :80)0.0055 ~ 2 1 

:e:-e ayntonic co~••· '1'o pro-

~ pose a 10-tone tenperaoent ~ ith unite re;re&eating ever,r--;~1QO trom ~iaor ;ones (10:~) to &]ntonie eoaoaa (81:80) 

,..,l:ld be absu."<< . ./hat Figure 13 c!ou otter, 1J> .ita t<>p 

rov, (derived !roc ro·., 2 ot Pisure 12} is an in.ata.nee o! 

5-tone tecpera:eot in which tbe ti!tb. &n4 major third baTt 

their proper values . A cocp.artaon ot th1$ rov wi th the 

au: or tbe ter~ in Pigure 9 , a~owa the superiority ot 

t b1a 9rcceaa. Tbt au: ot tbt ter~ ln Pigurt 9 art 5, ~, 

~c1 1 r•apecth·tl.J. It thia vert 1cc1ttd suppoat4 ~o reprt­

aeot 5-tont te::para.:unt, the third. vould be &.u.eb too acal l. 

~86 ceota 11 cona1~trabl1 cloa•r to 480 centa tban it 11 

to ~ centa; tb4 rov ;, }, 2 rt;reaentatt!a teaperaaent 

better 'thaD tbe rOUC)bt r, tArli•r eat1aatt, 5t 3 t 1 . 

P1gure 14 carries Brun'a proeeaa a atep tartber, 

wi~h a ne w te:per~tnt ot ? toces to tbt octaTt taerging. 



?igurt 15 repr;-es ento the ebar- PIG . 14 

ac.: eris tlc rear:a..n.oe:e.nt ot ter:a.a, 
0 . 0177 5 ~ 2 

and 1'1gu,.. 16 c arrioa t ho procoaa 
0.0260 7 4 2 

anocher step , a~ov1ao tho e:er-
0 . 0055 ~ 2 1 

genet ot 12-tone tcmperuoct . I:t ~ 
l>igbt be :.entioud at t h.i a poiDt l'l G . 15 

tbat t!:e prosression troa 5-
(16:15)0.0280 7 4 2 

througb 12- ha s begwo t o to11ov 
(25:24 )0. 0177 2 ' 5 } 

!asser's ?1booece1 t e riea. Thia 
(81:80)0. 0055 } 2 1./ 

it will eoct inue to do as long 

•• e ver: U Y interval value ( a - n c. 16 

b) rematna la~ger t han the ayneooie 
trt:••t' 0.010} 7 4 2 

7 ; 7~ 0 . 01?7 ' 12 7 .. 
~ s oon , however, aa tbe new 

• a! ue has been reached vbich 1a 

~aller th an the syntonic eo=ma , t be s1ntonic comma wi ll 

paaa !rom the : ole ot ~de tining* i nterva l to t ha t or •con-

1 

atruc t icg* t nterval wed tho val~• • to tbe right o! it 1n 

the chart will pl OJ a t"ole 1n <.1e ter :tining t be nw=ber ot 

t ooea lo the to::.poro.;eot. It 11 F tsu re 15 -..h1cb be s t t bo-..• 

the 12-tone oyat e= ~nder ar~n ' s approxi~ntton. to tht 

\ 
octave a.rt aovec d!a.t onlc:: t t z.1 ton(ta ( 16:1S) and f i ve 

~~o:atie semi ton• • {25:24). Throe oynto nic eo~a are 

· le tt oTer,• v~~eh a re generelly • dde4 t o ~· or the 

ci!atonic se=.itooes in the t heor:; o r JU$t 1"tonation. 

Fisure l? repreeec.tiil the roa.rrans;ement ot 71gure 16 



in tt.e d e teeod1.ng ord.er ot the !.nt.er-

e t t figure , but the c.e v l.nterval, 

repro aoot1Jl6 the ditterenc e be tveen 

the chro=•t1c ttmitone and the 

41tl11 ot the cajor t b irda , 

11 cea rl,. •• s::ell. 

l'toure 19 oho.,·• tbt re-

"''~ "• '~010, 
i s a~ovu, a~ vbe re a new interv•l , 1 ,~ 

-- / . 00?4 
a::.aller than the ayu.ton.ic: eo--·e t a }J72 

.00~~ 

) 
t ormecl . It is thla atag:e vhich 

11G. 1? 

12 7 

? .. ,. 2 

PIG. 18 

12 ? 
19 11 

' 2 
l.; 

FIG. 19 

19 11 

12 '] 

' 2 

PI G. 20 

'n 

4 

2 

1 

6 

l 

6 

4 

1 

.t: 

~ 

al ters the Fibonacci ser ies, &8 81: 

80 i ss~• ~osition b lD the re-
91Ylp•" 

/ lfl >''~ 
.0029'\ 19 11 6 

errangecent which 14 ahovn in 

Yigure 21. 

Thuo it is no t 19, out 

rather 3 t oneu , repreaent1Ag tbt 

llWiber or s yntonic co~as carried )/U~ 
~71 -00?• tr ~ s~apler 17steaa as a re-

~ go .00~~ 
::a teeS. r, vhtcb C\LI' 'be adde<l • • the 

. 0029 
•rntonic eo..,.. 1a adY&nca4 to the 

'1 
' 

PIG. 21 

}1 

' 

18 

2 

18 

2 

19 11 

10 

1 

10..., 
;; 

1 7 l 

6.) 

r&.."\_lt ot co natnactlcg: 1nte:Ta1 . .Pigu.E"t 22 sbov• the •~:oeac e 



I 
/( CI1114A"" • >7) )6 J I 

3?8 

o! ~ •• the next 17$t·e= tb.roug!:l. 

the coabin~ ot }1- &c4 3-tooo 

te:_pe t•ueota , the latter abown , 

by 5-""UD • a ce tbod. , to haTe the 

,;w/, ., 

best teoturea to bal&:lce the weak-

Figure 2} ohova tbe n-

to l lova; • n.ov 
? ~ 

l"IG . 22 

~ }1 18 -.0055 ~ 20 

.002'3 19 11 

'11 
PIG. 2} 

.0055 "' 20 
arr~t=eot vbiCh 

J• sz,,.-' .oo29 
a~ell~at lntervnl pooi tion ' 

19 11 
aasw:u:s 

) 1<1/1•) .0019 }1 18 
•• In Plgu:-e 24, I t I& 5}-tono 

te:.~:-e.s:ent v :Uell l.o shovn to PIG. 24 

ari se out ot t he coa.b!.nation 
17~t/fz<>l .0026 "' 20 

o! ultrapositivt "'- and nos•-
.002'3 5} H 

tive 19 -tone t egptra.:te:l t s . Vlth 
.0019 }1 18 

the evo lving ot 53-tone temper- ' ~ 
e.::ent, the syntonic co~ haa l"'G. 25 

co~pleted. its rol e &s construct-
71'i'11J·~' .0029 S} }1 

10 

11 

6 

11 

6 ~ 
10 

11 

1? 

10 

" 

.. 

1? ) 
1"<!; 1ntorva.1 and v ! ll ltstlt bo 

fl•l /•h l o0026 } 4 20 11 )~ 
iubdi vt <led. . 

. 0019 }1 18 10 
Plgure 25 representa a 

rearr&Qbement &Ld Piou~ 26 intrc-

thit t7Mttm arc CODA 14tre4 br1t~l7 

1: Cb• pter 6 , abo•• · 

-( 
PIG. 26 

53 }1 1? 

8? 51 28 

31 18 10 



tbe next te~pera:ent to 

}79 

l'IG. 2? 

51 28 

18 10 p 
}1 1? 

PIG. 28 

tiftbl e.nd third a , and 1t 

ttovo Jo Chapter 6. 

1a t.loo 
.Jf'I"/J;-~o; .OOO? 8? 51 28 

.0019 118 69 }8 . ~(I'., • 
• 000} 5} }1 1? 

23--:, 
Tht te~pera:aota agree 

'!'he alsor1 tb.: ca.a bt con-

tinued, tn vhich coso it 7ie1ds 205 , 
c;:.r- J 5 'I 

323 , 441, aod~tone tr~pe:.ctote . 

al~oa t e o:.1=·le t t l 7 \oi.toh t hose d e r1vtc! b; J..ri tl D.nd b1 Barbou.r 

by di((eront method&, ~1th t be latter =•mbere o! tho otrieo 

~:.oYiD~ 'be sreate&t d1ve r 6en::e bttvee:~ tbt~. Tbe error 

o! t b1 r4 and titth alike in 441-tone texpera:e~t 11 1••• 

thau .OS cents a.od con:pares well with tbt errors in IJ'I te.:. 

C! o~ tooea vhic~ a:e a4vocate4 b7 otter t btoriata. 

A proceaa e1,ti.il er 't.O t be one outl ined above can 'be 

follove4 ror a~ co~binatton ot intervala . The tbtoriat 

ca~ cboo&e t o use atd! t ion&l T&l~•• 1D tbe ba r;~aic aer1ea . 

£rue h1uel! haa ce.:r ied. tt.e proceat: through using the 

above v~ues plu• the s eventh part1el, obtaining aa 

te~pe:uenta !or ~te octave, 13-. 15-, 18-, }1-, ~5-, 5,- , 



~ 68-tonea . 12 ~ &gree~ent ot t~:s aer i e a wt th tbe o:a 

studied abo•• a t the }1- ~ S3- le~ela strenstbeca the 

Clll tor thtat teapera:e~ts . BruQ baa &110 Ult4 tht l &at 

prcc u a with all part1a.ls ::hroush ll, 11M o't>ta1De4 tho 

t ol l ow1ng roaulta: 15, 1?, 22 , }? , 41 , 6} , ?2 ••• • or 
t htae, I:Ut ovu preteren_co l iea vitb. 41- a.n4 ?2-to.ue 

tt=pora~tnta. botb o! ~icb hove been touod quit e attrac­

tive b1 ot.b.or theoriata , u.aua1l;y tor •or7 d1tterent rea­

aona .1' Carrying t his al gorithm tartb.or, I t1n4 tho next 

te:pe ra&enta to bo 69-, 161-, 233-, and ~-toae te:pora­

centl a Tht 1nte:-vals o! 2?0- to.ae te:.perc.:.ect tbov t he 

potential •alue or ~·· :et~od tor lo: a ting t~ceptloaal 

te:reruenta . 

Iaterva,l 

Site oc inter vAl 
Site ot error 

}:2 

?02. 22 
0.2? 

?:~ 

968.89 
o.: 551.11 

0.2 

Tht a=ll l ea t unit o r the 11a tec being 4.44 ctnta. 

tbe error novt r excteda 18 p~reent oc tbe poaaible; tbl a 

lo a ver7 good ecbieve~ent t~r o •rate: v 1th ao Z&Ql 41a­

;:o:-att !acton. 

It 1Q &lao possible to use Brun ' a aethod wt tb 

12ln =:, ovn calct:la : io ns using !:ruJ) ' a :.etboe1a . l 
a rr1ve at al1.;!1tl1 dit!ere!lt tigu.res: -'9 1.c.atea4 ot ~5 . &.Dd. 
? 1 1nottad or 68. 

1~41-toce te:.~ra:ent !a di aeuaae4 above 1c tbe 
!1rst •ect!on ot Cb6~~c= ?ive. en4 ?2-tone t~:per&Went ia 
4iac\lllt cl c.e a.r t.be ec.cl ot CbaJ>ter Your. 
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1nte~a1a l 71Ag outside of ~he ha.-:onic •er tea . aho~4 !t 

b~ the coc•iction or e.c,yo::.e ae~k:i..ng a more coaplex equ al 

te~pera%ent th~t substitute 1nttrT&la (auch 11 a larger 

~ajor t~r4) are preferable. fbe a ethod can alae be us~ 

with cembera or the bar~onic aeries b~t oaitt1ng oDa or 

!!lOre , •• l'aaaer auggeets -.d t .h regard to t be }rd. partit.l . 

Srun ' a procedure, in abort, providea a meana tor convertiDg 

~1 eet or pretorrod intervale into a eer iea or equal 

toc::ere.centa t ending to i.ncre .aae in accurao1 11 acre tontl 

a.re a44ed. There 1a a abortc o=1ns: , 1D t bat there ta no 

rooc t or dtt rerentiatlng the ~;ortaoce or tbt • arloua LD­

tervala 1n-.ol•e4. 'C"'-ia sa:.e wea.k::esa baa been not·t4 1A 

otber :.tboda tor calculating &dv&3tageo~a te:pera=euta. 

J. ! u:-t he r abortco:.in& , it oce v i shea to cal l 1 t that , 11 

tbat it atill does not per!ora a ouaicl&D'• thi~a& tor 

bi =. Ht cua t stil l decide vbieh intervale be ia t o uset 

and ho ous t Jeloct from ~he series which the ae tho4 he 

e~plo1e yields tba t single system vhich 11 the bea t coa ­

Pro; tae , t or his purposes, betveen accurac7 and expediency. 

CCSCLOSIOJI 

It one accepts tba acou.tical validit7 ot •~ll­

:ll.L:lter ratio• on the oc~ h8.11:! and the pri.:lctple of ·~ual 

~e~per~eDt on the otber, one •~pe~s all but bound to cou­

Cl \rit tbat the oost cle& i:able te:p:era:entl belon& to the 
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j 1 t" 
r olloviag aer'iet: 12, !2.· 22, ll· }4, 41, a. ?2.... Tbe --

W)!St:-Uotd te:pe:-ed 111te=• sett: 1 in p&.rtieular, to otter 

cUs;iDCt aeou.atiea.l r ·e!i:.e:.e.nts O'fer all t boat which pNcec!e 

tbt: i» tht aeritt . Tbt a1ste~s not ucderl1ce4 diapla7 

important disadvantaoes as well sa ao:e advantage• o•er 

those ~hicb ~ediately precede tbem. In seneral, accurac7 

.nd scope 1nereeoe with number or tonea, but eo doee ditt1-

cult7• It ie possible to meas ure the degree ot accurec7 ot 

a te::~peruea.t minutel,. , and --~ ~ave attacpted to do eo 111 

the foregoing pagea.. It is onl7 ;osalble to gueaa at the 

di!!ieulties involved in lea-~ing to ;error= and to hear 

~uolc baaed on 19-, ~1-, 5~- , or ?2 ecuoda t o the octave . 

Ctrta .. lnl1 tbt gecere.li:.ed. ke.rboa.rd deserves a geoera.li ted 

tea t.14 S..r-trei!ling e~:-bents vith aoloctt4 eubJect• 

:ay attord 1 ptrtial aosver to another i:portant aspect o! 

the ~ueation. "bov 41tt1cult?~ 

1bt gonorol i:ed keyboard ~1sht urrord • boginniog 

tor • ne w ~~~pored Ayate~ ; tho ear c1sht bo expected 

S.radunlly tO d.it;O&t tho D.O'tt pi tell reletionabipa CO.Jl\llll.7 

produced. . 1Jitb the r:eetery by the ear would come tbt 

• v8 1lib1lit1 of tho v ocsl and atr~ ctd1a ea vell •~ the 

s l ide tro~bonta . Velved brass instru:~ota could bt eaail7 

•dapted by tbe additio~ ot one or t wo : icrotcoal crooke. 

Eeyod v1D4 instru=ent& ~uld present tbe srtattl t problea, 

. fl 

14Stt ,Apptz:.41x 1 . below, tor cUagrue &DIS cltaeriptiona fJ 
or proposed gez:er&.lized keyboa--.1s. ~ ::. 



but m~t19lt t 1trl or ke7a on a wind 1oat~u:tnt are b&rdl7 

o~t ot tbt QUt $t ion . a~ t~eir exploitat ion ~~ only Ju.t 

begun with tbt prtaent voo¢w1D4 iu.truaeote . 

~btrt lttca littl• point 1o a4&pt1cg •any ta.truaent1 

u.ntU tht d1rtet1oo or !urthe r evolut-ion . 1! the N 1• orae , 

becoCee clt arer. The abaenc a ot aut/icieot 1atorcat1oo 

tor &n lmmioent dec1Gion ~us t b~ conceded. Thera appeare , 

therefore , to bo littl e chance that multiple 41•1e1on wi ll 

repl6Ct 12-tooe tecpera::.ent i .n the cea.r ruture. 

But there wo~d appear to be oo reeaon wby :ultipl e 

c!ivie1oo oo e n experi::.ental scale &houldn't co-exist with 

12-ton• tc:;e~nt. ~e~e is acple Just1!1eat1oo tor 

!ur,her e:r,lerl.::enu.l co:;ros~ tioc , cxpc~1::.enul !!.earlog 

testa, &Cd experi:eotel atte~pts at obta1Aing pertorc&nee 

•irtuoaity tn vsrious syste~, cot onlt in the 1aolate4 

5tu41tV Ot 6 P&rtcb, 4 tokker, end a ~~s~hDtb~Od~~y , but 

whe:ever creatlve mua1c1ans are disaat1 ~!1ed with the 

At\tet• l tJ La currontl1 at their d isposal . 


