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CHAPTER 13

GESERAL DISCUSSICN CP METHCDS POR CHOOSING A EYSTEM
OF NULTIFLE DIVISICN AND SCHME CORCLUSICHS

Elliott Carter, in speaking of the problea af
diversity within contemporary lﬂll:.l makes & point which
is completely valid wheo applied to multiple divislon.
Carter states that the cozposer "is free . . . t& do what
be likes . . . but . . . whatever he chooses to do, r:diu,l
or sonsarvetive, his gusic will further divide into small
sub=groups the handful of people who will listen to con-
temporary music at all. . . . While diversity of opinion
is zuch to be welcomed, wheres S0 little suppert exists such
decization of ioterest, one hesitates regretfully to con=
clude, can lead to cancelling of sfforts scd ultimately teo
Abelr negation.”

In what fleld could this be more trus then multiple
division, where, in spits of the very limited public
attention acd support which is accorded, the few active
toRposers and theorists work in seezingly contradictory
directions? With such lizmited support is there rooa for
Just tunizgs and equal temperazents, for systems using and
0ot using the upper partials, for systems using quarter-
tones snd syste=s bot using guarter-tones, for positive
8ystezs and pegative systems, for systezs using a few mors

lyusicsl jusrterly, April 1960, pp. 200-1.




338

than twelve tones end systems usios many mors than twelve
toces, for systecs sxployiog =odificaticns of current ia-
strucentas and systems demandling new ilnstrumenta? Io such

s btrosd field, is thers a aystea or group of related syste=ms
whose Buperior merits could gein general approval Lf thay
ware gemarally known? Would such & system or group of
related systems have any chence of becoming geoesrally
rnown? What kinds of reeearch projects or attezpts at
compesition or instruzent conastruction or acdification
might help to bring about that state of affairs whereln
zusicians of ell kinds might know what they need to know
in deterzining the next general syste:z of intonpation, if
indeed thers is to be & next system of intonation? It is
the purpoas of this concluding chapter to deal (mostly in-
directly) with questions of this kind. The method to be
e=ployed will be to try to assoclate specific acoustical
and gesthetlc premises with the systems of multiple
divigion which best meet these prezises end to attexpt teo
identify accurate processes through which such associaticns
can be made. I shall not try to persusde anyons to a
specific point of view since it is =y conviction that

thers 18 not yet enough experimental evidence to warrant
Az attempt to close rocks behind any one system of amultiple

divigion.
Thare are four fundassntal questicns of asathetic

valuss which, it seems to me, must be aoswered by each in-
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dividusl interested in multiple division mnd concerned
with findips that systea which will =most appeal to him.
yvith his answer to esch guestion he can slter the subatances
of each of the succeeding questions.

suestion Coe: Is there any acoustical validity to
s=all-nusber ratics as the basis for & musical system? If
g0, which s=all-nuaber ratiocs are to be lpcluded uncopdi-
tiooally amcng those with mcoustical walidity for a musical
syatem, which ones conditiconally, snd under what conditions?
Thia is probably tha =ost funda=ental guestion faciog susie
today, and it is probably farther from bhaving a generally
accepted answar today thao at any previous tise in the
bistory of the art. 7This guestiono was teken up interval
by ioterval in the first chapter; s sumsary of the present
views of major coaposers and theorists is as followse: The
Cologone school end other groups representing similar views
apparently hold that no ssall-number ratio podsesssd ALY
spacial intrinsic musical wvalue. The rest of the susical
world see=s to rezaln convinced of the valus of at least
ooe gmall-pusber ratio, the octave, althoughk several pro-
Fosals bave besn made to modily its size slightly.

Toe serial dodecaphonista reject &ll small-gusber
TEtios except the cctave. As serial dodecaphony posdesses
B subtstantial following smong composers end musicians, their

Yiews ¢cn szall-number retios canm not te rejected outright.

Howaver, since serial dodecaphonists, of all groups of




xnowledgesble susicisns, tesd to be the lesst Lnclined
towerd the Altericrs of the present tuaing .:Itil.a their
views can be dismissed for the purpose of the study of
multiple division &s oot germane to the subject. Excapt
for the serial dodecaphonists, all musicians appear to
copsider 3:2 ecd 4:3 to heve fundssental importance. The
fifths of meny nop-Western susical cultures are considerably
distorted, sufficiently sc to cause debate as to whather
the fifth is or is not ac slement of all zusicel syste=s.
Let it suffice that it is an essential consonent slement
in all western musical systezs, past aopd present, except
those cited above.

At this poiot acything approaching unanimity ceases
complately, The rezainins three questions will be framed
iz suzk = way as to assuze an affirzative answer to gquestion
one as it icvolves ratios of the ousbers 1 through &, since
the advocates of fixed systems of multiple divialon sppear
to be completely im accord on this point (Tasser is the

ezly possible exception).

cuestion two: Is it preferable to have equal tezper-
hzents, or is it preferable to use exact szall-pusber ratios
tesides the octave)? If juestion ome, above, is the most
fundazental question dividing susicians today, questica

two is the most fundszental question dividing sdvocates of

—

ES&|. for exazple, the gquotstion from Babbitt, above,
8% the begloning of Chapter 3.
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gultiple division of the octave (who tend to find themselves
in sgreesent oo a fundamentsal level regarding question one).
If this study has teoded to stress the work of the sdvocates
of sjual te=perasent it is because it is easier to analyze
and explain thelr systems and to relate them to ones anothar.
Until now, 'with the exception of several of the Fythagorean
systens, systeas of multiple division not involving a basis
in equal tezperazent have been strictly individual affaira,
lesding to no formation of schools and to 66 accumulation

of worke by more than one cozposer. Ths esphasis in this
study should not be construed es indicating any negative
Judgzent upon the works of the advocates of untecpered
dystess., FPerrett, Partch, Grovem, aad sheir predecessors
Bave zade lsportant cootributions to susical theory and
Fractice.

qusstion two can also be put as follows: are
spproximations velld as representatives of spall-npumber
ratioe? If this can be answered affirsatively a ascond
queation can also te asked: are the advantages of squal
teauperament sufficient soough to warrant the substitution

of spproximations of pure intervals for the real thing? The
foraation of sll melodic and harmsonic combinstions possible
Within & systea of any and all toces of the systea is, ar-
tourse, possible only in an equal tezperazent. Musle,

tonal and eatonal alike, bas relied oo this resource for so
long that the retraction of such a possibility might seem
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to many an intolerable retrogression. In -n& case, as
Fartch himself recognizes, the discontioustion of the
priociple of equal tezperacent would represent a far mors
revolutionsery change in the fabric of music than the change
fro2 ons tespercment to uuthtr.a' The untempered systems
baged on Pythagorean tunings must be excapted from thism
genaralization, because as mono-intervelic systems thay
rese=ble agual tezpered systezs, and becsuse their basic
intervel, the fifth, is so closely approxizated ino 12-tone
tezperacent,

izong the untezpersd systems of multiple divialon
which bheve been used, Ferrett's 19-, Parteh's 43—, asd the
Fythegoreanists' Z8= pnd 25-tone systems have beern noted in
particular. To this =ight be added a 4l-toze untezpered
system whick Louis Greensway apparestly ecployed inm at
leant one work performed duripg World War II.‘ It might
be noted that every one of the nusbera cited above has been
propogsed by others ss the bnsis for an egual tezperazent.
It 4o rether curious that there is a nuserical sasoclaticn
between systess based on such co=pletely differing concepts
of proper intonstion. 4 glence at the chart ip which
Parteh's and Sauveur's 43-tone Syste=s are cozpared (Exacple

39) ahows how great the differsnces between the= are.

}Pa:tch, op. elt., pp. 305-6.

4Th¢ only data I bave oo thia 18 an announcement of
8 conims concart of 4]l-tome untemppered rmusic by Greensway
in Fhiladelphia, Mareh 13, with year oot glven.
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Perrett's component intervals vary from 27 to 85 cents, and
his systez cun hardly be said to resesble 15-tons tempera-
zent.

Naverthsless, it =ay zot be entirely a coincidence
that their syste=s e=ploy the same pusber of tonss par
cotave &s important equal-tezpered systems. Both Partech
and Ferrett "fill out" theilr systems to correct the
largest verietions in size mmong the component intervals.
It is by this process thaet eack reaches bhis finsl ousbter of
tongs. Fartch adds 14 to whet was origipally a 29-tomes
system; Ferrett adds 5 to what was initislly = la-toms
system. Ip A sense these men are, by this process, attempt=
ing "froa the other side” to fiod the seme eguilibrium
between perfection and approximation which the advocates of
squal tezperaczent are seeking. While the sdvocates of
equal tecperazent insist on perfect equalization within
tke systez and seek to approximste pure intervals as
elosely as possible, thelr counterparts imaist on tha
perfection of the pure intervals asnd seek to aprroximate
equslity between the intervals. But thesse two processes
tend paturally to lesd to the saze cuszber of tones, be-
Cause departure und error are cosSpleZentary aspects of the
Sume phenomenons If with 8 given number of tones an egual
tmqumnt can be constructed with relatively small error

in the approxi=mation of the pure intervals deemed important,

thase sazs pure intervals cen be used in an untespered
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gysten with equally s=all departures from the iotervals of
the equivaleat tespered syste=. It should fioally be moted
that the pumber of tones present in Purtch's and Parrett's
syste=s before the additions of tones zeeded to equalize
the intervals, represent far less desirsble numbers for
equsl-tespered systecs then the sumbers of tones ezployed
by the final systems.

To soSa extent, then, the proble=s involved inm
chooaing ths pusber of tozss for an sguel teoperassnt apply
glee to choosing the best number of topes for an unteapered
systes=. Beyond this, wery little can be sald about tha
latter, as the possibilities are alzcat infinite. Ihlilll
even evident in the vest suzber of "just” gysteus shown in
the previous chapter &s bases for 1%-tome tezperazent. It
would seea far sore difficult to expect large nusbers of
theorists and coaposers ever to close ranks behind a
single specific just systea than hn-hud a single esgual
tezperad systez shich might continue to zean different
things to different users. It is oecessary, owlog to the
fﬂr‘sﬂlng, to cozceptrate oo the egusl-tezpered systems in
Bttezpting to find answers to the recalning questicns,
8vern though these answers may &pply isdirectly to untespered
iystezz g well.

Juestion Three: What degree of approxization will

be sccepted s tolersble for each of the intervals present

in & gunipg systes, e=d what methods can be used to
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gvalusta degrees of "satisfactorlneas” in the approxization
of various intervals withiz a tezpered systezs? With un-
tezpered systexs a similar question must be posed concerning
the degree of difference in the size of ths conatructing
intervels that will be tolerated.

It is with this guestiom that the erux of the problem
of cholice within the field of =multiple division, narrowsd
dove to egual tezperament, 18 first met. l!.uuur: have
varied from & refussl to accept even an error of two cents
in the perfect fifth to Barbour exd Euttper's statezent
that commatic errors &re no longer lnli.at:1.1|1'hl..=la;-5 If a
musician is &ble to osme whick small-guzber ratics he

deoxzs essential to his systez and the zexismal error which
ke will tolerate in his system, he can be told the Dumber
of tones iz the si=zpleat sgqual-tezpered systea that will
et his demands. If however, he wishes to use a graduated
series of tolerarnces, whereby some intervals Eust be more
closely in tune than otkers, the problem becomes more
difficult, .

Another cocplicating factor is the role of divergence
in the sizes of the errora. A single system =ay contaln
particularly good approximations of sozs intervals to
compencate for barely tolersble approxizations of others.

Theorists bave debated over the proper method for evaluasting

3Introduc tor{ notes for The Theory and Practice of
dust Intomation, ecol. 31l.
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¢he relative error in dirrt:ént systezs iovolvwiog sore than
gne approximuted interval. A method favored by many is
calculation by the sum of the squares of the discrepancies.
ohe discrepancies are calculsted in logarithmic units such
sg cents and the sguares of each taken. The systen having
the lowest sus of the squares of the intervals of discre=
pancy is tken celled the best systea. Pokker cites this
method to support kis advoceecy of 3l- and S3-tone teapera=
cents. MAccording to Pokker, M. F. E. Ligtenberg, whoas
figures bhe uses, used the squares of the iatervals of dis-
crapency (calculated in units of 1/100 octave or 12 cents),
rather than the intervals thezselves, sizply to nullify the
zutuslly cancelling effect of positive and pegative signs.®
Tois could, however, be done guite arbitrarily al=ply by
disregarding the signs. The use of sqjuares of the loga-
rithole valuss of the intervels cen produce results
drastically different from the results obtailoed by the use
of the logarithms of the interval retiocs themselves. The
use of gquares tends to favor the syste=s lovolviog rela-
tively esqual discrepancies over those whose average dis-
Crepancy may be smaller but which contain one sozewhat
larger discrepancy.

The use of sguares leads to & Jjudgzent in which the

llr'glst error azoog the besic iotervals of s system is

o —

E. - - 8ince toth positive and nDezative punbers
Possess positive squares. Fokker, la Gacse..., p. 156.




e i i i, i, i — C——— ———

347

taken into greater sccount than the other errors, but oot
into exclusive acecount. This see=s a logical acd resson-
able solution to the dilemsa caused by intervals lowolving
arrors of different sizes. But it leaves unsolwed problems
arising from differences in the importance of the intervals
consldered. What if the lergest dlscrepancy inovolves the
lesst important of the iotervals considered? The interval
baving the lesrgest error may indeed be Justifiably con-
sidered of special importance because of that error, but
there =ay be other factors ténding to eapbasize the impor-
tance of other iatervels.

It is possible to azphasize the perfect fifth, as
eany theorists have dones
ditioning effects of the lon: use of lZ2=-toos tesperazent,

Fossibly because of the eon-

zany surveys have shown gusiciens to be far more Gensitive
to slight deviaticns in the iotonatiog .f the perfect
fifth than to sizilar devisticos in thirds or other in-

tarvals not as well represented in li-tofe teSpera=ent.

With the zore dlptant partials, ons sncounters coaflieting

theories a3 to whether it is mors or less izportant that

tZey be repredented as accurately as the lower partisls.

Farteh insists, for exazple, that the 7th and llth partials

create consonant effects sufficiectly subtle %o be spoiled

%7 even szell srrors in intomstion, while ciber theorists
2lais to see the saventh partial (and even the llth partial)

g present in the l3-tone tezpered system.
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The sus of squares sethod, as Lt has been applied to
date, Bas shown no allowances for inequalities in the
importance of ths aceuracy of the warlous intervals in-
volved. Woolhouse, in 1835, used the method with thras
intervals, the perfect fifth, the major third, and the
ginor third. Fokker applied the saze method to thé perfect
fifth, the msjor third, and the natural seventh. Wedell
and Bertelson applied the same method, slthough Kormerup
does mot tell us whet intervals they ﬂ]ld.? Elsewhers they
applied the su=s of simple deficlencles without squarea to
35 irtervals within esch systez, iovolving coe for sach
latter pume with patural, flat, sharp, doctle=flat, and

d:nuhla-uh.lrp,a
Below are the results of Ligtenterg's and Wedell=-

Sartelson's cosputations, &s reported by Pokker and Kormerup,

respectively.
Ligtenberg=Fokier
(im 1/100 occtaves sguared)
10=tone tezperamsnt 7.4563
i’-tone tesperazment 8.1533
15=tone te=perazeat 4&.1802
17=tone tecperameat 3.8901
dé=tone tesperacent 1.6847
il=tome tezpe-azent O.20448
#l=tone tecperanzent O.c682
Li=tone Lezperament O.3318
Si=tone tesperasent Q.lese
Se=Locoe tezferasent O0.3304

?Eﬁrntmp. hcoustic Valumticn gf Intesvals, p. 7 His
Sitation is of articles Ly medell end oertelsoc in Husik,

Copenhagen, 1917 snd 1619,

alummp. Acoustic Methods of Werk, p. 27.




wWedell & Bertelsen-Eornarup
(iz cexts, mot sguared)

l2=-tone tezperazesnt 1174 cents

l9=-tone tezperament 458 cants
3l=-tcne tesperamsnt 174 cents
50-tone Tezparazent 67 cants

Pyikbsgorean (l2-tome) 1780 cents.

It is gquite evident that Liztenberg and Wedell are
looking for two gquite differsnt things. Except for 12- and
31=, the tempernsents deemed worthy of examination and
listing are completely different. Agreezent is resched
only on (1) the excellence of 3l-toae tezperazent which i

beld in high esteea by Wedell &zod Sertelson, Ligtenberg,

and Korperup aod Fokker alike; and on (2) the particular
wegkness of 12-tome teiperazent, whlch Ligteoberg shows to

b=ve an even greater deficiency than 10-tone tezperazent,
owing to the relatively good Pth partial in the latter
systam. Were Ligtentsrg to ewvaluats 19-tone tsmperszent

by bis metkod, the deficiepcy would be epproximately 3.7

Sgquare centicotaves.

guestion Four: Assuming that a mesns cao be found

to evaluate the varicus deficierccies of a tezperszsnt,

what relative importance is to be given to the difficulty

entailed by the nusber of tones employed? Musiclans have

Gffered answors roadically at variance with ons another.
This element, which mizht be called the difficulty facter,
is bardest of all to evaluate., Is the difficulty ef 12-
tcoe tesperasent close to the limit of the ability of husanm
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bapds to pley and husan ears to absord? [Does doublinmg the
pusbter of tomes is a system double its difficulty, or does
it come Dearer to quadrupling the difficulty? Or, on the
contrary, would it require & gquadrupling of the oumber of
tones to effect a doubling of the difficulty? These gues=
ticos ere very difficult even to attempt to moswer without
sccunulonted experimental deta, and their documented answers
would represent & major contribution to the study of the
feasibility of many syetems of multiple division. It is
enly when relisble inforzation on thie subject is available
that it will be possible to make a reasonsbly valid decisionm
on "sow high to go" io the nuaber of tones per octave to
insure the maximus posgible zzzuraey of intervals wdthout
overtaxing hussn artistic cspacities.

In order to sizplify this problez for the Fressnt,
it will be useful to divide the field of multiple division
into distinet areas of complexity. It is of little value
t0 compare the acousticel merits of 19- and 53-tone tempera-

Benis, for exa=ple, because the difficulty factor is mo

The boundaries between the

different in the two cases.

brems of comaplexity must be arbitrary, of courss, but I

Bave tried to select then as logicelly as possible. Sines
¥ ure vsed to thinkingz in & 12-tone pattern, I have

Etlected twice 12, or 24, as the upper limit of the first
ires of complexity. Besides being a sultiple of 12, 24

Comzends itself ms an upjer limit because above it there is
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g vold of esdvocated systezs, nons being mentioned until 29-
and none being widely sdvoceted until 3l-tone tezperament,
The first and second areas of cocplexity are therefors
glearly separated.

Por ac upper limit to the second srea of complexity
I have selected 26 for precisely the sazme reascms. 31-, M-,
and 3&-tone tezperamcnts are the principel systeza in this
groups. Because of the special credentials of 53-tons
tecperazent, I have extended the limits of the third wrea
of cozplexity to include this syste=., Wwhile admitting the
jossible injustice tec such systeas as 41- and 43-tome
tézperafents by the exteosion of this category to 53, I
: feel Justified ms it reprecents lessg than & 50 pesreent in-
crease over %5 tones wheTeRs every other category represants
&n ipcreagse of 50 parcent or more.

£11 systess iovolving more than 53 tones to the
octave will, for prectical purposes, be discounted by being
considered as lying within & fourth area of complexity,

Within each of the arems the dezands upon a system
of tezperazent are properly gquite different. Within the
first sren onms might reansonably expect some acoustical

izprovezent over lZ2-tone texperazent in sddition to the

@bvious ipcresse in barmonic diversity recdered possible.

Within the second nres a considerable increase in the

&zzuracy of represented inotervals and in the zumber of

Partials invoclved might reasonably be sxpected. Within
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the third area sxcellent accuracy and/or multiple partials
would see= an mltogether reasocable saxpectation.

METHOLS OF CHCICE: THIAL AND ERECR

Cwing to the finite limits on the Dumber of squal
tesperasents within the first groups, aod to the sitent of
the exploraticaos of these tezperamscts which bave already
been completed, it is gquite possible to selact ome's
desired tezperazent through eliminstion by trial and error.
Pollowieg this procedure, it is probably best to begin by
eliziputing all agual tezperazents in which ths perfect
fiftk is not cbtained with a sufficlent degree of ECOUIACY,
tten to repeat the process for each of the other esssantlial
intervala in the order of their isportance. Owing to ths
different demnnds on the teoperaczents io each area of
cosplaxity, they are considezed separately.

Area 1: The errors for the fifths in each of the
equel tezperaments in this area are shown in Example 52
it ceats and in percentage of possible error.

To find the best means of eveluating the relative
differerces of the two kinds of error shown below again
Tequires a velue judgmeant on the role of the difficulty

factor. Accepting a cosprozise view in order to have some
basis for evaluation, I shall evaluste the intervals
8ccording to the simple product of the two factors which
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Exaaple 52: The Fifths in drea Ona
Fumber of Size of Error- Farcent of
tones fifrth cants possible
errTor

T £38.5 3 7
14 B85, 16.

15 ?Zg 15.0 Eﬂ
16 &7 27.0 Z
17 705.9 3.9 1
18 755, 31.3 g‘
19 6%, 7e3 2
20 720 18.0 &0
21 E85.7 16.3 gg
EE mgil ?ll

25 678.3 23.7 a9
26 700 2.0 o8

I stall call the Cozbined Error Factor. The seven best

tezperasents io ares one froe the standpoint of their
fifths enly are:

Cozbined Error Pactor

Coe can drav the line where obe chooses oa the
tolersbility of the fifth. Probably the two most logical
Floces are either sozewhere between 17- acd 19-tone tezpera-

2ents for a strict limit, or between 22- and l4-tone tesper—

&sects for a loose limit. 16= and 15=tone tesperaments

Stem out of the question if the approximation of the perfect
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fifth is to be of asny importence whatscever. G5So are all
other tesperaczents in area ons,

The thirda for the five tezperaments shown above to
peve discussable fifths are:

Eusber of Size of Error- Error=
tones aajor centa parcent
thirds
1z 800 13.7
25 500 13.7 S5
A R -
.22 Hiwe a.s 16

The consideraticn of the major thirds tends to in-
vart the reletive values shown for the fifths. 17-tonme
tezperraeat would have to be eliminated from any further
consideration if thirds sre to be keld of any isportance
whatsoever. The Combiped Error PFactor for the major thirds
of the ressining four tesperamesnts in sres ome is shown
below.

Kumber of Cozbined Error Pactor
Tooes for Major Thirds

22 E.gg

1l .

12 3%

s 7453

If we now consider the cosbiced error facter of the
Perfect fifths and the major thirds, the result varies
Gczording to the process we expley. We.can use the product
©f the errors to favor the sicgle wery s=all error. This
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4 worthless sethod, however, sipnce it ie the iugtr
gather than the s=aller error that poses the greater danger
to a tezpered aystez. We can use the sum of the errors,
or the aus of the squarss of the errors. The latter process
esphasizes the lsportance of the larger error.

We can weigh the two intervals umequally if we so
desire. In the follewlng chart, the combined error factors

of the two intervals are placed lo variocus combinations,

Example 53: Cozbiped Zrrors of Fifths sod Thirds

Method Used 2= _19- 22- 24
Product 0.3 2.6 1.2 1.2
h ,l-a j-z M ?'?
Sum of squares (approximate) 14,0 5.3 3.8 56.0
Suz with fifth rated 2 to 1 over

third 3.9 4.8 8.8 7.9
Bu= of aquares with fifth rated

2 to 1 over third .0 7.9 Z.2 56.0

SuB with fifth rated 3 to 1 over
third

4.0 6.5 6.2 8,0

Suzs of gquarss with fifth rated 3
e 1 over third 14.0 10‘42 10.6 SE-E

According to the method used, 2:-tone texperument 1a

Shown to be the bewt in some of the ceasurezents, l12- in

Others, and 19« {n yet snother. 24=-tone tezperazeat runs

last ¢z all but one =easuresect.

The extrezely favorasble showlag of 22-tone tempera-
- BIt 45 the statistics cospiled above is dissipated com=
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aiderably if the =ipor third, 6:5 is also taken into account.
The errors of the mipnor thinsd in esch of the rezaining

tezperazents are es follows:

Kumber of Size of Error= Parcent
tonss minor cents
third
12 200 15.6 31
19 315.8 0.2 1l
22 327.3 11.7 81
28 300 15.6 62

The cocbined error feetor for this interval is as

follows:
12 4.848
19 .00
2e 4,80
24 9.68

The addition of the sinor third, even with wery
slight weight, turzs the results strongly in favor of 19-
tone tezperament. For exasple, considering a welighting
af 4=2-1 involving the sums of the squares of the errors
af fifth, major third and mimor third respectively, the

result proves to ba:

L2, A2 22, % . W
51.3 15.8 37.5 202.,0

The saze welghting, using the sizple suss of the
combined error factor zultiples produces thes following

valussg

'.-""“'hn-l-u-!-lr!lu--n:--u--u--u-ll----L__




357

A2 A9 S8 2.
12.6 9.7 13.8 25.3

Consideration of the harzonic seventh in the first
ares of cozplexity is probsbly out of the question, as is
deconstrated by the errors of the interval 7:4 in sach of
the four surviving temperaments in this group.

Fumber of Size of Error- Percent of
tones seventh cents possible
error
12 1000 31.2 62
13 Fad b 21.4 68
2 931.8 13.0 48
26 550.0 18.8 75

The prospects of 22-tome tesperazent are thereby
improved sosewhst with respect to those of tha othar
tecperazents, but an error &s great as 13 cents in a
tecperazent involving intervels as zinute as those of 22~
tons temperszent is & highly qusstionable one.

Conclusions ¢n area one: There 1s oo squal-tezpered
system with 24 or fewer tones with gatisfactery coexistant
intervals for ths 3rd, 5Sth, and 7th partials. If the 3rd
partial alone ig to be admitted, l2-tcoe tezperazent re-
tains ites begesony. If the 5%b partial is to be adaitted
only io the fors of the majeor third, Z2-tone teaperazent
appears the best, with 19-tooe teajerasent as close seccnd.

If, bowever, the minor third is galso to be cocsidered, 19-

tone tesperamsnt is substantially the best of the tezpera-
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meats in this area.

Ares 2: Within area two, the only tezperaments
whose fifths are sufficiently accurate to merit fusther
consideration are 2%, 3l-, 34=, end 3&-tone tezparacents.
29- apd 3l- sre prime puabers and thelr systems are there—
fore sntirely new. 34-tone tesperament contains the same
good fifths s 17-tone tezperament, along with a great
improvemsnt in its thirds. 3IiG-tones temperacsent contains
ne imp. .ve=ent on the thirds of 12-tcne tezperazent despits
the great incresse in cozplicatlon lovolved. Eelow i &
cozparison of the fifths in the four systezs ino this group
which cootalin possitly sdegquate fifths.

Huzbar of Size of Error-  Fercent Coabinesd
tones fiftk cents Error
Factor
29 0345 1.5 7 «11
ig 700 2.0 12 24
b 705.9 3.9 22 -85
11 £5%6.8 5.2 26 1.35
¥ With the perfect fifth taken slone as the basis of

a tesperasment, 29-tones tecperasent replaces the multiples
of 12 Bs best. Put it is highly doubtful that an increase

in complication into the second ares can be justified om
the besis of the perfect fifth alone. Following are the
figures for the major third.
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Kuaber of Bize of Error=- Percent Combined
Tonea Mfﬂ'l‘ cents Errar
third ' Fastor
29 372.4 13.9 &6 9.5
16 400 13.7 a2 1,2
b g 388.2 1.9 11 0.2
n 387.1 0.8 i 0.0

The error for the major thirds of £29- and 36=tone
tecperecents is ®o great that onze thst ioterval is con-
sideresd, even if weighted lightly ss compared with the
fifth, 31=- and 35-tone tezperpzents ezerge as the only
satisfectory proepects 1n this ares. Of the two, 54=tone
temperazent appears to be the better on the basis of 1its
fiftha. WwWhen the =inor third is brought izto copalderation,
the superiority of 34- to 3l-toms temperamgnt becomes more

prooounced.

humbar of Size of Error= Ferceot Cozbined
tonss minor centa Error
third Factor
3 309.7 5.9 0 1.8
34 317.6 2.0 11 -

Within srea of cozplexity two, smong systems bullt
oo fifths and thoirds oaly, J4-tooe temperazent appears a
cleur winner, involving no error lerger than 4 ceants. It
wiuld appesr undar the ¢ircumstacces to be a very much

urderrated systea for, although it is mentioned favorasbly

B3ong other tecperazents by many writers, it appears to
have obtained the specific advocacy of nons. This may be
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dus ip part to the non-cyclic character of the fifths. |
Bosanguet's rule for forming thirds from fifths does not
epplyi the third of 3»4-tone tezperaxzent is Dever obtainable |
by & series of fifths from the tonlc. 34-tome temperazent
possessen the further liability of an wnequal partitioan i
of the major third inté whole tones whose sizes relate to
cne another as 6 to 5.

With the consideration of the harzonic seventh, the
talance swings heavily to 3l-tone temperazant. Below are

the figures for the laterval P:8.

Kunber of Size of Error= Percant Cocbinsd
tones sevanth cents Error
Factor
31 557.7 1.1 & 0.1
4 §52.9 15.9 20 15.3

It is especlelly beceuse of this last set of figures
that 3l-tone tesperazent thrives today in Holland and in
zany theoretical works, while 34-tozs temperazent ls igoored.
The former systea possesses the 7th partial im very close
gpproxizacion, the latter does not possess it at all. Cnce
the 7th partial is brought usnder consideration, all coapeti-
ticn for 3l-tons temperasent im this area of complexity
vanishes.

With the addition of tha Gth partisl, and especially
of the llth, 3l=toce tezperazent proves distinctly insde-
guate, leaving no adegusets systex= in the second dAifficulsy

Brgm,
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Area 3: The relative merits of the tecperazents in

area three can also be asbown by trial acd error. The pro=-
cesas can be sizplified for the resder, however, beceuse of
the towering dominance of 53~tone tezmparament at every
atage of consideration involwing fifth (error less than
0.1 ceat), fifth and third (the major third is about 1.4
ecents too small), and fifth, third, and seveath (although
the seventh is npearly 4.8 cents too large and taken alone
does pot make an especlally good showing in this tezpera=-
zeat). It L8 only when the Llth partial is added to the
less=than=perfect 7th that the system sppears to have
passed its resscnable limits (error of the 1lth partial,
8 cents or about 70 percant).
4l-tone teamperament is of some note in this group
beaczusa it is the first tecpersment to approximete all of
the first 1l pertials withio six cents. The thirds are
the weakest intervals in this tezperazsent; the minor
third 18 a trifle over six ceuts too large, while the
zajor third is nearly six cents tooc ssell. The fifths are
excellent, and ths 7th partisal is less than three cents
deficlent. With interval distisections as micuts aa thoas
of 4l-tone tezparacent, & 6-cent error must be conmidered
gquite substantiaml, but as this is the only teaperament in
the third group sdmitting t.h.n possibllity of all partials
I through 11, it ig worth some considerstion. In both 41-
and 53-tone tesperaments the diatonlc scale can be produced
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gitter with egual whole-tones and Fythagorean major thirds
or with unegual whole-tonss and thirds which approximate
i Just thirda,

Conclusion on Teepered Systems es Obtaioed by Trisl

| and Epror: The 7th partial boing unattainable io the first
| area of cosplexity with the lower partials also represented,
| the cost coaplete systez would represent all intervals in

l the senario &s closely as poasible. This 1s 19=tone temper=-

| ezents Io the second area, Il-tone temperaczent dominates

: by ita inclusion of the Vth purtial together with A reason=-
able spproximetion of the imtervals in the senario. In the
toird area, 53-tone tezperazént 18 excellent io its rendi-
ticn of the sepsrio but wesk on the uppar partials. 4]1-
tone tezperazsnt is the first ipstance where the llth
partial might pley a role Lo an equel temperasent together
with the lower partials. 4 rather poor 5th partial mars

this otherwise axcellent temperament.

MATHEMATICAL METHODS

Even whiles usipg trial and error io their selection
of tezperazsnts thsorists have stte=pied to find a sore
scleatific basis for choosing ooe tesperazeat over another.
Sizce trial and srror has provided all of the infor=sation

nesded by zost musiciang in the selection of a mystem of

egual temperament from approximatiocns of the pure amall
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puater ratioa, oos might be justified in asking why mathe-
matical methods ceed be e=ployed at all. Besides the obvious
advantage & worikable sathe=stical forsula would possess in
gaving caleculating tice for m theorist who dosm not hawe
availabtle all of the fisures he might oeed for comparison
and proof, theres are, it seems to me, other advantages to
using & mathemntical formula. 4o accurate and significant
sathematical forsula speaks with as authority which no
systez supported only bty trial and error can achieve. It
may well be the lack of this very suthority which has pre-
vented sultiple division froz occupying a promicent place
in that part of the =odern musicel world which is pre=
cccupied in certain respects with sathematics. The search
for sathemeticel suthority behind systems of multiple
division has zet, in =o=t cases, however, with very little ,
success. The forzulas have tended to derive their existence
fros favored systemsa rathsr than the reverse. And the
forzulas when applied in series often have led to patently
inferior tempsrazsnts. Neverthaless, at leasst one bitherto
unpublicized method hss led to a large measurs of success, \
and n.;ﬁrkuhln union between mathezatical forsulas and
susical systsas may well at loog last exiat.

Matbecatical metiods for the deterzination of the
zost desirable tezperazent bave beeo varled; zany differect
sathazatical forzulae have been explored, aven by single
suthors. Barbour surveys severzl of thece im Tuning and




Tezperesest, beginning on paze 128. T shall discuss a few
which have been proposed by the curreat diseiples of
gultiple division, concentrating on those ot mentioned by
Barbour.

Yasser and Eornerup arrive, by different methods, at
what azounts to a cathematical forsula for the determination
of an squal temperazent. The desirable temperansnts muat
all, scecording to their theory, belong to the Flbonmeel
paries 2=5=7=12=19=31=50.... To YTasser the reascns are
gore sociolocical than mathemetical, while Eornerup relates
his choice of m Fibonaccl series closely to his Gelden Tone

theory. It is true that the goldea ratlo, (J , #guals the

a+l
o

mezbers of & Fibomacel series.

lizit, a8 o 9% of where o acd o + 1 are consecutive

The existence of 5- and 7-tone tezperaczents among
Esstern musical systems, the currant use of l2-tone temper-
agent, and the fevorable prognosis of 1%=- and 3l-tone
tegperopents plece the theory of a Fibonaccl serles as the
gathezatical besis for. desirsble temperasent in & moat
favoreble light. From the stasdpoint of evolutiecn, the
Fibonsccl theory is also attractive, because it enables a
tezpersment to develop, as it wers, cut of the two imsedi-
stely precedicg systezs in cozbimatioca. It is this aspect
of the Fibcnacel theory which is so attractive to Yasser.
Neveartheless, it is wery bard to see hov the
Fibonaccl series theory cem be held to have any mathesatical
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validity. The golden mean is an admirable amct of artifice,
tut it does not deriwve its sanction from the haraonie

9 How=

geries which eppeers more irregular im its fevors.
~ ever much Eormerup may imsist that the ideal fifth is 696
cents, the ideal fifth in the real world of acoustics is
702 centd. That 3l-tone temperament contains exsctly the
combined pumber of tomes of 12— end 19-tone temperaments
does indicate that it will possess intervsls representing
& mean of those intervels of the two simpler systems. But
thiz does not guarantee that it wlll be & better system
then the two simpler cnes, Thisz latter svent occurs 9&1
if the errors of the two sizpler syste=zs tend to c&ncgi one
.a.natha.r out. Since the msajor thirds of 19-tone temperament
are too amell, while the thirds of l2-tons tezperazant Ars
too large, one might expect that the thirds of 3l=-tone
temperazent will represent an improvezent over both, and
they do, The success of the meabers of the Fibonacel
series up to 31 is the result of the ocpposition of positive
and pegative intervals in the 5- end P- syste=za. This
cpposition creates & pendular balancing relation from
syatem to ayatem, up to Zl-tone temperament, which tends to
Eske soch successive systez more sccurate inm its representa-
tion of the principal acoustic walues than the one preceding.

A% thir poiat, however, the characteristics of the limit

9rur a detalled discussion of this subject, see
Chapter 9, above.

.




values for both fifth apd third prove too saall, especially
in the case of the fifth. Keither im its fifth, its thind,
nor its sevecth, is the next mexcber of the series, SO-tons
tezperamect, an improvezent over 3l-tone tezperament. A
comparative chart of the errors of these three values is

shown bealow:

3l=-tome S0=tone
size error slze error
3:2 695.8 5.2 £55.0 6.0
518 387.1 0.8 384.0 2.3
7:8 Sc7.7 1.1 2:0.0 8.8

Purtber deconstration of the feilure of the Plbonaccl
saries on the S50-level lies in the cospariscn of the errors
of 50- and 53-tone temperazents. Through the seventh
partial, the latter interval is better for every possible
interval except for 7:6, where the excesses of S0=tone
tenperazent's 3rd and Pth partials tend to cancel one another
out.

The supporters of adducing temperazents by the
Fitonacel series are right in their basic premise that the
best tezperizents with large rusbers of tones are based on
the adding together of the puzmbars of tonss of already good
Texzperazests., DBut their theory neglects to insure that the [:
systeas so combined will possess the opposite characteristica
which cancel one another out in the additive process. 19- I
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tope tesperazent, = cegative tezperszent, complements far
petter H-tons tezperazesnt which is positive, than 3Il-tone
tezperasent which 1s also negative. Hence 19 plus 34 pro-
duces 53, an excellent tecperament, while 19 plus 31 pro-

[ duces 50=-, & decidedly inferior texperasent from the stand-
point of the szall number ratioa.

! Virscheidt's use of mathematics in forzulsting his

theory of ratiocnal tooe systezs is described above in

Chaptar l.
Fokker sakes pany uses of pathezatical formulas as

they relate to cusical systezs. His erticle, Les Mathe=-

gatiszues ot 1a Musizue, explores many procedures for msa=-
I suricg o teaperament, including & mode of evaluation in

which usity is the sua of the squares of octave, [ifth,
third and maturel sqk;ﬁth. nl-'aﬁi;r contribution to the
art of llil:tiﬂﬁ a tesperacent by mathe=zatics is in his use
of snalytical geometry to ascertaln the nusber of tones in
& tezpsrameat froz the properties of the defining inter-
vals.

The various deficing intervals are arranged accord-
ing to the pusber of fifthe, thirds, smd sevenths, so that
they will equal either zero or sn exasct octave or multiple
of an occtave. The syntonlc comza, for sxampls, which Fokker
uses &8 & definics iztervel in & Dusber of instances, is
expressed g8 follows: four fifths aipus ope third (eguals

two octaves), or 4, -1, O as & fumction of its fifths,




thirds, acd sevenths, respectively.
Fokker proceeds to derive that tezperasent which

uses the followicgz three defining interwals: the syntoniec
comaa; 225:224 (two fifths plus two thirda, minus a seventh);
apd 1029:1028 (three sevenths plus a fifth). A aystem

baged on these three defining i.ntirﬁl: is expressed in

analytical gecmetry as follows:

Interval Fifths Thirds  Sevenths
£1:80 4 =1 0
225:224 2 ) 2 =1
1029:102% 1 Q 3

In analytical geometry the solution is found by
sdding all products of groups of three nusbers that would
be formed by the descending disgopals if the forzula were
continued, and deducting from it all similar products of
ascending diegonels. Thus, the sguation above bacomes
(24 «+ 1 +0) = (=6 + 0 + 0) equals 25+6 or 3l.

Of couras, with other data the same mathematical
process suggests other tezpera=ents. Substituting the

dckisma for the syntoaic cozza, the pattern becoman

8 1 Q
2 =1
o 3

which is equal to 81, Using the first two intervals above,
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a8 io 3l-tone tesperament, but substituting 6144:6125 (the
difference between three thirds plus two sevenths, and the
perfect fifth) for 1029:1024, 53-tone tesperament is
obtained by the forsula

a 1 ]
2 2 =1
=1 3 2

The syste= Fokker has dezonstrated ceonot be uged
until the dafinine intervels have been established. The
astablishment of defining intervals is an intermsdiate
process between the esteblishment of acoustical standurds
and their reaslization in a tecperasent. Lattempts to
elizinate this intermediate pro~edure have, however, been
sade. )

Barbour has =msde such an sttez;t with termary coo=-
ticued fractions. By wirtue of what Earbour calls a "mixed
#xpansion” he is able to obtain the best of the ayatems
waipg fifths and thirds as a u:-!.u.m Barbour's perfor=-
mince im as ingenious as it is cozplex. He first applies '
the atandard or Jacobi terpary cootioued freacticns, obtain=-
inz e series of supposedly ideal tespers=ents using thirds
and fifths. Fioding the serles tedly wanting, he reverses
the terms, obtairing another expaceicn on the same prin-

10 ,..
Barbour, Music and l‘l‘f C-untinu-d Fractions,
American Hnthem%i_al_Fu_El: ﬁ'
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principle: better btut still rot ectirely ntilnﬂor:.n
Fipally he works out a forzula whereby the two processes
sre aliernated, the choice between theo to be determined by
which of the two would invelve the larger devisor. The
result of thie cosplicated procedurs is almost identical
with Brun's sczewhat sizilar cslculetion based oo ternary
coptinusd fractions but using subtraction instead of
Barbour's division. ZEarbour's method is svailable to all
who are interested; as Hrun's i1s generally unkoown im this
country, it will be exazined in considerable detail.

— e

FROFESSCR BRUN'S METECD

The most izpressive mathematical gethod yet proposed
for the derivation of systems of egual tezperasent from a
series of just intervels (or fro= any other intervals if
they should be desired) was first presented in 1919 by
Viggo Brun, & Norweglan motbemstics professor. Ee bas
iince expanded on his views in & series of articles, Hhrlﬁ jc 1)
Sout recent and complete of which will sppesr thia year in

tie liordisk Matemacisk Tidskrift. I as convinced that 1% ___

Frovides the susic theorist with the =ost useful apparatus

u‘I.'hu Jecobi saxpacsics tezds to favor tezpera=snts
with sxcellent thirds but questionable fifths: 3, 25, 28,
31, B7. The last two terzs listed have good fifths as well.
Tha expansion throuzh the reversal of terms favoras the
fiftns: 1, 2, 5, 12, 41, 5%.4s 7The mized expansion alter=
Lates on n prizeiple similsr to Brun's where the largeast of
:1:: possible terms ls used for each new stage of the expan~
Oa .
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yot d-viftd for probing the resches of multiple systezs of
equal temperament.

Erun's method employs Euclidean alEEE:EE:i. To
beglin with, the logarithms of all just intervals on which
the systezm i to be based are computed. Any nuaber of ino=-
tervals may be ezployed (although Brun concedes that the
setbod begins to lose its accuracy if too many factors are
ipvolved) and any mesters of the harmocnic series may, for
expericental purposes be omitted. Let us follow Brun's

L1
process, using the octave, fifth, and major third as

values for our &xample.

Ha calls the logarithms of the three values a, b,
and ¢ respectively, and places them, in
onder fros the highest to the lowest, in ne. 1
the left hand coluzn. The right band \

I
colusn shows velues for X,, ¥y, 214 X5 ; A T §
¥y, =
Tar 23y end X5y T3 and 234 88 shown in e b IR
0% 73 B

Flgure 1. These represent the sumber of

times the ratic whose logarithm is on the
left will go exsctly into the ratios of the Intervals X, ¥, o

and g, widich ir this case represent the octave, fifth, and

=sjor third. Figure 2 shows thas

ssze forsuls with ouserical velues., . FIG. 2
T %

(2:1)0.3010

Erun's basic process is to

substitute "a - &" for "a" in the

left hand colusn, producing with

L 0 0
(3:2)0.1761 0 1 ©
(5:4)0.0969 |0 0 1



372

eack stage logarithss representing szaller intervals,
while io the zight hand columns he subatitutes ':1 plus
‘!. for "x,," wbich is to say that he locreases the

puctar of timeg the intervale (now szaller) are used,
Througkout the process; &4, b; and ¢ represent the sizes of
{ntervals while Xy Eo and x}. etc., represent the number
of occcurances of ench of the respective imtervals such F-,

that ax, plus bxa plus CXy equseles exactly an octeve, Yy :
plus b:3 plus er!‘ 4 perfsct fifth, ete.

..Eis :ubihiéutlhﬂ shoewn im .
Flgure 3 represents no basic FIG. 3

change in the values, slnce
l-h!l J‘l By

b Xy +X; Fy+Tp By 4Ep
« B N .%

{a = b}xl plus b{xl * :2] -
axy = bxy + bxy ¢ h:z -

ax, + bz, exactly the sace am
ia Mgure l.

PIG. 4
The smallest ioterval, o,
is n kipd of carried=-over remsinder 0.1249 |1 0 0O
wiileh remsins outside of the main 0.1761 |1 1 0
enleculations until one of the other 0.0269 10 0 1

—

figures becomes s=aller, whereupon

it is renszed b, aod the mew szallest terz becomes t™y
rezaipder. In Figure 4, the musbers in Figure 2 are
modified acecording to the procsss shown in Figure 3. In
pPlace of the octave, log (a = b) representing the perfect
fourth, sppears. The x colusn to the right of the line
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shows that ooe fourth plus one fifth comprises an octave.
In Figure 5, the terms of Pigure & are sizply Tearranged
to place the thres intervals in

positions &, b, aasd ¢ mccordinmg to PIG. 5

ite. In PFigure 6, thes basi To=
alze ¥ agic p :5*23:’.1?“ 1 1 o

(4:3)0.1249 1 0 O
(514)0.0969 ©0 0 1

cess is repeated. The fourth, b,
is deducted from the fifth, a,
lesving "a = b," a 9:B major
gsecond. The octave ism shown to _ PIG. 6 i

. i
]

comsist of two fourths and & major

C.0512 1 1,0
0.1249
0.09%9 0 O

sscond, the fifth of one fourth

=

acd a major second. The third

i35 yet to play a role in the pro-

FIG.

ceas.

In Figure 7, the teras in (4:3)0.1269 2 1
Plgure & are rearranced to place (5:4)0.0969 0 ©
the intervsl sizes in descending (9:8)0.0512

ordar., In this process, ths

. PIG. 8
mnjor third is advanced to poml=
tlcn b. PFilgure & shows & repeti= C.0280
tion af the basic procedure, with 0.0%69
the distosic semitone 16:15 Tesult-  0.0512

ing from the -ubumtlof&t_ﬁzi
from &:3. As this is the smallest interval so fer produced,

it assumes position ¢ in the rearracgezent which is depicted
bty Figure 9.




Iz Figure 9, the octawe is ¥15. 9

showd &8 comprised of two just
(5:4) 0,0569 2 1 1

(9:8) 00512 1 1 o0 -1~
(16:15)0.0280 2.1 ©
i1

sajor thirds, a major tone, mnd
two diatonic semitones. This can
be stated as follows: - - .. . .
2xExgxiexit = § . 1In Pigure 10, Y16 10 &
it is furtber broken down into

i (10:9) 0.0457 2 1 1

| traditional units of the just <

distonie scale, three 9:8 tomnas,
‘i (16:15)0.0280 2 1 0

two 10:9 tones, and two 16:15 . IR

sezitones. The other right ¥iGg. 11
bspd coluans show the tradi-
ticoal breakdowns of third and
fifth among these intervals.

Figure 1l shows the
Lecesfary rearrangement to re— @ FiG. 12

0.0857 2 1 1
0.0280 2 1 ©

store the values on the left hand

(81:80)0.0055 3 2 1
(10:9) 0.0457
(16:15)0.0280 2 1 O

side to numerical order, and

wn

Figure 12 showa the next stap

in the subdivision with a new

small value, the syntonic cozm=a, ezerging to assume the

role of "¢® for gquite some time.

We are now at the point uhere recognlzable tespersd

Eystems ars about to emerge, and it is ti=ze to ask our=

selves how one is to interpret the figures obtained. As
bas been stressed, ax, » bx,+ cXy will always squal an
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pctave. Do we, then, sdd the nuzber of terza ia thke first
colusn to the right of the line to obtaln the number of

toced in cur teaperamsnt? No; this {8 nat dopne, becausa

the third walus ls external to the =zaln process and is
likely to be so szall as to be megligible to ths process as
a whole.
In Figure 13 (which is & FIG. 13 —
gizple rearrangezent of Figure &

- |

(10:9) 0.0457 5 3 2
(16:15)0.0280 | 371 0. '
(81:80)0.0055 3 2 1

12) the cctave ic composed of !
/- ten units, threa of which are
zere gyntorie com=ss. To pro-
s pOSE & I.E;Eone teoperacment with unite representing every=-
thins from aicer tones [Iﬂ:BJ_tn syutonic comzas (51:80)
would be absurd. what Figure 13 does offer, in .its top
row, (derived froe row 2 of Figurs 12) is an instence of
S=tone teoperazent in which the fifth and major third have
their proper values. A compariscn of this row with the
Bum of the terzs in Pigure 9, skhows the superiority of

this preceas. The sum of the terzs in Figure 9 are 5, 3,

If this were icdeed supposed to repre=-

aod 1 respectively.
Sent S=tone tezperazent, the third would be puch too small.
336 centes is conpiderably closer to 480 cente than it la

to 240 cents; the row 5, 3, £ representathis temparament

better than the rougher, earlier estimate, 5, 3, 1.
Figure 14 carries Brun'e process a step farther,

withk a new tecperasent of 7 topes to the octave ezerging.
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Figure 15 represents the char- FIG. 148
acteristic rearranzezent of termas,

0.0177 5
and Figure 16 cerries the process

c.0280 7 & 2
apother step, stowipng the sser-

. 0.0055 3 2

geoce of lZ-tone tezperament. It 77
might be zentiozed at this point FIG. 15

thet the progression from 5=
(16:15)0.0280 7 4

(25:28)0.0177 5
(81:80)0.0055 3 2 1

through 12- has begun to follow

L5

Yasser's Fiboaecci series, This
it will contizoue to do &s leng
85 every pew ioterval walue (&8 - FIG. 16

b) remains larger then the syntonie '
tpi .y 001083 7 &4 2

Fs TH 00177 12 7 &
5/ 156 0.0055 3

coz=a, which is presently value €.
is soon, however, as the new

velue has been reached wnich is _
Zpller than the syntonic comma, the syntonic cozma .wi.'l.].
pras from the role of "defiping™ inoterval to that of "con-
structicg® interval acd ths valusa to the right of it inm
the chart will play & role ino deterzaining the pusber of
tones in the tesperacent. It is Flgure 15 which best shows
the 12-tone gystem under Erua's approxizotion. In the
tctave are seven diatonic se=itones (16:15) and five
ehrozatle senmitones (25:26). Thrae syntonle comzas are L
"left over,” which are gecerally added to three of the

diatonic secitones in the theozy of Jjust iotonation. ] tf

Fizure 17 represents the rearrangesent of Figure 16
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in tbe descending order cof ths inter= FIG. 17

vels, a2d Pigure 18 represents the )
AHTT0177 12 7

120024 010 a 2L F
The systonic comma resains the szall- 2 -F

- ‘s 00 :
est figure, but the new interval, Fie 55 3 2 1

repredenting the difference between FIG. 18

pext step: l9-tons tezperasent.

the chromatie semitons and tha Bl Ted2

diesis of the major thirds, 128:125, o
125,779 L0103 19 11 &
is pearly as s=all. 0055
o 2
Figure 19 shows the re- ,F .
arrange=ent, aod Flgure 20 the Daxt FIG. 19

step, whereby Zl-tone tesperazent .,

0105 19 11 e

is sbown, szd where a cev intervsl, , s
"/ 007 12 7 &

szaller then the syntonic cczza is seri

<0055 3 2 1

formed. It is this stage which

/
alters the Pibonacei series, as 8l: FiG. 20
r~ ABysMa
JIF7fi66 #0029 19 11 6
<0074 31 18 10

80 pssuzes positicn b lo the re-

érrangecent which is shown in

Hﬂlﬂ"' 2l.
0055 3 2 1
Thus it s nct 19, but 3
Tather 3 tooes, representing the FIG. 21

Busber of syntonic comsas carried | -
729%.2.007% 3 18 107
by the simpler aystems as a re-= =
§/ /¥ <0055 3-2 1 :
Silpder, which sust be added as the

0029 19 11 6

Srntopnic comaa is advanced to the

rank of constructicg interval. Pigure 22 showa the ezsrgence

Ab Yoo (0 Q0227 I HE




of 34 a8 the DexT eyste=m through PIG, 22
the combining of 3l- and 3-tons

2/ery L0009, 31 18
tazperaments, the latter shown, ——

0055 34 20
by Erun's method, to have the

L0029 19 11
best features to balance the weak- P2
pesses of 3l-toome tezperament. FlG. 23

Flgure 23 shows the re=-

¢/ %5 L0055 38 20

_-"-: "-.'f‘{_ .ng 19 11
szallaat lnterval apsuzes posi tion
Inifacy .C019 31 18

srrangesent which follows; & new

e. In Plgure 24, it is 535-tone

tezperasent which is shown to FlG. 2&
arise out of the combinatica
4f ultrapositive 35- and nega-

tive l%-tone temperazeats. With

1208//20) 0026 34 20
0029 53 31

0019 31 18
the evolving of 53-tone temper-— e

ezant, the syntonic cozzs has FIG. 25
cxapletéd 1ts role as construct-
ing Laterval and will itself be
sutdivided.

7171/ 3ec 0029 53 31
tzef 900026 W4 20

-0019 31 18
Flgure £5 represents & r—

rearrangement &snd FPigure 26 intro- FIG. 26
duces the pext tezperazent of the

h!’i{.{!j'ﬂ-omi 5'3 51
feries, possessing E7 toces to the

L0026 87 S1
Cotave. Th llent merite of
o . : .0019 31 18
this system are considered briefly e

}
iz Chapter 6, above.

10
11

11

11
17
10

17
11

107

17
28
10
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The pext tezpsrament to PIG. 27

=

ezarge, after the rearrangezent Ny
fs%/ . ,0026 87 51 28

‘0fer5 40019 31 18 10
0005 53 31 17

ahosn iz Figure 27, is 118-tone
texperazest in Figure 28. This f;?
the "perfect syste=" of 80 many

sivocates of tezperazents based on FiG. 28

fifths and thirda, and it is also ,
Py sy 0007 B7 51 28

L0019 118 &9 38
The algoritha can be con= T

0003 5,? 3 o1y

=3

sgkows in Chapter 6.

tinued, in which case it yields 205,
33, W, andk:?‘#..:a-m tesperaments. The H:lp;r::nntl agres
alsost coapletely with those derived by Ariel and by Barbour
by different methods, with the latter zecbers of the series
&zowing the greatest divergence between thema. The error

of third end fifth alike in 441-tone tezperacent is less
than .05 cents and compares well with the errors in systezs
ol mesy tones which ere advocsated by otker theorists. .

APFLYING BEUN'S FROCESS 70 CTEZR INTERVALS

A process similsar to the one outlioed above can be
followed for any cosbication of intervels. The theorist
R&y choose to use additiopel values in the har=onic series.
Erun himself has cerried the process through using the
Gbove welues plus the seventh partial, obtairing as
teaperazents for tke octave, 13=, 15-, 18-, 31=, 35=, 53=-,

=,
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pnd Eﬁ'tbﬂllclz The azree=ent of this series with the coms

studied above at the 31- and 53- levels strengthers the
case for these tempergzents. ZSrun bhas alse used the sams
process with all partials through 11, &zd obtainsd ths
following results: 15, 17, 22, 37, 41, 65; 72.... OF
these, kis own preference lies with ;EF and 72-tona
teaperacents, both of whick have teen found quite attrac-
tive by other theorists, usuelly for wery different rea-
-on:.lE Corrying this algordithm farther, I find the next
tecperaments to be E£%-, l6l-, 253=, mnd €70-tone tezpera-
gents. The iotervals of Z70-tone tesperzzent show the
potential value of EZrun's =ethbod for locating exceptional

tezperaczenta.

Interval 52 5:4 T4 11:4

Size of icterval P02.22 386.67 S68,89 551.11
Size of errar 0.27 0.36 Oul 0.2

The s=zallest unit of the systes belng 4.44% cents,
the error mever exceeds 18 percent of the possible; this
io 8 wvery good schievezent for o system with so zany dis-
parate factors.

It 16 alse possible to use Erunm's method with

121: 2y own caleulations using Brun's zethods, I
arrive at slightly different figures: 42 iostead of 35, and
7L instesd of 68.

liﬂl-tnne tezjerazent is discussed above in tie
first section of Chepter Five, end 72=-tome tesperament is
discussed pear the ecd of Chapter Four,
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intervals lyingz outside of the herconie series, sbould it
be the convietion of anyoze seeking @& more complex egual
tezperazent that substitute ictervals (such as a larger
sejor third) are preferable., The method can alsoc be used
with members of the herzonic series but omitting ope or

: more, 48 Ya@ser suggests with regard to the 3rd partial.
Brun's procedurs, in short, provides a means for converting
nny aet of preferred intervals inte a serles of equal
tecperacents tending to increase in sccuracy as more tones
are added. There i{s & shortco=ing, io that there is no
rook for differentiasting the i=zportance of the various in-
tervals invelved. ©This saze weakness has been noted in
other methods for calculating sdventageous tezperazents.
A further sbortcozing, if ooe wishes to call it that, 1is
that it still does mot perform & musiclan's thicking for
hiz. He zust still decids which intervals he is to use,
ind Be sust select from the series which the method ke
eiploys yilelds that single system which is the best com-

Fromise, for his purposes, between accuracy and sxpediency.

CCHCLUSICN

If one accepts the scoustical wslidity of szall-

fuzter ratics on the one hand and the principle of egual

tezperaseat oo the cther, one sppesrs all but bound to con=

clude that the Dost desirable texperacents belong to the




colloving seriesi 12, 19, 22, 3, 3, &1, $3 7Reees The =
underlined tecpered systezs seexz, in particular, to offer
digtinct acoustical refinezents over all those which precede
thes io the series. The systezs not ucderliced display
igpportant disadvanteges &s well s soce advantages over
those whieh imsedistely precede them. In general, accuracy
snd sgope incresse with number of tones, but 80 does diffi-
culty. It is possible to measure the degree of accurscy of
& teaperament miputely, snd wo have attecpted to do so in
the foregoing pages. It is omly possible to guess at the
difficulties involved in leerning to perform and to hear
susic based on 1%-, 3l-, 51-, or 72 scunds to thes octave.
Certainly the gensrelized keyboard deserves & gezeralized
teut.L‘ Esr-tralsing experizents with selected subjects

zay wfferd & partial answer to another ioportant aspect of
the question, "how difficult?™

The generalized keyboard might afford a beginning 1
for » oew teppered mystes; the ear might Le expected
grudunlly to dipest the pew plitch relatioczships sonually
produced, With the castery by the ear would come the
svailability of the vocsl mnd stricg cedis as well a3 the
slide trozbones. Velved brass instruments could be easily
sdapted by the sddition of coe or two aicrotcoal crooks.

Eeyed wind instrusents would present the grestest probles,

1800 Appendix 1, below, for disgrass and descripticns | |
of proposed gezeralized keyboards. . . -,

Rl i, 551 T PR -



383

put sultiple tiers of keys oo & wind instrusest are bhardly
out of the guestiocn, and their explolitation bes omly just
pegun with the present wcodwind lmstrusents.

There seexs little poinpt io adspting many instruments
antil the direction of further evolution, if there is ons,
becomes clearer. The absence of sufficient information
for an lmninent decision must be conceded. There appears,
therefore, t2 be little chence that multiple division will
replace 12-tone tenperacent im the near future.

But there would sppesr to be no reason why multiple
divisicn oo an experimental scale shouldn't co-exist with
17-tope tessersacent. There is aszple justification for
further axoerizental cospositicn, experizental beariog
tests, and experizentsl stteapts at obtaining performance
virtuosity in werious syste=zs, not coly in the isclated
studies of & Fartch, & Fokker, snd & Lyschoegradsky, but

wieraver creative zusiclans are disantisfied with tha

Baterlals curreatly st their dispesal.



