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CEAPTER 5
EJUAL TEITFERAMENTS EASED CN FIFTES AND THIRDS

Gection 1: Fositive Eystems

This chapter introduces a domain of rathar coEplex
theorissa and counter-theoriea. Bosanguet's Genaral Thesory
of the ﬂctnv-.l offers & valuable praocedurs for relating
apd measuring the various systexs enmcountered in this phase
of the study. His theory possesses both the advantages and
defects inherent 1n the use of such familiar landmarks as
our lZ=tofe tezpered aystes and the diatcnic scale as a
basis for comparison.

Bosanguet's contribution to the field of multiple
division of the octave is almost too immense to evaluate.
Eis writings have influenced as diverse a group as Fokker,
Eornerup, and Partch, apd his owm efforts at instrument-
copstruction provided & major breskthrough acd so excellent
exazple for those who followed bi=.® His General Theory of
the Octave supplies & precise lenguage for dealing with

1&5 Elezentary Treatise on Hus’cal Intervals and
IeSpeTEZeOt, 15/0, Ps -

Erh- instrument for which Eeosangquet 1a Jjustly fasous
is & harmonium porzally tumed to 53-tone sgual temperamesnt,
&cd possessing & “geooralized keyboard®™ whereby for any
scoustic grouping or relsticaoship of sounds, the -{::111
relaticeship betweesn the kays to be depressed resma
constant, regardless of trazaposition.

exactly
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multiple divisions btased oo fifths and thirds., His interests
coversd the whole broad range, acoustical, historicsl, and
anthropological, of subjects related to tha sultiple

division of the octavs.

EQSANQUET'S GENERAL TEEQRY CP THE OCTAVE

Bosanquet's theory begins with several useful
definitions which will be cited mnd then obmerved through=

out this and subsequent chapters.

Begular s¥ntn=n ars guch that all their notes
can be jrrandnd o & contlouous series of equal
firths.

Segular Cyclical Systerms are not ooly regular,
but retirn to the sace pitch alter a certain ousber
of fifths. ZEvery such systez divides ths cctave
into & certasin musdar of squal intesvals,

Error is deviation from a perfect cnncorﬁ.‘

[sparture is deviaticn from an equal-tezpered
interval, Unless the egual-temperazent is other-
wise aspecified, departure is messured from ths in-
tervale of l2-tons egual tecpe rament.

Intervals taken upwurds are called ocsltive,
taken downwards, negative.

Pifthe are called positive if they have

5Hnthin-; is said, under reguler systess, about tha
cecessity of the fifths mesting. Hoth Fythegorsan iptopae
tion apd meantcoe tuning sre regular systezs by Bosanquet's
definition. Equal-tespered systems are rot ooly regular,
but eyclical as wall,

‘Pirfict copcord meaning a comcord based oo a small-
ounber ratio. £
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positive ltlil]:rll.:"lﬂ.|.l-|||.-5

Systens are sald to be positive or nsgative
accordils as Cheir fifths are positive or n-ptith&

th Begular eyzlical systexs are sald to be of the |
£"" arder, positive or nszatlive, whea twelve of the 1
aprroxizate fifths of the systea exceed or fall sbort
of the octave by F units of the system. |

The above list of definitions gives Bosangust a yard-
stick, l2-tons squal tazperament, which may influsnce his
judgment, but which does not constitute a commitment to that
effect. He now proceeds to formulate thecrems pertaining to

the pature of regular trﬂ.-n."’ |

Th. I. In acy reguler systea, fiwve 7-fifths
sezitones and seven 5-fifths mealtcnes make up an

SIACE OcChave,

By bis interest ic the two kinds of sssitones,

Bosanguet is concerning Bimaslf with the diatonic scale.

Hote that departure rather than error is the baais
for clessification of cthe fifths. This 1s a most important
aspact of Bosanquet's theory, as Lt establishes lZ-tone
teZperazent 8 the norz for cogparison. The perfect fifth
bas, of course, & positiva departurs.

E::I.J.l astablishens li=tons Cezperament as ths mean
betweer "positive” snd "pegative™ aysteas.

?""a conce
™= zept of an order, r, may reguire explanatory
1llustrstion. Note that s uolt of a systes is its smallest
interval. Let us take LO-tone tespéraszsnt as an sxa=zple.
48 sj;roxizste fifth iz 19-tose temperasent is 11 units of
She systea. Twelve such fifths totsl (12 x 11 =) 132 units.
3’5""-*- cctaves squal (1% x ¥ =) 133 unite., Therefore, in
1.-:"'?‘3“ tezperament, “twelve of the approxicate fifths of
Eysteaxs . . . fell sbort of the octave™ by 1 unit of ths
8¥8tez. In 19-tone tesperament, T = =l.

8cp. eit., p. 6l.

b"—m-—wa——-—!—-
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Thecres I asserts that for scy regular iystes the practice
of determicing two kinds of sezitcnes from supariapossd
fifths is valid. This theorea is easily proved? by the
idenatity 7 x 5= 5x 7.

Th. II. In any reguler systez tha differacce

between the 7-fifths secitone sni the 5=fifths semi=
tone L@ the departure of 12 fifthe, heving regard to

aign.

Tois is self-evident, and 1s based oo the simple
arithmetical fact that 5 fifths plus 7 fifths equals 12
fifths and the sssuaptics that the difference in the semi-
tones will be created by the departure in the fifths since
where there i1s co departurs in the fifths (io 12-tone
temperasent) the two kinde of sezitoms are identlcal.

The pext five theoreas coocern Bosanguet's theory
of ry, and are presected here witkout individual comzantary.
Tee concept of ¢ further relates multiple divielon te 12=
tons temperament, since for esch valus of v there i ap end=-
lesa series of reguler cyclical syetems, ssparated from one

azother by the addition or deletiom of 12 tones to the

9In l2-tone %tezperazent, 1Z sealtopes equals an
octave. In any other system the se=itones are altersd
according to @ sulti;le of the departure of the fifth. A8
the slze of the fifth is constsnt, the departurss of savan
S5-fifth semitones and of five 7-fifth sexzitones will esch
agual 35 tizes the departure of & sizgle fifth. But becauss
the 5-rifth sezitone ls decreaszed ms the Fifth iwm ipcreased,
while the 7-fifth sezitoSe 1s i--reased with the fifth, the
two 35-fifth departures will catcel cuf ooe-another, lsaving
only the 12 equal-tezpered seasitcoss which continue to make

B0 octave.
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octlrl.m The tezperaments which bhove been considered inm
the preceding chapter would all be considered by Bosanguet
to have r equal to 0. Temperazents of a given order of ¢
can differ from ons another quite exteansively although they
will possess some coamon characteristics as opposed to 12-
tons tezperament. Within a given orcder of r, the more tonas
thers may be to the cctave, the greater is the influence of
l2-tone teaperament on the intervals of the serles (12-tons
tenperazent is the liziting case of any order of r whers n

approachss fs ).

The IIX. Ian & regular cyclical system of
order plug or =inus p, the difference between the
7=fifths secitone end the 5-fifths semitone is plus
or minus r units of the systea.

Th.: IV. In any regular cyclical system, if
the octsve be divided into 1 equsl intervals, and I
be the order of the wsystez, the departure of sach
fifth of the systez is r/n sezitones of l2-tone
texperassnt.

Th. V. If ic & systesm of the £*B order the
octeve be divided into o egual intervals, r + 7o is
s zultiple of 12, end £ + 70 is the nusber of units

in the fifth of the oystem.

Th. VI. If a syatea divide the octawve inte
o egual intervals, the total departure of all the
& fifths of the systea egquals r sesitoces of l2-toos
Tezperacent, where £ is tbe crder of the systes.

The VII. If o be the nunmber of divieions inm
tbe octave in a systes of the rth order, then n+7r
will be divisible by 12, sod o + 7r will be the

pusber of units in the 7=-fifths seaitoos.

1°uh¢n r = =1, for exazple, we bave the endless series,
7=y 19=, 31l=, 43=, 55~ B67=, 79-, wto.
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Eaving explored the properties of the fifi:, CETATE,
and sexitones, of the systezs of the various orders, Bosaacuet
Froceeds to theorems relsting to other intervals.

Th. VIII. Negative syste=s fora their major

thirds by four fifths up. Corollary: The departure
of & third of a pegative cyclical system B of ordar

-E ia zAr.
o

Barbour insistell that this forzula is pot walid
where n is greater thanm 12. If Barbour is correct, all
negative systems including such ettractive and popular ones
os 19- and Jl-tone temperaszent:must be eliminated oo the spot.
Simce the thirds of l2-tone tempersament are produced in this
zanner and sre substantially larger thasn 5:4, the negative
aystezs wvhick have bean seriocusly proposed unfailisgly
izprove the guality of the thirds.

Th. IX. Positive syste=s fora spproxzimately

perfoct thirds by eight fifths down. Corollery: the
departure of such third is -8r.
I

The application of this theorea, which makes uss of
the schismatic relationship, hes & weakness. Gince the
third is produced by eight fifths, relatively slight devia=-
ticos in the fifth are magnified 8 tizes in their effect oo
the thirds. 29-tone tezperazeat affords a useful i1llustratioa,
beizg & positive syste= of the order r = 1. In this tespera-

11'!‘!.1.!:1!:5 and Tezperszent, p. 130.

——
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ment, the error of ths fifth is ocly 1% cents. The error
of the third, however, consists of the echisza plus eight
tizes the error of the fifth, & total of 14 cents, encugh
to render Eé-tﬂ:t temperacent useless as a aystem with
fifth and third.
Th. I+ Eelmholtz' Theorex. The third thus
18 SRout 80 the eSTer of the squsl-teapered Tat

This theorem invelves only epproximation and therefore
canzot be proved. The two ratics vhich are sezi-equated
arise from different series, the one involving only 3 snd 2,
the other icvolving 5 &5 well, and their oear-identity is
fortultious.

Ths LI. In positive systexzs an approximate

‘ ::.r":nin seventh can be cbtaiped by fourteen fifths
Th. ¥II. In negative systess an approximats
barmonic saventh can be obtained by tenm fifths up.

Owing to the number of fifths involved in esch seventh,
szall varistions in the fifths can effect huge displacezents
in the seveoths. Applied to 3l- mrpd Sl-tone temperacents,
thocrezs XII end XI, respectively, produce sxcellsnt results.
36-tone tezperazent, whersin r = O, possesses an excellent
harmsonic seventh which cannot be obtained by any cozbinations
of fifths at all. It is racelled from the previous chapter
that the fifths in 36-tone tesperament ars not cyclic over

the whole systea, apd the two mambers of ths ioterval 7:4




belong to different cycles of fiftks in 35-tone te=mperasesnt
which 4s; when all is said; an irregular system by the
Gezeral Theory of Bosanguet.

WHERE § EQUALS 1

Bosanjuet's classification of regular cyclical systens
accordicg to a velus or r, positive or negative, affords e
particularly useful perspective for examinirg the vwarious
possible teoperazents. The sinimal variatioa from l2-tons
tesperansnt 1s provided by tezperasentsa ic which r is sgual
to plus or mious 1, In view of the gensral concern with
pure fifths and thirds in general, and the preservation of
the acoustical advantages of lZ=-tone temperasent in particu=
lar; it should come a5 oo surprise that the vast majority of
authors who bave recozmended multiple divisicn have advocated
systexs in which r is no grester thsn plus or minus 1.

Tbe order, T equals 1, includes the tezperacents of 5-,
17=, 29=, &l-, 53-, mnd €5 tones per octave. In this ordar,
the fifths are slweys lerger than 700 cents, with 700 cents
representing the limiting case as o approaches infinity.

The cperation of this principle is observed in the fifths
of the six systexzs listed sbove which are, respectively,
720 cents, 705.9 cents, 703.5 cents, 702.8 cents, 701.9

centa, and P01.5 cents., The great advantage of the systems

of this order is their fifths, which are particularly
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excellent in the last four of the sitsd tempera=ents. The
thirds, bowever, are often weak. Since ths fifths are
larger thas in 12-tone te=perazent, the thirds forsed by

8 fiftks are even larger than the large thirds of present
use, and are consequently lmpracticable, Following the pro-
cedure Bosanjuet recommends (im Th. IX.), the thirds formed
by 8 fifths wary considerably from systes to system. In o= I
end 17-tone tezperazents the major third is, to all intents

and purposes, & non-existent interval. In 29-tope tenpera-
=ent it is still 1% cents too s3a3ll, an error prompting even
Novarro, who expericented with the tezperacent at length,
to discard 1t.12

In 4l= and 53-tons texperacents, the third makes rapid
improvesent, belng 6 cents too s=zall in the foreer, and
slightly more than 1 cent toc 2=all in ths latter. When tha
teaperazent is increased to &5- Fer octave, the third be-
GoEed Learly two cents too large. Saveral theorists, among |

thea Ariel and Wdrschzidt, but earlier hnllnquit,15 have

coted the opposite deviations of the thirds in 93= and 65-

tone temperazsants. Since both have excellent fifthe, the
texperanent involving their sum of tones, 118~-, muat be

Dearly perfect from the standpoint of fifths and thirds.

s —

Yyovarro, op. eit., pp. 162-a. i:
ljﬁﬂlln;ull Bentions the pexfor=ability of l18-tone
teaperazeczt (mot guite all of the tones) on his harsoniva inm
Eis article, Tezperasmest, or the Divigicon of the Cctave, from
thz Froceedings of the Musical desocistion of London, 1874-5.

--p--Hlmrn!-!!l-!'H!m!mlnn!-nl-1m-u-l!!-ﬂ-F-qhnpl-u--uuq-qp.-nl




178

411 of the terperasents of the order r = 1, betwsesn
twmmnd 53-tones per octave, have been used or have besn
re=c¢zzended. 5-tone texmperazsent is the approximate tuning
¢! the Indooesian sslendro scale. 17-tons tesperazent has
ge=erated intarest from time to time, and is often considersd
t« "he the properly comstructed Arabian sclln.'u' There havae
be=m at lesst two 20th century sdvocates of 17=-tope temperas=
se=t, Edmond Malberbte and Vladialr Earapetyan. HNMslherbe's
vi=is ars publil,h.ﬂd.,ls and he 1s seen to ba lnterested in a
17-=toos system for "third-tones ™ which he cocsiders to have
zoem validity here then in an 18- or J6-tone system. He may
Bz aven balong properly with the advocates of 17-tons
te—arament, for he nu:e-rtu a lesaning toward the Fythagorean
iweonation of his 17-tons l:rltu.m Ferhaps bis moat
ilyemresting contribution is his suggestion for the potation
ofmmizultaneocus sharps, flats, azd/or nsturals on the same
lism of the staff, This perplexing problea of contezporary
Bui_c, aggravated by multiple divisica, he solves with the

fol_owing, self-explanatery lﬂmh-l? '*:‘D t‘?l’ |:I:.

. 14 garbour takes this view ia Tunizg and Tesperaszent,
Pe =14,

1510 renfatrel, 19 July, 1929, p. 329
161v1d., pe 330.
171v1d., pe 337.
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¥Vladizsir Earapetyan, a professor of snglnsaricg,
argues for the use of 17-tone temperazent oo the grounds
that it is a sizpler expansion from l2=-tone tezperament
than 19- and that it possesses better fifths than 19=tone
tn:paraaont.lﬂ Barbour imaginoes that the larger-than- o -
Pythagorean thirds and the small semitones might make 1?-#i
tone temperazent excellent for melodic, though not for
bharzonic, pu:pﬁ:i:.lg

29=tone temperament is the first of tha multiple
divizicng with batter fifths than 17-toce tecperamsnt.
Novarro credits its first sdvocacy to Cheve. Kovarro
fretted a guitar to 29-tone tezperazent and conducted a
series of experiments but discarded i%, as bed ven Jenkd
end others, because of its weak thirds.

Von Jankﬂ, famous primerily for his attempt to
popularize 4 keyboard based on Bosanguet's sultiple-diwisioa
kayboard for general use in the l2-tone systaa, wrota ona
article on multiple dLvitianEn in which él=-tone temperament
i singled cut for favorable attention. A number of major
theorists, including Fokker, have given &4l=tooe tesperasent

Tespectful attention am well, Like 17- aznd 29-tone tempera-

lﬂlnttlr frem V. Earspetyam to J. Yasser, Aug. 22,
1935, unpubl.
Yop. eit., p. 124,

20sver mehr als rwolfstullge gleichachwebende Temper-
aturen,® Beitrlgze zur Akustik und Fusicwissenschaft, 1901,

P Ba
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ments, it contains a zsjor third which is too szall, but the
error is, lo 4l-tone texzperament, reduced to six cants.
Besides superb fifths (less than half & cent too large), 8l-
toze teaperazent contains a patural seventh which is lass
then 3 cents too small, an excellent Sth partial, of course,
and an Lllth partial which is about as ipexsct as the Ba jor
thirde. It is the first of the equal-tezpered systess whare
the errors of wsll partisls through 11 are sufficlently small
to render tﬁt systez discussable as & realizaticn of all aof

these partisles. Prof. Viggo Erun shows, by a process of |

Ilﬁﬂrithll.al how 4l-tone temperazent belongs properly to the
zathematical series of tecperazents whick represent optimally
the partials through 1l.

Pokker considers 4l-tone tezperesent quite seriously
&8 & function of the partisls 3, 5, and 7, without iocluding
11. He goes to considerable effort to i1llustrate this
systen with & disgraa of the three-dizensiocmal tone-lattice
a8 he conceives 1t.22 He also cherts the deviations of tha
various intervals based on smell-pumber ratics in 8l-tone
tezperament, msasured lo tercs of units of the system.
Exsrple 26, an excerpt froe Fokker's chart, shows the size
of ssch of the intervals involving nusbers 11 and szaller

zlhnpublllhed letter to the suthor, but note his
publications in bibliecgraphy.

E'?Hihntum:in Eespiezelinz der Huziek, ssction
beginoing p. lo3. GSicllar cherib fTom tols oook oo 53-
and Jl=tone tezperazents are reproduced, below.
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and the errors of their spproximatiosns io 41-tcne tespera-
pent. 1.000 eguals 1/8l.

Example 26: Szall-Nusber Intervels in 41-Tone Temperament

e 3 4 5 & 7 8 9 10 1n

2 0 23.98

3 .02 o 17.02 30.22

4 -.02 0 13,20 - 35,10

5 22 =20 © 10.78 19.90 27.80 24,77

6 .22 o 9.2 35.85
7 =10 .10 =12 0 7.9 14.87 21.10 26.74
B «20 .10 0 6.97 18.84
9 «23 13 .03 0 6.2% 11.87
10 -_.15 e =23 0 5.6
11 15 .26 .16 .13 .36 [+]

Pokker's fioal comeclusicn on 4l-tone tezperament is
that it offers mo acousticel improvezent over 3l-tone
teaperament to justify the cozplications involved in using
10 additionel tones. He bases this conclusicn on the M
figures of Ligtenberg, who used the sum of the sguares of
the deviations of fifth, third snd seveoth in erriviog at ii
bis recomsecdations,

That &l-tone teaperazent offers no general isprove-

zant over 3l-tone tezperarent is essentially trus, since

ths E&-cent discrepancy of the thirds in 4l-tone temparamsnt
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replaces the 6-cent discrepancy of the fifths in 3l=tons
tezperasent. Nevertheless, to theorists such as von Jank,
who postulate & near-perfect fifth as the sine gua men fer

& tezperazent, 4l-tone tezperament does represzent & distinct

galn over 3l=-.

53-TCNE TEPERAMENT

With S53-tone tesperaSent wé Arrive at what many
theorists ineluding Bosangquet have regarded ss almost the
utopian condition for music. [Hscovery of 53-tone teapera-
gent is generally credited to Mercetor, the ecientist famous
for the sap projection in which Ezat is slways East, and
West is West, slthough Greenlend becomes many times the
size of fustralia,

Yasser, bowever, cites the Chinese King Fang as the
discoversr of the S5i-tons l:ntou.25 It is unlikaly that
either King Fang or Mercator thought of his 4iB:¢TItillliﬂ
practical susicel terms. They mre both responsible for the
discovery of the rezarkable mDear-coipcidence between 53
fifths and 31 cctaves. The actuml ratic for the iaterwal

aeparating the two is 555|25“ or:

251 Theo : af ng I
i T Evalvi Tonalit p. 31. Partch adds:
"no rojtltJ'IiEEEiET' :
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In recent years, Esther Tiprle has attempted to
Tevive interest in 53-tone tezperazent with a pusber of
tables, charts, a slide-rule, ard mn instrusest. The nase
of Mercator is sgein associated with the venturs, as shs
bes sstablished the Mercator Foundation in Georgls, under
whose auspices her work has been dnm.zu Although she has
suggested scales with various musbers of tones from within
the system of 53-tone tezperament, mo known cozpenitions
bave coze from the Mercator founmdation. Miss Tipple's 19-
toos scale from within 53-tone tezperaEsnt is npoted below
in ckapter l2, » 77/

Since the tize of its mention by Mercator, 53-tons
tespereasent has been considered by cesny theorists, usually
fevorsbly. Ariel iscludes it in his series of "good®
S§ystezs, cozing after 3-tope teaperazent, wirschaldt
conslders 5J-tone tecperasent aczorng the finest of the
retional tope systems, devoting considerable space ot its
tn.l].:lll.as Ellis Bad earlier called 53-tona teaperazent
among the three best=® (together with 12= snd 3l=, Pokker
wWas to select the same three temperazents). In 1912, the
advocacy of 5Si-tone texpersment sppears in its most

E“'Iip;h, Husic logsrithizic Spirel and other works,
see bibliography. Loe sdaress o ¢ Mercator Foundaticn ias
Eiven as Blsck's Eluff Hosd, Eoge, Georgim.

25'-"!.1"ll:hl.'ldt.. Die ratiocellen Toneyateoe... Op. cit.,
pl Eﬂ ffv

zﬁlppn.dix to Helaholtz, op. cit., P« 435
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suspenseful azd xysterious for=: an aconymous intarview
granted to G. Penler by a disciple of "Puturisz® in Le Guide
du Comcert, who stresses that im 5J)-tone tecperazent Pax
(quedruples sharp) = Dbbbb. This is trus.

It is to Bosamguet, bowever, that the grestest credit
for the molern interest in 53-tone teaperasent belongs. He
points out that not omly is the fifth excellent in S53=tome
tezperasent (i%s discrepancy is less than .1 ceat) btut the
third i1s less then 2 centa too small, an error s=zaller then
that of the fifth in 12-tone tecperscent. The single unit
of 53-tone tempesrezsnt is only slightly larger than tha
syatonie coz=a. HBosamguet points out that the syntonie
comma equals 1/55.8 n:l;n.n.z? The discrepency betwean 1/53
and E1:80 is sligktly larger than ome cent. Tha Pythagorean
third is pesarly 0.3 cents flat, and the error of the Just
major third is the sum of the two figures, l.% cents.

Bosanquet attempted to make practical reality out
of 53-tone tezperaczent with an instrument which may well
prove to be the direct ancestor of any sultiple division
iostrumesnt in general use in the .l.'l.lt‘ll.l:"l.za That the 53=
tone systen is closely linked by Bosanquet to the warious

zultiple just syste=s based on perfect fiftks i3 evident

E?Hunnt;r; Treatise... 0p. eit., p- 13.

EaMil.r.qut'l generalired kciholrﬂ is ezployed with
alight medificaticns by Fokker for his }l-tere organ which
has bad cemsiderable influeace Lo recent years. A disgram
of the geceralized keyboards is included in the appendix of

this study.
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oot enly from his own text but also from the sccompanying
advertisement of the manufscturer of his lastrument. Tka |
buyer who wishes az organ with multiple division bdut cannot
afford the 53 tones or 84 keFs demanded by Bosanquat may
buy an organ with 24, 36, or 48 keys to the octave. The
discrepancy between the tones of the systems with 24, 36,
and &8 perfect fifths on the one hend and 5%-tone tespera-—
ment on the other is all but negligible. 53-tone tempera-
eant provides an approximatiocn that will ba in error by
about 1 cent for every 12 fifths traversed in the P;tha'gunl.u
systems. The discrepancy {8 larger, of courss, if the
fifths of the just systeo are tespered by 1/8 of a schisaa
to produce Just thirda. It probably mey be surzised that
the organs in Mr. Jenninge' sdvertisesment were designoed
with perfect, rether than octs-schissatically altered fifthas
in mind.

The traditional diatonic scale cas bé played in two
different ways in 53-tone tesperacent, as GSteinsr has
pointed nut.zg With Pythagorean intonation, the whole-tones
are produced by intervals of /93 and the sealtones by in-
tervals of 4/53, The discrepancy is negligible. 4 versica
of just intcmation with an everage deviation of less than a
cent is obtainable with 9/53 for the =ajor tone, B/53 for
the micer tome, and 5/53 for the diatonic semitons, For

29gericht von III Eongress, I.M.G., op. cit., p. 3%,
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zusical requirezents closaly related te the diatonic scale,
S3-toce teaperazent is little short of perfect, It may,
bowever, be much too cozplex for so simple a use,.

A=ong the theorists writing on S5i-tons tezparamsat,
Wesley Woolhouse, in 1835, soze 40 years before Bosanguet,
sozplains about the inmccurscy of the thirds. Woolhouse,
the initisl proponent of 19-tonm teaperament, would hardly

Soem to be the man to be disturbed bty en error of only 1%
centé. He does not state the size of the thirds or their
errer and 1t is possible that he caleulatsd thasm izcorrectly.

Partch, however, ocbjects strongly, acd with consider-
sble justificaties, to the representations of ths Tth and
lith partials in 53-tone tezperazent. The former is alsost
5 tents too sharp, and the latter close to 7 ceats too flat,
the discrepancies being quite substantial in view of the
ficeness of the tempersment.

The 5-cent error in the 7th partisl notwithstanding,
Fokker accepts this interval as mn essentlal feature of 53—
tine teaperament, building & three—disensional tone=lattice
88 18 his custom with other multiple temperaments. Hig
disgran is reproduced several pages hence in Exsmple 28,

Naither Pokker, Ettinge: mor Wirschmidt, all of whom
offer specific "just®” {ntopatiocs for 53 tones per octave,
Fresent any cospariscn betwesn thelr proposed systess and
2i~tons equal tezperazent. Exazple 27 shows the approxisate

tunizgs, in cents, of the 53-tone scales of these threes as
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deduced from their diagrams, snd cozpares them to Pythagorean

azd equal-tespered 53-tope 8Yystezs. The ictervals are mea-

sured from tke =iddle-most tome iz each disgras and the dig-
crepapcies likewise. Tha average deviation shown at tha |
bottos iavolves all of the intervals as ceasured from a

ceatral tone, snd is not the same thing as Barbour's mean |

deviation,which Lo concerned with the constructing intervals
(units of the system).

Example 27: Cozpariscn of 53-Tone Systems

Si-t Ottingen Wirschmidt Pokker Pythagorsan

tezpera=

eant
Q 00,00 00.0C C0.00 00,00 Q0.00
1 22,62 el.51 13.8 23.85
c %5.28 q].06 43.4 46.92
5 67.92 70.68 70.68 66.77
4 90,57 92.18 84,4 90.23
5 113.21 111.7a 111.74 11%.69
& 135.85 133,24 133,24 137.15
7 153.49 162.85 155.1 156.99
a 181,13 182,580 182,40 180,45
9 203,77 203,91 203,91 £03.91
10 £cb.b2 223.46 251.2 227.37
11 269,06 244,97 239,55 250,82
12 271.70 274,58 26E.B5H £70.68
13 204, 34 2%, 14 cHB8.4 £04 .18
14 5116.98 315.64 315.64 317.60
15 13%.62 3535.20 %5.25 137455 151.06
16 262,26 364,81 i56.70 359.0% 260.90

1 184,91 38€.31 ESS‘E‘ 284,36
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Exeople 27 (Continued) |

Si-t Cttingen Whrscheidt Pokker Frtheagorean

te=pera-

Eant 1
27 6l1.32 &09.78 617.5 611.73 f
28 633.96 631.28 631.28 535 19
29 656.60 660.89 653.2 655.03
30 6756.2 680 .84 674,65 678.49
3 701.8 701.95 701.95 601.95 701,95
32 ?EhoE ?EliS’D 7‘9#25 F25.41 f
13 T47.1 743,01 737.6 748,87
» 769,81 772.53 77753 68,72
35 792,45 792.18 ?ﬁﬁ.t 92.18
36 815,09 Bl3.69 813.6 B515.64
37 837.74 B83E.19 843.30 (5ix rifurul 839.10

ses ba

38 860.28 BE4 . B0 BS54, 75 B57.1 658,95
za 8a3.02 EB4. 36 B84, 36 582.41
40 G05.66 905.86 858,.1 905.87
&1 928.30 925,42 §933.15 QE‘L.’:
ag 950,94 955.03 G4l.5 639,17
43 973.58 G76.54 %58.8 9?2.65
a4 996.23 996.09 995.09 956,09
a5 1015.87 1017.60 1017.60  1019,55
&4 1041.51  1037.15 1039.5 1043,.01
&7 1064.15% 10=6.76 &ll othars 1053,2 1064 .86
25 10£6.79 1088.26 sea=ze &8 1068.26 10E6.32
45 1106,.53 1107.82 Ottingen. 1115.6 1109.78
50 1132.08 1129.32 1129.32 1133.2s
21 1154,.72 1158.94 1151.2 1153.08
52 1177.36  1178.59 1172.7 1176.5%
23 1200.00 1200.00 1200,00 1200.00
Average deviation: 24395 3.009 5.629 0.91

Aversge oumber of
intervals used: 3.577 3.462 2.941 13.5

The six different pitches for Fokker's 37tk tooe are:

835.6
835.2
2L3.5

»2

848.7
822.0
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Exazple 27 revesls a pumber of charscteristics of 53-
tone tesperazent worth noting. As with l3-tone tempsra-
zent it is the perfect fifth which is the dominating inter- ”
val,?® The voary existence of more than ome interpretation
of just intonetion shows that with 53 tones to the octavs,
as with 12, Barbour's state=zent is applicable: "Thers is “
oo such thing as just intomation; but, rather, many differ-
ent just intonaticns; . . ‘,ﬁl Barbour's state=zant continues,
". « « 0f these, the best is thut which comes closest to the
Pythagorean tuning.® This is evez zore trus of S3-tons . |H
tesperament thaz of 12-, a5 tha low figure under Average

Deviation shows. |

In general, 53=tone tezperszent would seea £o be as

good & aystex as Dost theorists have regarded it. The
average deviations range from less than & ceat, when com-
pired to Pythagorean tuning, to arcurd 2% to 3 cents for tha
aystems using fifths and thirds, to over 5% centas for
Fokiker's systez ezpleying the nstural seventh as well. Ey
compurison the average deviations for various systems in 12-
tone tenperament are: Frtolemy's just intonation, 12 cents;

Arén's meantcne tesperazent, 1) ceots; Prthagoresn tunisng,

Buirill. who likes to comsider each of the "good”
systezs as related to the lnoterval which is best represented
br its tezperssent, ackzowledges the hegezony of the fifth
in 1{- and 5%=tone tesperazents but npot, of course, in 19=
ﬂrj-,,

Moo, eit., p. 105.




190

& cents. The axtent of improvement in 53-tone teoperanent
is ebout proportionzl to tke increase in the nusbar of tones.
The izprovement 18 aven better in the case of the Fythagorean
eyastez aod in the case of systexs lovolving septimal inoter-
vals, Septimslly derived intervals in 12-tone tecperament
are &ll but unthinksble.

Cf the four systezms shown, Fokkesr's is the most in=
teresting. Exasple 28 iz & diagrsn of the systez upon which
the figures in Example 27 are based. I have transposed the
nuzbers ahkowa below by edding 10 to esch of thex, 1o onder
to =ake the tone shown by Fokker as 43 the generaticg tons
of the system, since it is the sost centrally located of the .

topes lo his disgram.

Exasple 2B8: Fokker's 53-Tona Systea
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In Exasple 27, there is skown for ssch aysteam ths
avarege nuaber of steps waich =ust be taken to reach sach
zexber of the system froz the cectral or generating tone.
It can be presumed that scae edvantsge would acerus to
those sYsteas wiich reguired fewer separate ateps in relat-
ing one tone to another. It im here that Fokker's tri-
dimenslopal system shows to ite greatest sdvuntage, for it
involves an average of fewer than three geparate steps to
reach ehch tone froz the generoting tone even though 1t ia
pot preclioely at the center, whersus the bl-dimensional
systeas require core than 3. It is also bere that the weak-
ness of the uni-dizensioczal Fythagorean system is most

apparent, with 131.5 steps separsting the sverage member

from the central tone. Wirschmidt's systea, slightly ip-
ferior to Ettinavn'n in intopstion, is the more coapact of
the two, a8 can be seea by Example 27.

Pokker's gystez is suspended batween six differant
repregsentations of the 27th tome of his system (the 37th on
cur chart). It is syzptomatic of the weakness of his saystem
I'rom the stacdpoint of lntopation, that the six representa=
tives of this cae tone vary inm pitch by 26.7 cents, zore than
the ezallest unit of 53-tone texpers=ent! The smallest in-
terval betwsen consscutive tonmes in Pokker's syste=z is only
alightly larger than 8 cents, while the largest is about 35
cents. It may well be Jjustifiable to conclude that a tri-

disensional tome-lattice does mot work well for a systeam in




192

which one basic interval is very cuch better repressnted

than apother. The weakoesses of Fokker's syatez reflect

the weaimesses of the 7th partial ia 53-tone tecperazment.
In copcluding our copsideration of 5i-tones tempera-

sent, it would seex reasonable to suggest that it is a
supsarb tezperacent for fifths, a good tecpearazent for fifths
and thirds, and & gquasticneble temperazent once higher prime
partials are brought into consideration. 53-tons being the
most complicated equal tezperament to be considered in any
detail io these pages, this would appear the =zost suitable
tioe to point ocut that no matter how micute the subdivision
of the octave, Jjust intonation always remains a step ahead
of sgusl tecpera=ent.acd they never can be brought tngctuor.lh
53-tone tempeérasent also demonstrates that s long as thars
ars two or more theorists considericz & given zusical

gyatem, there will always be contention over the juat in-

tonation.

WEERE R EQUALS 2

Four systems in which r = plus & are of sufficient
value to merit scae attenticn. Tbree of theses bave beaed
propeoped, 22=, 3=, apnd ll8-tone tezperaszents, of which the
latter will be considered in Chepter & im cosparison with
other tecperazents invelving a very great ousber of tonas.

In sddition to the other tezperaments already cemed, 46-tons
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tecperasent has acoustical features possibly worthy of coo=

siderstion. Exazple 20 skows the size of the intervals most
closely spproximaticg 3:2, 5:5, and 7:8 in each of the three
above-named systems, together with tha discrepancies iavolved

in sach case.

Example 29: 22- 34- and 46-Tone Systems Compared

Interval 22-Tone Yi-Tone 46=Tone
FIFTH 709.08 705.88 704, 54
ERRCR OF FIPTH 713 3.93 2.39
THIED 181.8 388,24 391.3
ERSOR OF THIRD 4.4 1.93 5.0
SEVENTH 981.8 952.9 965.2
EREOX OF SEVENTH 13.0 15.9 1.6

These syatens cozpare not altogether unfavorably with
those temperacents praviously examired. The double order is
reflected in the high degree of sharpness of tha fifths,
sspaclally lo 22=tone tezperament.

Slopce the errors of the third and fifth in 22-tons
tecperasent are iln different dirwctions, the error of the
2iror tiird Is equal to their sum, almost 12 cecta. This ia
probably excessive, but the systex is otherwise withizc the
reslm of coosideration, with 1lts flaws abzut cozsensurats

with tiose of 19-tone tezperasent. It is possible that the

Pesitlve fifths, untried historically, =ight be more
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bothersoze than the necative fifths of 19-tone temperamsnt,
whick are also sbout 7 cexsts in error. The major third im
Z22-tone tecpers=ent i3 better thes the =sjor third in 19- ||
(by m rather gzsl]l margin), but the oinor third i8 much worse.
Helther tezperasent cffers a close approximation to the
natural 7th, althouzh that of 22-tone tezperament, erring L
oo the saze aide of the seventh iz lo-tons tesperasent but
less than balf as muzh, would sound relatively pure to our

ssrs. 22-tope tecjperazent possesses a faziliar landmark,

the tritone of lZ-tcns temperazent. Opelt and Wirschaidt
rejort with scse faver oo thls systez, as does Novarro, who
atiributes its ictroduction to the East Indians. The 22
srutis of Inodiar music are 00t generally considersd to
répresent an egual-tezpered -:;'lt-.l. bowever.

F =t one ‘I-:-e:.pq:nnent can be cogpared profitably with
its pegative eguivalezt, 3l-tone temperacent. The fiftha
are alightly better andé the major thirde slightly less good.
The minor thirds a-e better owing to the fact that both
fifth and third a-e positive in error. Where 34=tone
tezperazant is weakest 1in cc=pariscn to 3l- is in its repre=
sentation of the narsocic seventh. It Is for this element |
taat Jl=tone tezperasent zust be preferred to 34-= for [
possible gepsral use.

46=tone teczperassent isproves the 7th pactial of 34-
tone teszperament to & polst where it zmight be useful, but

the third 18 weakessd considerably io the process. The
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Ereat laprovesent of tha fiftks and thirds 4o S3-tone
tezperaceat (over 46=) achieved at omly slight cost in the
7tha, renders tke 8lightly zore complex tezperasent the more
likely to be useful,

Section 2: Kegative Systeas

Theoriats have been reluctant to abandon the practice
of building thirds by the Buperposition of four fiftha, AR
the major third in 12-toge texperazent is more than 13 cents
too lerge, many theorists have built susicel systems by re-

ducing the size of the squal-tezperesd fifth.

VHERE B B4UALS -1

By far the cost common order of these systems is that
in which twelve fifths fall sho=t of meven octaves by one
ualt. The limit of the fifth in this order, as in all
orders bused opn l12-tone temperazent, is 700 cents. Thia
limit 48 approsched from below, 80 that the fifth ias always
tdo small. This is & congenital weakoess ip the negative
orders, one which hus csused Drobigeh to leave them out of
518 series of idesl tezparaserts-© and Jackd to reject them
out of band. Zven EBosanguet gives the negative ayste=s a
Subordinate mh.'ﬂ
s =

m’ﬂbl'ﬂh‘ Ei t’.t-. P &3.

3351: barmoniuz is comstructed primsrily for positive
Bratezs, althouzh it can be adapted for use with cegative
EFstens.
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The series in which r = -1 begins with 7=, 19-, 3l=-, |
43-, apd 55-tone texzperazents. All five of these systems
Eave played & role in either susical practice or musical |
theory. The fifths ip emch of the five systems, in mscend-
ing order of §,ars 685.7 cents, 694.7 cents, 6%.8 cents,
697.7 cents, and £93,2 centa. The gradual improvement in
fifths cozpensates in large remsure for the added complica=
tions ms O increases, but the Iimprovement is too gradual to
Justify an unexzblguous preference for those systems 1o this

order whers & is largest. The major thirds in the order

approach a lisit of 400 cents fros below, crossing the
desired %86.% about wharsa B = 31. The thirds for the five
gystezs listed above are, in ascendipg order of 0, 342.9,
178.%, 387.1, 3590.7 and 392.7.

The harmonic seventh, as formed by ten ascending
fifths sccording to Bosaoguet's theorem (mo. XI., see above),
varies froa B57.1% cents (more than 100 cents too s=all) im
7~tons temperacent, to a lizit of 1000 cexis, very much too
large. It is 21 cents too small in 19-tooe temperement and
B cents too large in 43-tone tempersment. In 3l-tooe tempera=
mant, however, the harcornic seventh is sprroxicated within 2
centa. It is the cosbinstion of excellent major thirds and
netursl sevenths which has made 3l-tooe texperazent a
perticular favorite of zany theorists.

The five principsl tecpersasents of the order r = =1

will be taken up ocne by ons, with Il-tone teaperament
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reserved for the conclusion of this chapter, and 19-tone
tezperament reserved for a sore detajiled examipation in sub-
segquent chapters.

7-tone temperezent 18 of sigmificance more because of
practice thas theory. GSiamess =usic 1s based on the approxi-
mation of this temparemant. As will be noted subseguently, |
Joseph Yasaer, one of the chief expoosnts of emultipls
division, sees ir the Siazese cusical syste= & direct ancestor
of diatonic susicaml practice, frnaun from further development
by the arrival of equal teasperacent. Siamese musicel
practice 1s pentatoale, but the closed and cozplete system
is essentially equal-tespered heptatonic,

If, as Frit:z Kuttser hss stated,” the fifths ia
Chineses music are consistently very flat, it is ccocelvable
that some kinship mey exist between Chinese musicel practice
and sn Approxioation of 7-=tone egqual tesperament. Such a
kinship is =erely speculastive axd is contradicted by other
intonetiopnal practices in Chinese music; nevertheless, it
would seez a better explanation for the pheoomencn of the
flat fifths than the dodecapbonlc coocept of the l_ﬂ or the
Prthegorsan sxplenetiozn usually givea for ths pentatonde
scals.

7-tones temperament is of little wvalues in Western
music today, except for experimental purposes, since it

wsuld represent a retrogression from current practice both

> conversation, Decesber 1960.




198

io complexity and in scousticsl relationships, It is in-
teresting to bear diatonic =melodies played ip 7=-tone tespera-
=ent, and very difficult zot to comclude eaphatically that
the diatonic ubegual scale is an aesthetic isprovement, It
is Yasser's contention thet the abolition of 12-tone #qual
tenpsrazent In favor of a more complex systen would provide
more appropriate contours for 12-tone melodies much as 12=
tone temperament provides & mere sultsbla vehicle than 7=
tone tezperament for heptatonie malodiea.

43-tooe tecperscent is mentienmed in zoat studies an
the system proposed by Seuveur. It ssems sore likely, bow-
ever, that Ssuveur used egual tesperazents only us a means
©f sioplifying meantone Eystexs for theoretical purposes and
thet B8 envissged no cusic using 43 topes to the octave.
Nevertheless, Sauveur's edvocacy represents ao endorsement
of the scoustical attributes of %3-tone equal temperasent
Sioce they are no different from those of the 1/5-comama
tezperazent systez Sauveur was actually recoczending. It
ls in this tezperacent that the Fifths and thirds yisld
ﬁunxwthduuhnerWMmruhﬂqtntuﬂﬂ-
Eeat 1desl for those who wish to preserve the relationship
wiereby the third is produced by four fifths without favor=
izg either interval at the experse of the other,

Although cited in the stardard works on aultiple

division, 43-tone tezpersment as a zmusical reslity hn{ yet

to be sdvocated by anyone, unless Sauveur is considered to
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bave advocated it. <This may well be because of the com~-
prozises which charscterize the systes. The fine thirds and
gavenths of 3l-tone temperazent are glven up, as well as its
relative sioplicity, for what is in reality only & slight
izprovezent irn the fifths. This has hardly seezed worth-
while to most thaorists in view of the almoat perfect fifths
in 53-tone teopearasent at the expense of only slight further
complication. 4 43-tope system without equal tecperacent has
been advocated and used extensively by Earry Fartch (see
below, Chapter 7).

55=-tones teoperament 1s ths complets aystsa, part of
which is repressnted in Siltermann's l/6-comms tezperazent,
such favored by zacy instrucent zakers end tupers around
1700 and; according to Sauveur, "in universal use by
=uﬂlﬁllnl'35 at that tize. According to Novarro, 55=tone
tezperacent as such has bad an sdvocate in Esteve. Its
fifths represent a slight ipprovezent over thcee in 43-tone
teaperacent, provided at the expense of the thirds end of
whet migzht atill recain of sizplicity. It seems far mors
use=ful as the basim for a lZ2-tone meantons temperacent than
8 a aystesa to be used in its totality: 4is & asantone
tezperament it possesses the great advantage of thirds which
ares produced by four fifths., As & sryste= used im its totality
it possesses no such sdvantage, adoce how the thirds may be

derived ic an equal-tezpered system is purely acadezlc; the

555¢h¢r=hun. The Nature of Husie, p. 2.
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only =eaningful questicn concerns their Quslity. The chief
intervals in 55-toce tesperazent cozpare mest unfavorably
with those i3 the positive systez which is its E0st obvious
rival, 53-tone temperazent. Fifths, thirds, and sevenths
ars 81l distinctly purer in the latter, rendering the
acoustical defense of 55-tons tesperazent an extremaly

difficult matter.

WHERE R EUALS -2: SO-TONE TEFERAMENT

Bafore proceeding to Zl-tons tesperament, I anm ¢on=-
sidering 50-tone tezperazent, the only tenperazent of order
E = =2 to boave been seriocusly proposed, because its problems
very closely resesble those of S5-tons and other first-order
cegative systems. Forzed by the 6dding together of the
oozbers 15 end 31, the ousbter 50 desiznates an equal tempera-
Z2ot possessing the basic strengsths and wveaknesses of those
twa tezperaments which are jet to be considered, with the
lgnificent added weakrege crestad by the ilocreased complexity
of the system. [ts fifths are alzost & cents flat; this
rfepresents i deviation of over 52 parcant of tha possible
error where the intervale are 20 szall. The thirds are only
£+3 cents too sxzall, but this iz a gEreater error than that
of the thirds in 53-tone tezpersment, & tezperaczent whose

Principal wirtue lies oot im its thirds but in ite fifths.

=tone tesperasect represents the completion of Zarlino's
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Z2/7-com=a tezparazent and Sotert S=ith's 5/ 16-comza
tecperasent. Its sdvocacy &S & systez of =ultizle division
is gemerally attributed to Eenflisz a tontezpaorary of
Stuveur, probvably as erroneously as in the cass of Sauveur
and 4j-tone tesperasent. It is probable that Eenfling, liks g
Ssuveur, meant his systex to be a basis for ssasurement (50
ls 8 convenient number for that purpose) snd the super=
@tructure for a slzple meantore system., Hobert Smith
advocated it Iin this way as later did Woolhouse.

Iike 43= and 55-tone tesperazents, S0-tanas tampera=
zent seens moot useful for the sizple manrer ic which its
thirds are derived fros its firtks, s usefulness which 1ia
sssantial to the comstructioz of a suitable messtons teEpera=
ment using a szall pumber of tooes, tut of mo acoustical
value ln the cosplete cyclical systez. It is S53=tcoe
tezparazent, which forss its thirds end fiftis independently
9f one another, and which csrcot bte used therefore gs the
besis of a twelve-tone zeantcoe tecperscent, which otherwise

cazpletely dwarfs its pesr rivals in scoustical Fowers.

31-TCNE EqUAL TEMFERAMENT

It ils the negative systezs which dominats the fisld
°f squal tezpecazents between 12 and 4l. Two systess with
Srder £ = =1 lie withic this area, 19- acd ¥l-tone tespera-

Bents. These two s¥ysteas have been advocated jointly by




202

Eorperup; YTasser bas advocated the formser for the present
and the latter for the future. Wirschzidt, Cpelt and many
of the other writers who have spoken with great faver of the
one bave doze so equally of the other. Other writers, how-
aver, heve made & =ore positive choice between the two
aystems., As will be demonstrated, moet of the acoustical
advantazes lie with 3l-tone temperament, while 19-tone
tezperazent possessesd those advanteges which accrus from
greater simplicity.

Holland apd 3l-tope te=zperasent have mainteined an
affinity which stretches from the time of its discovery to
the present., It was the Dutch methesatician, Christian
Huygens , who desonstrated in 1752 thet 3l-tons texzperament
is & closed lllélﬁ representing ths coapletion of Aron's
peantons temperapent. It was anothar Duteh scientist,
Adriaan Fokker, retired professor end curator of the Teyler
Institute in Eaarle=s, who built there & plpe Organ tuned to
3l-tone tesperamect which bas become the central point ino s
recent surge of inteorest in that tuniog syatea.

During the Renaissance, when Aron's N-cozza teapera-
cant was in widespresd use, a pumber of iostruzents ware
built using 31 tooes to the octsve. Eest known of thess
wa@ Vicentino's archicexmbalo, which appesrs to bave kad &
companion imstrument, an &rchiorgmno. There i8 some cob-

fusico over Vicectino's exsct imtenticos for the intonaticno

of his instrumeant or instrusents, a confusicn which persists
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in the face of brave cev sttezpts to pinpoint the pitches
on the basis of Vicentino's own a=biguocus 1n:trunt1nn-.36
It is fairly well establisbed, however, that at least thes

firat orcers of keys, and possibly thes entire instrument, |

were tuned to Jk-cozsa tesperazent, readerinzg the arciorganc

almost an egual-texzpersd instrument.
Several other 3l-tone instruments wers built shortly
after Vicentino's. The patterns of flat mend sharp tones on

these inatrusents were cozplex Bnd showed no regard for
facility of modulation or trensposltion, a most understand-
able circumstance considerinz when they were bullt. One
irstruzent, bowever, Fabioc Colomoa's "Seabuca linces,* is
Ilidi? to bhave had the first "generalized" keyboard, whersin
sach order resembled the cne before it., JAccording to
Barbour, Colonne's orders are separated by 1/5 of a tone,
asd each ﬁ;dir contains 7 tones to the octave. It would
appesr that Colonna's keyboard was only partly generalized,
since 31 divided by 7 does not lesve an interval that would
be the basls for any musical system of the Esnulssance or
early Barogue.

fl=tome teoperacent sheres with other pegative

tezcperacents the quality of heving excesaively small fifths.

5&ror the zost recent and detaliled exazization of the
tuninz of Vicentino's instruzents see KEaufmann, Henry W.,
Yicentino's Arciorsspoj an Ancotated Irasnslatiocn, Journal of

Fasic Toeory, ipril 1%cl, D= Je=

5?21 Barbour in Tuninz snd Te=zperament, p. 119.
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The deficiency is nearly 5.2 cents, representing 27 percent
of the largest error possible. 4dgsinst this defect =must be
bolanced a major third end & matural sevesth of exceptional
quality. Ths thirds are O.B cent sherp while the sevenths
aré 1.05 cents too amall. Theorists have generally written
favorably about this 'l;alnll:l-lerl.m-:n:.,3'B but often with rTeserva-
tions about its fifthl.ag Scme writesrs have found more
cause for objection ia tre mizor thirds (major aixths) than
io the rl..i‘1:h.l."“"‘:I The disecrepancy for this interval in 3l=

tone tezperament is & cents, the su= of the discrepancies of

the fifth and the Eajor third. Writers who have most
ezphatically ezdorsed 3l-tone tezperament whila rejescting
19=, such ma Fokker, have tenied mot to u.anlld“' the zinor
third as an interval of ths saze rack of iepportance aas ths
major third.

Woolhouse, on the other hand, 15 concerned with the
minor third, a8 weres E=ith and Herrison before him. BSince

3'El=rnhtb1;r the m0st enttusisstic statement about 31-
tone tenpperszent wes by E. 5. Wedell, a Copenhagen actuary
wbo occaslozally wrote articles on cusic for Danish-language
periodicals. Eommermip guotes Wedell =s writing of 31l-tone
tecperapent that it is "ac Zlacrado for susic theoriste.”
Eornerup, acgustic Valuetica of Iotervals, p. Ts

’gﬁwum, cp. cit., p. 165=-6, suzgests 3l=-tone
tesperacent for those Types of instruzents only, where beats,
such 8 will be created by out=of=tune fifths, are not heard
to6 promouncedlys

mﬂﬁtl:‘t E=ith in the 15th century and Woolbouss in
the 1%th sdopt this view. See S=ith, op. ¢it., preface, &nd
elso paze 121; mmd woolhouse, op. cit.y pe 49, where in spite

of his reservations he says of S1-tcoe tezperament: ". . .
a very good scale . « « Bas beex cuch spproved of by many

musiclans.*
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the minor third is ecreated by deducting tke major third from
the perfect fifth, the error in the mipor t-ird of any glven
equal-tezpered systen will be B function of the errors of the
perfect fifth and major third. Whare the error of ons of
these two deterzining intervals is positive and thke other
oegative; as in }l=tone tezperm=zent, the error for the minor
third ;111 be squal to the sum of the errors for the perfact
fifth and mejor third. Where, howaver, the errors of both
of the determining intervals carry the sese sign (as in
19-tone tesparazent, where both the perfect fifth and major
thkird ers negative), the error for the minpor third will be
egual to the difference between the errors cf the =ajor
third and perfect fifth. In 19=tone tezperazent the srrors
for the 2ajor third and perfect fifth, although each guite
substential, cancel one another almost cozpletely, 1i|rin5
the pinor third extre=ely close to perfection. This near-
perfection is of elgnificance to Woolhouse, tut is of mo
isportance to Fokker, since the Einor third is to him not a
gensrating intarval,

If 12- and S3-tone tezperazents are essentiaslly
Pythegorean, in that they festurs perticularly satisfactory
rifths, 3l=-ton= tecperazent is not. The major third is the
most satisfactory interval, amd of the just intcaoations
of fered for 3l-=tone systems, thome that offer the closest

approxizmation to 3l-tome ejual tecparamsnt ars the onss

which use the greatest pumber of thirds aod the fewest
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fifths. JAzopg the propornents of Il=tozs teapesament, at
least three, Worachzide, iriel, and Fokkker, have proposed
aystess of Jjust intepation iovolving 31 tones to the octave,
88 well am methods for definiag or deriving the tezpe-azsant.
Werschaldt and Arlel derive the 8ystea through thirds and
fifths mlone, whereas Pokker includes devenths in a three-
dimensional tone=lattice. Worschzidt and Pokker both defins
the tezperasent by the intervals which are made to equal
zerc. FPor Wirschoidt, usiog twe detercinants, there are two
such intervals. Por Pokker, usipg three, there are thres.

According to Wlrschaidt, one of the two intervals
whick are 3sde equal to zero to esteblish *l-tome tesperasent
is the symtonic com=a, 51:80. 4 third is thereby sade equal
to four fifths minus tws ostaves. Sicce this is also true
in l2-tooe and other tezperaments, it does not by itself
defipe the systezs, Ufirsch=ide's gthes identity in 31l-tone
tacperament is between eight thirds, and two octaves and a
fifth. The interval which 15 made thereby to become zere
ls 3923216:390625, about & cents in size,

Wirach=idt mskes twe disgrass for 3l-toge tezperament.,
The first, sy=zmetrical, requires four different constructing
intervels. Theoe are 128:125, the difference between thres
thirds and an octave (this eccurs 18 times io the syatezm);
3125:3072, threo thirds =zipus an octave and & fifth (10
tlzes); 16875:16384, three fiftks and four thirds minus thres

octaves (2 timea); acd the somewhot larger icoterval BaB:625,
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rezresenting four fifths minus four thirde and an octave or
else four minor thirds minus an occteve (1 time). |

Wirschaidt acknowledges that by upesetting the
sy=metry through ths alteration of a single tone (toos
puzber 16 in Exs=ple 30) the fourth and largest construct=-
ing interval is elioinated, rendering the systez presusmably
atronger. Example 30 shows Wirschmidt's eriginsl, syasetri=-
cal diagram, with an arrow showing the alternate location of
tone 16. The tones are nuzbered in ascending scalewlse
order, and are placed by fifths snd thirds. The four con-
structing intervals are shown by the accozpanying figures.
The alteraticn shown by the arrow alimipetes ths sirgls E48:
625 from the sysotem and removes o©ns of the 10 appearances of
the soallest unit, 3125:3072, replacing thece with a nine=-
tosnth instance of the dlesis, 12841259, und a third instance
of 16875:163848.,

Exazple 30: Worachmidt's 31-Tones Eystem

LLll
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irill, in contrast to WArsachaldt, makes oo use of the
interval 16875:156285%, but rather uses Wirschaidt's three |
cther intervals as followa: 128:125 sixteen times, 3125:3072

twalve times, and B4E8:625 three times. Hevising Wirschaidt's

diagras the minisue suaber of times pecescary to producs h
Ariel's systez of intervals, it reads as follows io Exa=zple

31,

Exazple 31: Ariel's 31-Tone System

41 19
dark terder = added by ceiL kL O 5
Ariel to Wirackaldt's E: 27
systen, i
:n:platllz dork = deleted &l D ES
by Ariel from WArschmidt's ERELE
system. [ Hie
£ EALA
ﬂ B

Exaople 32 shows the properties of the priocipal Jl=-
tone systems which bave been proposed. Ao the average
deviations of the three (oregoing systems are within 0.1 ef
a cent of being identical, only one of thez WArschmidt's
firsgt syste=m, ig included in Exazple 32. Usoing Barbour's
8ystem of calculatinog the mean devistion of the constructlog
iztervals, however, the difference between the three matbods
froposed above is =more substantisl, Wirschmidt's second

E¥stea involving the seallest mean deviatiom, 5.2 cents,

Gpd priel's the greatest, 6.4 cents. These figures compars
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Exazple 32: Chart of Intervales in 31-Tone Just Systems

Unit of Equal  Wlrschmidt TFokker Alternate Septimal
Tunings

Eysten Tecper-
azment
2 gg.gg Dg.gg gg.nu
. %1, +3 88.7 «6

2 7782 70.68 92.17 70.68 22.42
3 11e,13 111.7% 1149.5

4 154 .84 162.85 155.1

S 193,55 203.91 203.91

& 232.26 244,97 23l.2

7 270.92 274 .58 -85

5 348,39 35.25 559.0

10 387.10 386,31 HE6.31

11 425,81 427.37 4#35.1

12 454,52 458,99 470,75

13 503.235 498.05 498.05

14 551.55 §29.11 (oix rifﬂrti

see

15 580.65 te8.72 500

L& 619435 809,78 61?.5 Wirschamidt:

17 §58.08 660,89 B653.2 tar 631.28

18 696,77 701.95 701.95

19 735.48 743.01 729.25

20 F7h.19 T72.63 TEL4 .9 786.4 772.63
21 812.90 a13.69 821.%
22 851.61 BE4 .75 857.1

23 890.32 885,36 G848,

24 923,03 Q925.42 933.15

25 367.7¢  §55.03 ¥

6 1006.4% 996.09 206.0% 1017.80 1003 .8
27 1045.16 10%7.15 1l0el.0 1039.5 1052.6
28 1083.87 10B8.26 10B8.26

<9 1122.58 1129.52 1115.6

i 1lel.29 1158.94 1172.7 all others the scaae
E0 1 1200.00 1200.00 1200.0 ae Fokkar's
Average deviatlion: 5.18 6.75 &6.05 5.17 centa

avarase number of

stapa 2.9 2.55 2.55 2.5

Fean deviation
scalewvise 5.2 10.4 9.7 7.9
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The six different pitchbes for Fokker's l4th tone ared

525.25
533.7

l.4%
F5.85
254.6

and 563.95 cents. For calculating the
average deviation, the best, 531.% is uned for all thres

geptizmal systems shown,

favorably with the sean deviastions for jJust intonmation snd
zenntoce temperazent io a lZ2-tone system, even allowing for
the difference iz slze of the basic iotervels of the two
systems.

The disgram of Fokker's toos=lattice is akown

balow in Exacple 33.

Exazple 33: Pokker's 11-Tone Tone-Lattice

The nucbers Fokker sctually used are altered both
Zere and iz Execple 32 by the deductica of the constant, 2,
from every tone.
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ds iz S53=-tone temperozent, Fokker pays a price for
the sdditicn of a third dicension. The intervals of his
Just systemx are less mccurately portrayed by the squal
tecperazent than are those of Wirschaidt's end Ariel's
systezs. Io the Pokker disgram the fiftks are horizontal,
the thirds vertical, scd the sevenths diszonsl in order to I
present an illusicn of depth. Why, one might ask, does
Fokker use the fifth far more than either of the otker in-
tervals whben it is the fifth that is the weakest of the three
tasic intervals in the Jl-tone systea? The reason does not
lie in & Pythagorean aesthetic, since Fokker never, in his
theoretical writinga, singles out the fifth for special
scphasis among the busle intervamls, The explenation appears,
rather, to lie within the dyrnamics of the ictarreletionshipas
of the thres basic intervals in the 2l-tone aystem. Tha
diasgocal is limited to twod spaces in the dlagras, because
thires sevenths would loterfere with the forsation of fifthas
und can therefore never be used. Sicce the seventh is it-
eelf created by two thirds plus two fifths, one of these
latter intervals must be used caly ocze. Since the third
is the better of thke two intervals io 5l-tone texperazant,
oce might expect Fokier t0 use only one fifth. Indeed, 1t
is alzost possible to reverse the fifths and thirds ia
Fokker's diagram and still have B cozplete syste=. But
again Pokker would have been confronted with a limit caused

by another identity in the 3l-tome systes: threa thirds plus




212

two sevenths forms a fifth. A systex based onm ome fifth,
two sevenths, and twe thirds would produce cply 3 x 53 x 2 =
18 tones, oot mesrly ecough to coaplete the system. Tha
recaining tores can be added by further use of thirds and
geventha, if dssired, but only in a most uc-compact manner.
Such a aystez is shown, below, &s Exsmple 34, Its AVerage
and mean deviations ere carkedly emaller than those ef
Fokker's :J.u:n,u but the sbsence of compactnsas and

symmetry are serlous counterbalancing liabilities,

Exagpple 34: A Three-Dimensiornal 31-Tone Systez Built
Primarily oa Thirds

w In thke I::ﬂl;lﬂ;m
systez, the largest

e [ deviation froa tons

=i} zers to any other tone,
gt as opposed to equal
sy ' teaperazent, is approxi=-
eately 7 cents to tonDe
il | 3 aipe. An altercate tone
) [ ay %, through which thism
discrepancy ls greatly
™ | raduced, is shown by the
e T dotted line.

Wis

[TER

i Lol

Pokker's basle system is built on three fifths (a
fourth fifth cannot be used regularly as four fifths foram
&t identity with one third), two seveanths, and one third.

S—

*1:"“ sean deviation of the gyste= shown in Exasple
2% 1is 4,35 cents as cozpared to 10.4 cents in Fokker's
Syatem.
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In the dlagres, Execple 33, t-is forms a basic parallelopiped
containing & x 3 x 2 = 2% tozes., Tie two systems listed as

"slternate septimal™ systess in Sxazple 22, above, use
Fokker's besic perallelopiped to account for what might be
considered thelr 24 central tomss. The two alternate
systexs propose alternative methods to Fokksr's Fythagorean
extenaion io order to obtain the rezsining seven tones (six, ‘

oot countlng the 14th tome which Fokker offers in six differ-
ent utrIJ.ln a zanner which will minimize tha discrepancies
68 sgainst equal tezperacent,

The first alteraetive system alters esachk of ths six
fixed outer tomss of Fokker's syste= by a syntonic comma,
resulting in the replaceceat of Fokker's two sets of three
extra fifths (esch pleced & seventh apact from one sncther
in esch set) with two sets of extra thirds (sizilarly placed
with respect to one ancther). The extra tonss in all
eyete=a are pucbered 1, 2, 8, 20, 26, and 27. The mecond
alternate system draws each of the gix outer toces freom
whatever source it can in order to produce a series of inp-
tervals with the lowest possible deviaticns from squal
texzperament. The figures at the bottom of Exa=ple 32,
above, sbow bLow great an effect the change of these pix
toznes has oo the statistics of deviation. ZExasple 15;

h¢1ﬁﬂ.'lhnwl the tome-lattice of each of the two alternate

Syste=s whick appecr in Exampls 32,




214

Exsaple 35: Two Altercate Septimsl Systess

Pirst Alternats Second jlternate
Systam; _ Bystea;
7 L4
L. §
v 1w
|i;fﬂ =
ﬂ"‘.l'.
joai i SR
; i )
A gt
() B 1§

In the syste=s with many Emsjor thirds, the diesis,
128:125, foras the backbone of the scals structure.’= This
interval 1s coapletely absent fro= Pokker's system and ths
systems ahown in Exazple 35. Bacasuse this diesis Aiffers
lo size from the unit 1/31 by only three cents, those
systems which use Lt show up perticularly well with reaspect
b zean deviatlion which is celculated on the basis of the
conatructing intervals.

The mean deviation of the alogle units of the system
15 a questionable basis for messuring the appropriateness

of a multiple=division syetem such as Il-tone tesperasent;

“Euﬂrichnldt uses this diesis 18 times 1o his

Sy=zetrical syste= and 19 times iz his izproved system.
<be system 1o Exazple 34 uses this diesis 11 times.
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it 1is bhighly unlikely that the sicgle unit will bte used
barzeaicelly, or even with much frequence melodically, By
tze method of aversging the deviation from equal temperassnt
of all of the intervals of the eysteam from one central or
generating tone, a set of figures more representative of

the harmonic and melodic accuracy of the tecpered aystem
ecerges. By this method of caleulation the differencs in
guality between Fokker's mnd Varschrmidt's systezs becoars
zuch less, and with the second of the suggested modifications,
Fokker's ayates attelins an average deviation as szall as
Whrschaidt's,

Despite the close approxismation to 3l=tooe tempera-
zeat bty the syste=s based cn large nusbers of sujeriaposed
thirds, Fokker's eystem, especlally with the second of the
zodifications hare proposed, ssecs superior to any ather
Just Sl=tone system. The additicnpal fifths rendar a servica
proportionate to the intopational proble=s thay create. Tha
fifth, as the most perfect conscoance after ths octave,
would sppear %0 be an interval rt;uir&d plentifully io any
systes of zultiple division based on an ecoustical concept
of copsonance. The presence of sufficlent fifths is shared
by Fokker's and Werschaidt's syste=s, but not by the system
shown in Example 4. The sevenths whiech distingulsh Fokker's

Eystea from WiArschmidt's offer a pevw dimecsion and directlon

for consopence in the 31-tome systes at almost Do cost in
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iotonatiocnal accuracy. With the recozzended nndirlu-tiun:.‘}

Fokker's system would sppear to possess sufficlent resem=
blance to the tezpered system (whichk he actually uses in

practice) to be of thorough lﬂr?lﬂ!lbilit?-“

—

CUSREST FRACTICE IN 31-TCHE T FPERAMENT

Eince the construction in the mlddle 15%40's of an
organ io 3l-tone squal temperazent at Teylers Stichting in
Gearles under Professor Fokker's leadership, & growing
literature of tricesicoprical music has developed. Begin-
aing am a strictly local concern, susic for the 3l=tons
orgen has iocreasingly attracted coomposers from othar
Luropean euu.ntriu.ﬁ Other instruments have been designed
recently fer 3l-tone teszperazent. Azong the= is & jl-tone

I":5"?EI:|I- godifications =ight be objected to on the
groufids that Pokker's orifinal system meets at © of its ends
while the =odified syastezs Eect only at 4, Coe's viewpolnt
depends, of course, on which features of a tore-syste:a he
des-s lmportant. To = the zodification is ticroughly Justli=-
fied for the zore agqual intervals which result.

“*cne eizht ask why, since all the atove roads lead
t3 equal tezperasment, it skould cake any difference how the
E¥ster 18 derived. ~actical zuestions involvicz istonetiem
Ere inwolved, since it can be assuszed that sirzers aod
playere of varinble-piteh lnstruments such as violin and
trozbone wonld atte=pt to c¢o@e as close as posdaible to the
Just intonetion. Also, in Jjudgin: the tespered systez it
i% cecessary to know for whet purposes it is suprosed to be
suitable. M=z=ally, it 1ls reasosable to assuse that chord-
and scale-tulldins within @ tecpered systea will depend on
the composer's views, consclous or unconacious, as to tha
theoretical besig of the system.

N ‘5Lcttar fron Frof. Fokker, March 9, 1960. Thae
Ezlish cozjoser Alao Ridout is cited &s mn exasple.
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truspet, an adaptation by Martis Vogel, the author of tha
definitive work on the seventh partial. Prof. Fokker, in
reporting oo tiis instrusent ino bhis letter does not describe
ita np:hlnil:. Fresuzatly a cosplete re-ordering of valvas
is required, possibly ilovolviog 1, 2, 4, end 8 unita of the
systexz respectively.

The first ccopositions for the 21l-tonme organ reflect
Fokkar's precccupation with Euler's genera even when they
are oot by Fokker. A cozpetitiocn wes held in 1947 for which
it was specified that the cooposers use & set of these
genera. The winning work, Mart. J. Lursen's lModi Aztichi
Musiche lucve, has been publisked., Lursen's work reflects
the copservative approech to multiple diwisiop of the Fokker
school. Io each of thie pleces, omly from & to 8 of the
available pitches are used per cctave. The tes genara
exzployed represent all of the thresfold cozbinations of the
3rd, Sth, and 7th partials: 32, 32 x5, 3 x 52, 5%, 3° x 7,
32527, 5 x7, 527, 5x7°, snd 7°. Modi Antichi
fusiche Nuove comsists of 20 very short pleces, azong which
are included smnll dances such as a gavotte and s sarsbande,
soveral pleces titled after the technicel =mesno employed,
such as "EBizodal Perpetual Inverted Canon," and = fev mis-
cellanecusly titled pieces such ss "Frelude,” "Rondino®™ and
"In*enticnetta.” Heachirz out bteyond the lizited tisbres

@ffered by the 3l-tone organ, Lursen specifies warlied inmstru-

Zextal groups as ideal for each of the s=2all pleces, should
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they ever develop the capscity to play thaa.

A recording of tricesimoprizal susic has been relsassd
cozmercially iz Burope (Faillips 800090, 45 r/p/a), while
additionsl recordinzs exist in Toiverasity 11brlr11|.46 It
is hoped that some of these recordirgs will becoms mors
svailsble in this country.

With generally favorable acoustical credentisls and
with & distinguished precursor irn resntons tenperazent, 31-
tone temperazent offers ome of the most prozising reslms
within the field of multiple diwision. Under Professor
Fokker's purturing the beginpings of & litersture of music
beve emerged. Wwoile it could herdly be comsidered likely,
it is within the scops of the possible that a suddes great

ipcrease in the use of this tezperszent 2ight occur in the

nsar future.

“Gl recording of tricesizoprizel works by Jan wvan
Dijk, Henk Badic-s, and Arie de Elein is in tke library of
Le Upiversity ol Easel, Switzerlacd. ---letter froa FProf.
Fokker.

||.




